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Abstract

Objectivity is a fundamental requirement for vortex identification, ensuring that vortex
structures observed remain invariant under changes in the reference frame. However,
although most conventional vortex identification methods, including Liutex, are Galilean
invariant, they are not objective. Since the accelerated motion of the observer does not affect
the velocity gradient tensor at an instant of time, the rotational motion is only considered
for the non-inertial frame. This paper proposes a method to recover the angular velocity of a
rotating observer directly from flow field data measured in the rotating frame. The approach
exploits the observation that, in an inertial frame, zero-vorticity points tend to dominate the
region with an almost identical nonzero vorticity in the observer’s non-inertial coordinate
system. By identifying the most frequently occurring vorticity within the domain, the
observer’s angular velocity can be uniquely determined, enabling reconstruction of the
objective velocity gradient tensor and, consequently, the objective Liutex. The key issue is
to find a reference point (RP). The RP should have zero vorticity in the inertial coordinate
system, and then the RP has the same angular speed as the observer. The RP can be
found by comparing the vorticity of all points in the computational domain and the RP
will correspond to the vorticity vector with the highest percentage in the non-inertial
coordinate system. The proposed method is validated using DNS data of the boundary
layer transition over a flat plate with an artificially imposed angular velocity. The recovered
angular velocity agrees closely with the true value within an acceptable margin of error.
Furthermore, the objective Liutex reconstructed from the rotating frame data is visually
indistinguishable from the original inertial frame Liutex. These results demonstrate that
the method provides a simple and accurate way to restore objectivity for Liutex and other
vortex identification techniques. The objective Liutex will be equal to the original Liutex in
an inertial coordinate system when the observer does not have rotational motion.

Keywords: objective; Liutex; rotating frame

1. Introduction
Vortices are a fundamental element in fluid dynamics research. As stated by Küche-

mann [1], vortices are the “sinews and muscles of fluid motion”. People’s understanding
of vortex definition has gone through three generations [2]. The first-generation identifies
vortex by vorticity and vorticity-based methods since vorticity correctly represents the rota-
tion of a rigid body. However, the condition for fluids is different from that for a rigid body
as fluids can have shear or stretching. It has been found that vortices can be contaminated
by shear [3,4]. Robinson [5] reported a weak correlation between vorticity and vortex in
the boundary layer where shear is strong. To overcome the limitations of vorticity-based
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methods, researchers developed second-generation methods, which rely on the velocity
gradient tensor. These methods include the Q criterion [6], λci criterion [7], λ2 criterion [8],
and ∆ criterion [9], among others. While these methods provide better agreement with
experimental observations, they still suffer from some common shortcomings. First, these
second-generation methods identify vortices by scalar quantities, which do not indicate
the orientation of the swirling axis. Second, the physical meaning of the computed values
remains unclear. The values provided by these methods do not directly correspond to the
angular velocity. In addition, it has been found that the second generation methods can
be contaminated by shear or stretching [3,10]. To address these issues, Liutex [11,12], a
third-generation method, was proposed. Liutex is a vector quantity with a clear physical
interpretation: its direction denotes the swirling axis, and its magnitude equals twice the
local angular speed.

Objectivity refers to the property that observed results remain invariant under a change
in coordinates. This concept is crucial in the vortex detection, as different researchers may
choose different coordinate systems like atmospheric aerial measurement. If the results vary
with the choice of coordinates, there would be no consistent standard for comparing the
experimental data obtained by different investigators. For example, consider the streamline
shown in Figure 1. In the original coordinate system (Figure 1a), the streamline appears
as a straight line, and no vortex is visible. However, if the observer is moving at the local
streamwise velocity, an evident rotational motion of the flow becomes visible (Figure 1b,
locally enlarged in Figure 1c). This illustrates that a non-objective physical concept can be
influenced by the change of the frame. Liutex is Galilean invariant [13] and thus remains
invariant in different inertial coordinate systems but varies when the coordinate system is
non-inertial, such as a rotating frame. Note that Liutex is purely dependent on the ∇v and
the accelerated motion of the frame does not influence the ∇v since acceleration involves
time derivatives, while the ∇v involves spatial derivatives. This limitation motivates the
development of an “objective Liutex” that is independent of the observer’s coordinate
system, enabling a coordinate system-free vortex structure.

   
(a) (b) (c) 

Figure 1. Illustration of the effect of different reference frames on a streamline. (a) A streamline and
Liutex isosurface R = 0.07 in the stationary frame, where no apparent vortex is visible by using
streamlines. (b) A streamline and Liutex isosurface R = 0.07 in a frame moving with the local
streamwise velocity, revealing a rotational motion in the red dashed box. (c) Enlarged view of the red
boxed region in (b).

To eliminate the ambiguity caused by changes in the reference frame, many researchers
have proposed objective vortex identification methods. One natural approach is to deter-
mine a distinguished frame of reference, also called as a co-moving or a proper frame [14].
For simple flows, a co-moving frame can be determined properly [15–17]. However, find-
ing a proper co-moving frame does not appear feasible for general fluid flows [18]. Some
researchers proposed to use the minimal unsteady frame as the proper frame [19–21].
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Yan et al. [22] proposed to define the proper frame as the one that minimizes the vortex
portion. An alternative approach is to introduce a new objective definition of a vortex.
Vortex identification methods have been reformulated to their objective forms [23–26] by
subtracting a term, e.g., spatially averaged vorticity, to fully remove the non-objective com-
ponents in their original definitions. However, this methodology introduces ambiguities
into the resulting vortex identification methods since spatially averaged vorticity can be
highly dependent on the chosen domain, and the vortex strength obtained through this
objective approach is not consistent with its counterpart in the inertial frame. Yu et al. [27]
reported an approach to obtain the velocity gradient tensor in an inertial frame from the
data measured in a non-inertial frame through a zero-vorticity point. In fact, there is only
one point which needs to be found, which is called a “reference point” (RP). However, it
lacks a good method to identify such an RP when dealing with black-box data.

Following the study of Yu et al. [27], this paper proposes a simple and practical method
to identify the zero-vorticity RP, which constitutes the major contribution of this paper. This
approach is based on the observation, which is also used in the research of Yan et al. [22],
that strong vortices exist in concentrated regions, while rotations outside these regions are
generally weak. Therefore, it is considered that zero-vorticity points tend to occupy most
of the space within an inertial frame. If a rotating observer is observing this domain, it will
be found that these points occupy most of the space, sharing the same vorticity. Therefore,
identifying the zero-vorticity RP in an inertial frame is changed to identifying the largest
group of points with a common vorticity in a non-inertial frame. Therefore, any one of
these points associated with the most common vorticity can be selected as an RP, and the
observer’s angular velocity can be determined from this point.

This paper is organized as follows. Section 2 introduces the concepts of objectivity
and Liutex. The method for objective Liutex is presented in Section 3. Section 4 is about the
application of this method, and a summary is given in Section 5.

2. Objectivity and Liutex

A tensor field A(x, t) is objective if its corresponding tensor field
∼
A(y, t) satisfies [28]

∼
A(y, t) = QT(t)A(x, t)Q(t) (1)

after the Euclidean frame change

x = Q(t)y + b(t) (2)

where Q(t) is any rotation tensor and b(t) is any translation vector.
A vector x is objective if its corresponding vector y satisfies

x = QT(t)y (3)

after the Euclidean frame change in Equation (2).
Objectivity means that the measurements of physical quantities are not dependent

on the movement of the observer. Regardless of how the observer moves, the measured
objective physical quantities remain invariant. Objectivity is particularly important in
certain applications, such as atmospheric measurements conducted from a moving aircraft.

The Liutex vector [11] R = Rr is defined such that its direction r is the real eigenvector
of the velocity gradient tensor satisfying ω·r > 0 where ω denotes the vorticity. The
magnitude R can be calculated by [12]

R = ω·r −
√
(ω·r)2 − 4λ2

ci (4)
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where λci represents the real part of the conjugate complex eigenvalues of the velocity
gradient tensor. The direction of the Liutex vector represents the local rotation axis, and its
magnitude corresponds to twice the local angular speed.

3. Method for Objective Liutex
Instead of modifying the Liutex definition to an objective version, we aim to find

Liutex in an inertial frame. Since Liutex is a Galilean invariant quantity [13], it remains
consistent across all inertial frames. Then, the problem is simplified to how to find Liutex
in any one inertial frame from the data measured by a non-inertial observer.

Uppercase letters are used to denote variables in the inertial frame while lower-
case letters are used to denote variables in the observer’s (non-inertial) frame. Let
X, Y, Z, x, y, z be the position components; I, J, K, i, j, k be the unit basis vectors of the
coordinate; U, V, W, u, v, w be velocity components; V,∇V, v,∇v be velocity vectors and
velocity gradient tensors. Suppose that the observer undergoes a translational motion at the
velocity of Vt (measured in an inertial frame) and a rotational motion at the angular velocity
of Va = VaxI + VayJ + VazK (measured in an inertial frame). Note that ∇Vt = 0, indicating
that the accelerated motion does not influence ∇V. ∇V and ∇v have the following relation:

∇V = T∇vTT +

 0 −Vaz Vay

Vaz 0 −Vax

−Vay Vax 0

 (5)

where T denotes the transformation matrix from i, j, k to I, J, K, i.e.,[
i j k

]
=

[
I J K

]
T (6)

It should be noted that Vax, Vay, and Vaz depend only on time t, which means that they
are uniform throughout the entire space. Thus, if these three values are determined at a
single point, they can be applied to the whole domain. ∇v is the data from the observer
and is therefore known. Consequently, ∇V in the inertial frame can be determined once
Vax, Vay, and Vaz are obtained at a single point, referred to as an RP. Therefore, the key issue
is how to identify such an RP. For simplicity, T is an identity matrix if we let the inertial
frame share the same origin and basis vectors as the observer’s frame. In this case,

∇V = ∇v +

 0 −Vaz Vay

Vaz 0 −Vax

−Vay Vax 0

 (7)

Theorem 1. If P is a point of zero vorticity in an inertial frame, which shares the same origin and
basis vectors as the observer’s frame, then,

Vax = −1
2

ωx, Vay = −1
2

ωy, Vaz = −1
2

ωz (8)

where ωx, ωy, ωz are the three components of the vorticity at the corresponding p in the ob-
server’s frame

Proof. ∇V can be decomposed into a symmetric part A and a skew-symmetric part B.

∇V = A + B (9)
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where
A =

1
2

[
∇V + (∇V)T

]
B =

1
2

[
∇V − (∇V)T

]
(10)

B is a zero matrix since the vorticity is zero at the point P. Substitute ∇V from
Equation (5) into Equation (9),

A + B = T∇vTT +

 0 −Vaz Vay

Vaz 0 −Vax

−Vay Vax 0

 (11)

Then, ∇v can be solved:

∇v = TT AT − TT

 0 −Vaz Vay

Vaz 0 −Vax

−Vay Vax 0

T (12)

Here, T is the identity matrix because the chosen inertial frame shares the same origin
and basis vectors as the observer’s frame. Thus,

∇v = A −

 0 −Vaz Vay

Vaz 0 −Vax

−Vay Vax 0

 = A +

 0 Vaz −Vay

−Vaz 0 Vax

Vay −Vax 0

 (13)

Obviously,

 0 Vaz −Vay

−Vaz 0 Vax

Vay −Vax 0

 is the vorticity matrix in the observer’s

frame since A is a symmetric matrix. Therefore,
(
Vax, Vay, Vaz

)
= − 1

2
(
ωx, ωy, ωz

)
. Note

that the symmetric matrix or strain matrix is objective since Equation (12) indicates that the
symmetric matrix of ∇v is TT AT which satisfies Equation (1). □

Theorem 1 indicates that an RP should have zero vorticity in the inertial frame. It has
been found that vortices are in concentrated regions. Yan et al. [22] pointed out that vortex
occurrence is highly intermittent in turbulent flows containing numerous vortices. Intense
rotational motions are concentrated in localized regions, whereas rotation is generally
weak outside these regions. In a direct numerical simulation (DNS) of the flat plate [29],
zero-vorticity points are found to occupy 88% of the whole domain. It is intuitive that
zero-vorticity regions are likely to occupy the largest area, since the probability that nonzero
vorticity vectors take exactly identical values is low. According to Theorem 1, the points
that have zero vorticity in the inertial frame correspond to a vorticity of −2

(
Vax, Vay, Vaz

)
in the observer’s domain. Then,

(
Vax, Vay, Vaz

)
can be determined by the most frequent

occurring vorticity in the observer’s frame. Thus, the RP can be found by comparing the
vorticity of all points in the whole computational domain, and the RP will correspond to
the vorticity vector with the highest percentage in the observer’s coordinate system.

Based on the discussion above, the procedure to obtain objective Liutex is summarized
as follows.

Input: Velocity field data in the observer’s frame. The motion of the observer
is unknown.

1. Find the RP:

Compute vorticity vectors in the observer’s frame and find the most frequently occur-
ring vorticity vector

(
ωx, ωy, ωz

)
. For uniform grids, this can be carried out by counting

grid points; for non-uniform grids, however, the contribution of each point should be
weighted by the associated cell volume. Then,

(
Vax, Vay, Vaz

)
= − 1

2
(
ωx, ωy, ωz

)
.

https://doi.org/10.3390/fluids11010004

https://doi.org/10.3390/fluids11010004


Fluids 2026, 11, 4 6 of 12

2. Compute ∇V in the inertial frame through Equation (7).

3. Compute the objective Liutex R from ∇V as ∇V is an objective velocity gradient tensor.

4. Numerical Test

We consider a flow over a flat plate [29,30] at Reynolds number Re = ρ∞u∞δin
µ∞

= 1000
where δin denotes the inflow displacement boundary layer thickness, and u∞ and µ∞ repre-
sent free stream velocity and viscosity, respectively. Viscosity is determined by Sutherland’s
law in dimensionless form:

µ =
T

3
2 (1 + S)
T + S

(14)

S =
110.3K

T∞
(15)

where T∞ = 273.15K is the reference temperature. The fluid is Newtonian fluid. This
DNS solves Navier–Stokes equations, employing a sixth-order compact scheme for spatial
discretization and a third-order Runge–Kutta method for time integration. The Blasius
solution, together with two- and three-dimensional Tollmien–Schlichting waves, is imposed
at the inlet boundary. Periodic boundary conditions are applied in the spanwise direction,
while no-slip conditions are enforced at the wall. Non-reflecting boundary conditions are
used at both the outlet and far field boundaries. The dimensions of the computational
domain are Lx = 988.658δin (streamwise), Ly = 22δin (spanwise), and Lzin = 40δin (wall
normal at the inlet). Figure 2 shows the illustration of the computational domain. The
1920 × 128 × 241 grid points are used in the streamwise, spanwise, and wall normal
directions, respectively. The grid is uniformly distributed in the streamwise and spanwise
directions, while it is stretched in the normal direction. The first layer thickness at the
entrance is found to be 0.43 in wall units (z+ = 0.43). The distance between the leading edge
of the flat plate and the upstream boundary of the computational domain is xin = 300.79δin.
Wall temperature Tw is chosen to be Tw = 273.15K.

 
Figure 2. Illustration of the computational domain. The bottom boundary is a flat plate.

Figure 3 shows the visualization of vortex structures, represented by Liutex isosurface
R = 0.07, obtained from the DNS data. Structures of Λ vortices and hairpin vortices, which
are typical features in the flow transition, are clearly visible. In Figure 3b, the top view of
the vortex structures is presented, showing that in the early stage of the flow transition,
the vortex structures still remain symmetrical. Figure 3c shows the side view of the vortex
structures. As x increases, the vortex structures grow vertically from the wall and become
more complex and irregular, indicating the onset of transition.
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(a) 

 
(b) 

 
(c) 

Figure 3. Visualization of vortex structure, represented by Liutex isosurface R = 0.07, for the
DNS of boundary layer transition over a flat plate. (a) Oblique 3D perspective view. (b) Top view.
(c) Side view.

An artificial angular velocity Va = (0.1, 0.2, 0.3), as shown in Figure 3a, is applied
to generate data from a rotating observer. Va is chosen arbitrarily to test the effectiveness
of the proposed method. Figure 4 presents the resulting vortex structures in the rotating
reference frame, visualized by the Liutex isosurface R = 0.07. Compared with the vortex
structures in an inertial frame (Figure 3), a notable difference is observed. The symmetry in
the early stage totally vanishes and structures of Λ vortices and hairpin vortices become
unrecognizable. Overall, the vortex structures appear highly disordered and are severely
distorted by the rotating observer. This example clearly shows that regular Liutex is
not objective.
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(a) 

(b) 

 
(c) 

Figure 4. Visualization of vortex structure, represented by Liutex isosurface R = 0.07, from a rotating
observer’s perspective of the DNS of boundary layer transition over a flat plate. (a) Oblique 3D
perspective view. (b) Top view. (c) Side view.

The proposed method is effective when dominant vorticity exists within a certain
region. So, in practical, the proposed method can be applied to a reduced domain to im-
prove efficiency. In the area defined by the Cartesian product [707, 712]× [0, 22]× [0, 24]
(blue region in Figure 5), the three vorticities with the highest proportions are listed in
Table 1. The vorticity (−0.2056,−0.4027,−0.5938), which accounts for 39.66%, shows
a clear dominance as the second most frequent vorticity accounts for only 1.10%. Ac-
cording to Theorem 1, the corresponding indicated angular velocity of the observer is
(0.1028, 0.20135, 0.2969) which is very close to the artificially imposed angular velocity.
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Table 2 shows that a similar situation occurs in the area [506, 512]× [0, 22]× [0, 24] (red
region in Figure 5), where the vorticity (−0.2045,−0.4039,−0.6027) occupies 63.37% and
shows an overwhelming lead over the second most common vorticity, which only accounts
for 0.83%. The indicated angular velocity is (0.1023, 0.2020, 0.3014) which is also very
close to the artificially imposed angular velocity and within an acceptable margin of error.

 

Figure 5. Illustration of the two subdomains used to identify the observer’s angular veloc-
ity. Red region represents the area [506, 512] × [0, 22] × [0, 24]. Blue region represents the area
[707, 712]× [0, 22]× [0, 24].

Table 1. The three vorticities with the highest proportions in the area [707, 712]× [0, 22]× [0, 24].

Vorticity Percentage

(−0.2056,−0.4027,−0.5938) 39.66%

(−0.1996,−0.3206,−0.4526) 1.10%

(−0.1968,−0.2492,−0.6302) 1.08%

Table 2. The three vorticities with the highest proportions in the area [506, 512]× [0, 22]× [0, 24].

Vorticity Percentage

(−0.2045,−0.4039,−0.6027) 63.37%

(−0.2031,−0.0973,−0.6152) 0.83%

(−0.2010,−0.0477,−0.7084) 0.80%

Theoretically, as long as the subdomain is sufficiently large to yield a dominant
vorticity, the identified angular velocity of the observer should be accurate, since the
observer’s angular velocity is uniform across the entire domain. In practice, however, some
degree of error is unavoidable. Consequently, the angular velocities identified from the
previously mentioned two subdomains are close to the true observer angular velocity but
exhibit small discrepancies.

After determining the angular velocity of the observer, the velocity gradient tensor in
an inertial frame can be obtained by Equation (7) and then the objective Liutex in this inertial
frame can be calculated accordingly, which is independent of any non-inertial observer’s
frame. Figure 6 shows the Liutex isosurface R = 0.07 after applying the proposed objective
method. Overall, no visible difference is observed between the original vortex structures
(Figure 3) and those recovered from the rotating frame data using the proposed objective
method (Figure 6). In contrast to Figure 4, Figure 6 preserves the symmetry in the early stage
of transition as well as the Λ vortices and hairpin vortices, demonstrating the effectiveness
of the proposed method.
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(a) 

(b) 

 
(c) 

Figure 6. Visualization of vortex structure, represented by Liutex isosurface R = 0.07, for the DNS
of boundary layer transition over a flat plate after implementing the proposed objective method.
(a) Oblique 3D perspective view. (b) Top view. (c) Side view.

5. Conclusions
The purpose of this research is to find an objective Liutex for vortex identification

and measurement when the observer’s frame is not inertial. The method must be simple
to implement and computationally efficient, but very accurate for real measurement like
atmospheric aerial measurements. In comparison with other objective methods for vortex
in an inertial coordinate system, the proposed objective Liutex by using a reference point is
simpler, computationally less expensive, and more accurate.

This paper proposes a method to determine the angular velocity of the observer’s
frame using only data measured in that non-inertial frame. By recognizing that zero-
vorticity points tend to dominate the region in an inertial frame, the method identifies
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the most frequently occurring vorticity in the rotating frame and uses it to recover the
observer’s angular velocity. Once the observer’s angular velocity is determined, the velocity
gradient tensor in the inertial frame can be reconstructed, enabling the computation of
objective vortex identification methods such as the objective Liutex.

The proposed method is validated using DNS data of the boundary layer transition
over a flat plate with a known, artificially imposed angular velocity. The extracted angular
velocity shows excellent agreement with the true values, within an acceptable margin of
error. Moreover, the Liutex field reconstructed using the proposed method is visually
indistinguishable from the original inertial frame Liutex, demonstrating that the method
fully restores objectivity and eliminates contamination caused by the rotating frame.

Overall, the proposed approach provides a simple, efficient, and practical way to
achieve objective vortex identification for arbitrary observers. The key idea is to identify
the RP that has zero vorticity in the inertial coordinate system and corresponds to the
most frequently occurring vorticity value in the non-inertial coordinate system. It can be
applied to other vortex identification methods and has potential for use in experimental
measurements, numerical simulations, and data-driven flow analysis where observer
motion is unknown or difficult to control. Our approach works well for external flow, like
flow around a flat plate or airfoil. For more general applications, further validation studies
are needed for different flow configurations, such as flow over oscillating airfoils or rotating
blades in pumps and turbines.
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