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Abstract

This study presents a methodology for the digitalisation process for analysing transient flow
phenomena in a U-tube. It comprises several layers, including the characterisation of liquid
oscillation dynamics, image segmentation for experimentally determining variations in
the meniscus position, and the integration of machine learning techniques with analytical
solutions. The position, velocity, and acceleration of the meniscus are obtained using
image-processing methods and subsequently compared with the corresponding analytical
predictions. The proposed methodology accurately represents the existing hydraulic
conditions, incorporating both Newtonian and Ogawa friction models. To assess model
performance, the index of agreement was employed to compare analytical and experimental
results. The findings indicate a systematic error of 2.2 mm =+ 3 pixels when using the
Ogawa friction model, which corresponds to the best model for predicting this hydraulic
behaviour. Finally, the implementation of machine learning techniques demonstrates
considerable potential for predictive analysis, with statistical measures showing coefficients
of determination above 0.997 and consistently low Root Mean Square Error values.

Keywords: digitalisation; damped oscillations equations; image-processing techniques;
U-tube; transient flow

1. Introduction

In fluid mechanics, the study of transient flows is essential for understanding pressure
pulses in various hydraulic installations [1]. Recently, diverse hydraulic behaviours have
been investigated, including the analysis of backwards transient oscillations in viscoelastic
pipelines [2], approaches utilising Tesla valve configurations [3], the examination of hump
water installations [4], hydraulic performance in a simple U-tube [5,6], among others. Tran-
sient flow oscillations must be appropriately modelled for deciding practical applications.

Oscillations in a simple U-tube can be described using the Euler equation within
a cylindrical control volume along a streamline. Several studies have explored the use
of U-tubes, including (i) analysing the dynamics of the system with a position sensor
system employing a solar cell as a data acquisition device [7]; (ii) implementing governing
equations for a variable cross-sectional area [8,9]; (iii) investigating the application of

Fluids 2025, 10, 247

https:/ /doi.org/10.3390/ fluids10090247


https://doi.org/10.3390/fluids10090247
https://doi.org/10.3390/fluids10090247
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fluids
https://www.mdpi.com
https://orcid.org/0000-0002-6574-0857
https://orcid.org/0000-0003-1345-9657
https://orcid.org/0000-0003-3524-2555
https://doi.org/10.3390/fluids10090247
https://www.mdpi.com/article/10.3390/fluids10090247?type=check_update&version=2

Fluids 2025, 10, 247

20f21

oscillatory U-tubes in water treatment processes [10]; (iv) analysis of oscillation damping,
considering steady friction relationships for laminar and turbulent pipe flow, as well as
unsteady friction relationships [9]; (v) mathematical models employing Fourier series to
characterise damped free motion [11]; and (vi) simulations using the semi-implicit moving
particle method [12].

Recent research in fluid mechanics has increasingly focused on the development of
reliable digital twin models, which serve as virtual representations of hydraulic infras-
tructure systems [13]. In this context, digital twins have been applied to the analysis of
leakages in water distribution networks [14], filling and emptying operations in pressurised
pipelines [15], sewerage systems [16], and other related applications. The concept of digital
twin models has been applied across a wide range of water infrastructure, encompass-
ing not only full-scale operational installations but also controlled experimental facilities.
For example, this technology has been implemented in the water distribution network of
Valencia, Spain [17], as well as in both small- and large-scale hydraulic systems [18] and
dedicated laboratory setups [15]. In all installations, digital twins can provide a virtual
representation of physical processes and can serve as a powerful tool for predictive analysis.

As a preliminary step towards implementing a digital twin, the digitalisation of
components is essential. Digitalisation is conceived as an evolving process, driven by the
management of infrastructure through the use of digital technologies [19]. This process
must be designed by incorporating several steps, depending on the purpose of the system
under analysis [20,21]. Some relevant steps that may be implemented include (a) a layer
describing the hydraulic installations; (b) one for accurately modelling the dynamics of
the hydraulic system; (c) a layer for capturing visual and numerical data of the main
acting variables; (d) one for transmitting the information using IoT technologies, among
others. All these layers must be integrated using artificial intelligence to predict water
movement and assess different scenarios, in line with the specific objectives of the hydraulic
system. Machine learning can be employed to represent fluid dynamics through the
digitalisation of governing equations. In addition, deep learning techniques, such as the U-
Net architecture [22,23]. Ronneberger et al. (2015) [23] demonstrated that, with appropriate
instrumentation, it is possible to capture transient events lasting less than one second.

The current literature reveals a gap in the application of the digitalisation process
for investigating the dynamics of transient events in a U-tube. This technology can be
implemented at low cost to demonstrate both the functionality and the benefits of adopting
a digitalisation framework. In this context, the integration of video cameras is essential for
capturing the transient flow behaviour during such events, which is crucial for accurately
computing pressure head pulses. Furthermore, combining real-time visual monitoring
with numerical modelling enhances the predictive capabilities, enabling scenario testing
and optimisation of the analysed hydraulic system [24,25].

In this research, a digitalisation framework is implemented to study the transient
behaviour of a U-tube. A proposed modelling approach, based on equations derived from
physical principles, is employed to describe the damped oscillation of a liquid in the U-tube.
Additionally, a laboratory setup has been developed to study this phenomenon, featuring
an inner diameter of 14.2 mm and a total length of 1.5 m. Data acquisition is performed
using digital image processing techniques to capture the meniscus position, velocity, and
acceleration. The proposed methodology improves the spatial and temporal resolution for
analysing the meniscus position in a U-tube. The proposed methodology integrates multiple
steps with machine learning techniques, thereby enabling robust predictive analysis. For
simulation purposes, the turbulent resistance was included in this analysis. In this case,
the damping model proposed by Ogawa et al. (2007) [26] was used, as they demonstrated
that the velocity distribution for oscillation in a U-tube does not always follow Hagen-
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Poiseuille’s law [27]. In the damping model [26], the differential equation has the same
structure as a Newtonian fluid, albeit with a different formulation for the friction factor.

2. Materials and Methods

This section presents the proposed methodology for developing a framework to
analyse transient flow in a U-tube, as shown in Figure 1.

Digitalisation
framework
Y
Dynamics of the oscillation of a liquid in a U-
Image tube.
/ segmentation
A 4
Prediction [¢— Simulation [« » Machine Learning
Experiments / real-time Digitalisation of the analytical model for
/ \ transient eventsin a U-tube.
Digital Camera with Manual Defining initial conditions and
Zoom, Focus and Iris Lenses. hydraulic scenarios.

Figure 1. Proposed digitalisation framework for analysing transient flow in a U-tube.

The steps for implementing the methodology are presented below, where the com-
ponents of simulation, experiments, and machine learning (ML) are detailed in the
following subsections.

2.1. Empirical Models

This section presents the governing equations used for the digitalisation. Equation (1)
is a second-order ordinary differential equation that can be used to analyse different
physical processes, all of them related to the damped oscillation processes, which in
engineering has the following applications: (i) oscillation of a liquid in a U-tube, (ii) an
oscillating mass hanging from a spring, (iii) the pendulum equation, (iv) variation in voltage
in an electronic circuit, and (v) the gravitational law and motion of satellites.

d2x

dx
ﬁ—i—aa—i—ﬁx%—g(t)—o )

For each case mentioned above, the « and p coefficients have their physical meaning
for our case of study, the oscillating movement of a liquid in a U-tube, x is the space, t is
the time, « is a friction coefficient, § is the natural frequency of the movement and g(f) is
the external forcing.

To study the oscillation of a liquid in a U-tube, the liquid-wall resistance, represented
by the « coefficient in Equation (1), plays a vital role in the solution of the equation,
considering three types of resistance (no resistance at all, laminar and turbulent). In
addition to the resistance, the movement may be subject to external forcing, the g(t)
function in Equation (1), considered a harmonic function in this research. Table 1 presents
the equations for the three cases, their associated parameters, and the type of solution that
can be obtained for each (analytical/numerical). The equations are presented in terms of Z,
the meniscus position, as the dependent variable and time (t), as the independent variable.
The meniscus velocity and acceleration are obtained by applying the first and second
derivatives of displacement (Z) over time. The kinetic and potential energy associated with
the movement can also be computed at any time.
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Table 1. Differential equations governing the flow of a liquid in a U-tube.

Governing Differential

Type of Model Type of Resistance Equation Type of Solution
icti d*z 27 _
. No friction ) G Two Z=F Analytical and Numerical.
Newtonian Laminar % + )\% +weZ=F
Turbulent ”;2722 + % % ‘ % ‘ + Analytical only for critical points, Z,x and Z,,;,. Numerical
weZ =F for a discrete solution of Z.
Ogav;lsosdi;rllctlon Laminar ‘i{% + A* f‘% +wy?Z =F Analytical and Numerical of Z.
Used terms
where .
wo — % Rﬂ-:% ng /\:g—é’ F:—ﬁ—l’smwlt A*:%
45x107 \ g/ Ko = gysrotbssr for , 05R .
Ky =aD (1 + 374) Ky (e = 25) 8'35;2&333&1' Ky' = g7rn0s5ar;; for glycerine and polymer
Notation
L: Length of the liquid
s . column .
D: Plpg dlame?er v: Liquid kinematic wo: Natural frgquency
po: Liquid density . . AP: Pressure difference
wy: Forcing frequency viscosity Z: Meniscus position
I f: Darcy-Weisbach friction ’
coefficient

The velocity distribution approximately represents the velocity gradient as [26]:

2~ Kow @
where the K, parameter depends on the Reynolds number as stated in Table 1, V is the
flow mean velocity and R is the tube radius.

The analytical and numerical solutions implemented include several features: (a) the
forcing function was considered as a sine function with any frequency; (b) over-damped,
critically damped and under-damped oscillations [28,29] where implemented for laminar
resistance considering all the attributes assigned to the forcing function; (c) for turbulence
resistance, for which no analytical solution is available, except for specific points in time
(critical, maximum or minimum point of z) a numerical method is required to find the
solution, being the 4th order Runge-Kutta method the one implemented.

For all the solutions implemented, the initial conditions for the meniscus position and
the meniscus velocity were set as:

tzo{dzzz_zo 3)

2.2. Experimental Stage

The experiment setup (see Figure 2) consists of a U-glass tube with an inner diameter
of 14.2 mm and a total length of 1.5 m. A plastic hose is attached at one end of the tube to
generate suction and initiate the motion. The analysed fluid is water. If a forcing term is
to be simulated, the proper mechanism must be connected to the hose. A video camera
is mounted on a tripod 1.6 m away from the board to which the U-tube is attached and
levelled so that its optical axis is perpendicular to that plane, so there is no need to rectify
the image during the image processing stage. The camera is connected to a PC to save
the video and employ a code for image processing. In the upper left corner of Figure 2, a
zoom of the setup shows four dots (control points) set 92 mm apart in both the vertical
and horizontal directions, used to determine the pixel size for the digital images. A hose
connected to a syringe was attached to one end of the U-tube in order to generate an initial
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pressure difference and thereby induce oscillation of the fluid column. Once the motion
commenced, both ends were exposed to atmospheric pressure. As noted previously, the
temporal variation in the meniscus position was recorded, from which the velocity and
acceleration of the fluid column were derived. The dynamic pressure of the fluid can then

be estimated from the calculated velocity.

Figure 2. Experiment setup: U-tube, liquid (in blue), digital camera, PC and control dots to obtain the
pixel size of the captured images.

The experiment setup for the phenomenon studied is an arrangement of a U-tube of
constant diameter filled with a liquid (water, as reported in the results). Table Al presents
the initial conditions of the experimental measurements, along with their corresponding
temperatures during the measurements. The meniscus position is obtained by record-
ing it with a digital camera, generating a video, which is later processed using image
processing techniques.

During the experimental measurements, the U-tube was not employed to measure
dynamic pressure. Instead, the temporal variation in the meniscus position was recorded,
from which the velocity and acceleration of the fluid column were determined by applying
the first and second derivatives of Z with respect to time.

Considering that the experiments were conducted using a glass pipe with an internal
diameter of 14.2 mm, a water surface tension of 0.072 N/m, and a contact angle between
water and glass ranging from 0° to 30° [30], the Young-Laplace equation yields an average
meniscus rise of approximately 3 mm. In this study, this elevation is not considered
significant, as it does not noticeably affect the natural oscillation frequency. This was
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verified by calculating the error between the theoretical and experimental natural oscillation
periods, the latter being obtained through spectral analysis of the meniscus position derived
from laboratory image processing. The results are presented in Table A2, where it can be
observed that the maximum absolute error was 0.010 s, while the maximum relative error
did not exceed 0.8%.

Table 2 shows the characteristics of the digital camera (Stringray F-080B/C camera),
and Table 3 presents the characteristics of its lenses.

Table 2. Characteristics of the Stringray F-080B/C digital camera.

Image Device

Image Size Pixel Size Frame Rates (@ Full Res)

Sony ICX 204 1/3”, 6 mm CCD 1032 x 776 XGA 4.65 pm X 4.65 pm 31 fps

Table 3. Characteristics of the lenses.

Model

Type Focal Length Iris Range Lens Size

H6Z7810

Manual Zoom, Focus

and Iris Lenses 8-48 mm F1.0-22 1/2

2.3. Machine Learning

Machine Learning (ML) can be employed to capture patterns and relationships for the
study of transient events in a U-tube. Such algorithms may be applied at various stages of
the proposed methodology, ranging from the acquisition and processing of digital images
to the training of a model capable of predicting system behaviour based on simulation
results. ML is used to indicate the behaviour of transient flow in a U-tube as well as
to digitalise the governing equations that describe the system. The software MATLAB
(R2024b) has been used for making calculations. In this research, twenty-eight algorithms
were employed to select the best one, obtaining that the best results were achieved using
the robust linear regression and Squared Exponential Gaussian Process Regression, which
are described below.

2.3.1. Robust Linear Regression

This algorithm is similar to a linear regression model, but it uses an iteratively
reweighted least squares method to assign weights to observations. The main advan-
tage of this algorithm is that it is less sensitive to outliers compared to the traditional one.

yi = Po+P1Xin + PaXio + ..+ BpXip + ¢ 4)

where y; corresponds to the response, i represents each observation, f is a coefficient, X;; is
an observation on the predictor, ¢; is the noise term, and p is the number of total predictors.
The estimation of the weighted least-square error is yielded by:

e= ;wiwi ) )

where w; corresponds to the weights, y; represents each one of responses, and 1j; corre-
sponds to the fitted responses.
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2.3.2. Squared Exponential Gaussian Process Regression
The formula represents this probabilistic model:
Py | £,X) ~N(y | HB+ f,0%I) ©)

where y corresponds to the response, f is a latent variable, X are each one of predictors, H
is a matrix of basis functions,  represents a coefficient based on the dataset, I is the identity
matrix, and ¢? is the error variance used by the model.

2.4. Image Segmentation

Employing the digital camera described in Section 2.2, image segmentation was
performed to extract digital information and track variations in meniscus position. The
methodology used to capture and process the digital images is presented as follows:

(a) Level the tripod and the camera.

(b) Manually focus and set the zoom and the iris opening for the camera.

(c) Before initiating the video of the liquid column in movement, a photo (“stack”) is taken
at the control points (see Figure 2). This photograph is used to compute the image’s
pixel size in metres. Due to the small distance from the camera to the plane where
the U-tube is attached (d ~ 1.6 m) and given that the captured area to be recorded
(the meniscus) will be located at the centre of every image, the radial distortion of the
images is negligible. It will not be considered in the image processing calculations.
The centre of mass of the circles of the control points is calculated, and the number
of digital pixels between two control points is counted (vertically and horizontally)
using MATLAB (version 2024b). The centre of mass of the circles in the image with
the control points is located. Then, the script counts the number of pixels between the
centre of mass of two control points, aligned vertically and horizontally. Finally, the
size of a pixel, in metres, is obtained from the linear relationship shown below:

_ DCP
" NPCP

Pi (7)
where Pi = pixel (m), DCP = distance between control points (m), and NPCP = number
of pixels between control points.

(d) The camera is configured to save a video at a desired frequency (frames per sec-
ond or fps), 30 fps in our case, and with a desired spatial resolution (100 pixels,
horizontal x 768 pixels, vertical in our case). The video is saved for one of the tube
branches, capturing the meniscus movement. It is recommended that the video be
started before the meniscus movement begins, so it will be possible to identify the
time of motion initiation later.

(e) Once the video is completed, the image processing is initiated by breaking it into
individual frames, and each one is processed by capturing the pixel intensity through
a complete column of pixels of each frame, giving. Figure 3a shows the first 14 frames
of an experimental test for illustrative purposes. The total number of frames varies
depending on the video duration and capture frequency. Figure 3b presents the
frequency spectrum of one of the laboratory tests, calculated from the experimentally
obtained meniscus position data. It shows a dominant peak at the natural oscillation
frequency, indicating that the oscillation of a fluid column in a U-tube behaves as a
simple harmonic oscillator, analogous to a pendulum. The remaining tests likewise
exhibited a dominant peak. From the dominant frequency fy (corresponding to
the natural oscillation of the fluid column) in each test, we calculated the natural
oscillation period as T = 1/f(. As a result, a column of “coloured” pixels for each
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frame (Figure 4a). The contrast of colours between the one obtained for the meniscus
(blue) and that for the U-tube background (grey) was enough to process the images
adequately. Every frame is analysed using different filters (different colour bands,
including red, green, and blue), with the red band yielding the highest contrast
(see Figure 4b—d) to identify images with the most significant contrast between the
meniscus and the U-tube background. In Figure 4, a shade in the interface corresponds
to the meniscus reflection over the tube material.

fll ?h fl' n '
Ft1t 11111 |

Frame | Frame2 Frame3 Frame4 Frame5 Frame6 Frame7 Frame8 Frame9 Frame 10 Frame 11 Frame 12 Frame 13  Framen

(b)

YN

[ I E——

°
)

AN

Frequency (Hz)

Figure 3. Characterisation of oscillations: (a) number of frames from an experimental test; and
(b) frequency spectrum of an experimental measurement.

(a) (b) (c) (d) (e)

Number of frames

Space (pixeles)

Figure 4. RGB image chosen from all frames, at different colour bands, where the meniscus was
identified: (a) image with all frames; (b) red band; (c) green band; (d) blue band; and (e) the resulting
binary image.
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(@) The filtered image is then converted into a binary image by setting a limit pixel
intensity. To define this limit, it is assumed that the histogram of the binary image is
bimodal, a valid assumption given the high contrast between the liquid and the tube
background, as shown clearly in Figure 4a. The definition of the limit pixel intensity
is obtained by following the methodology suggested by Ridler-Calvard [31,32]. The
binary image is shown in Figure 4e, where the white “pixels” correspond to the liquid.
This information is saved in a file in a matrix form of “0” and “1,” with each column
containing the binary information of a column of pixels of each frame.

(b) With the binary image, the location of the meniscus is the next step. To do this, the
“binary matrix (of order n pixels per row x m frames)” is used to locate the position (in
terms of row number of this matrix) of the first “0” pixel at every column of the matrix.
This position is found by sweeping the matrix from row 1 to row n for every column.
This search is performed for every binary image in the video, each corresponding to a
specific time (each video frame is assigned a time).

(¢) From the time series of the meniscus positions, the time of the initiation of meniscus
motion (tp) is determined by the following criteria: checking the time corresponding
to a series of 5 consecutive frames that do not show any changes in the meniscus
position (5 was set for our case after several trials).

(d) To locate the meniscus position concerning the no-motion position (equilibrium posi-
tion with the liquid at rest, the reference level in the governing equations), the series of
meniscus positions is recalculated by obtaining the average position. The previously
calculated pixel size converts this new series into units of length.

(e) Once the meniscus position is obtained, its velocity and acceleration are computed by
a numerical differentiation of the meniscus position time series, each corresponding
to a binary image with a time “coordinate” assigned. The meniscus velocity and
acceleration are computed as:

Ziint — 2t

v = Zrar ot 8

AT (8)

g Zivont —2Ziine + 2t

At?

3. Results

A set of 27 tests, with different lengths of liquid column (63.14 cm < L < 98.50 cm) and
initial meniscus position (1.97 cm < Zj < 24.40 cm), were performed. At the beginning of
each test, the liquid temperature was measured, and its physical properties were obtained
from fluid mechanics textbooks [33,34]. The liquid column length was determined indirectly
by measuring the volume of liquid poured into the tube and assuming a constant inner
diameter of the tube. The simulation provides the maximum Reynolds number (Remax)
computed as shown by Equations (6) and (7). For the 27 tests, a maximum value of 21086
and a minimum value of 1827 were obtained, indicating a range of values that suggests the
experiments were conducted under both laminar-turbulent and laminar regime conditions
in some cases.

A% D
Re,rnax = —= (10)
v
2
Viax. = ZO Tg (11)

Two cases for the error analysis are presented in this study: the first corresponds to
the experiment oscillation period in comparison with the natural period of oscillation of
our system, and the second corresponds to the meniscus position (Z).
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The theoretical natural period of oscillation, according to the Newtonian theory, for
the meniscus oscillation in a U-Tube is:

/'L
T, =27 o (12)

This period is modified when the liquid’s viscosity is considered for such oscillations
under turbulent friction. According to Reference [26], this period is calculated as:

2m, /L
T, = —Zg (13)

2
L ( Kyv
=% (%)
where L represents the length of the liquid, Ky is a velocity correction factor that depends

on the Reynolds number (see Table 1), v is the kinematic viscosity, and R is the internal
radius of the tube.

The experimental value of the oscillation period was obtained from the frequency
spectrum calculated from the measured time series (obtained from the processed digital
images) of the meniscus position (Z). For all 27 tests, the frequency analysis showed a
highly dominated one-peak spectrum, and the maximum error found between Ty [26] and
the experimental value was 0.6% except for tests 25 and 26, which reached 1.1%. As shown
later, the model fits the experimental tests better than the Newtonian approach [26], so the
period given by Equation (9) will be used for error calculations.

The simulation performed on the measured data in comparison to the analyti-
cal/numerical resolutions closely follows the methodology from [35,36], which suggests
a methodology to separate the systematic error (RMSEs) from the nonsystematic error
(RMSEu) and computes the Index of an agreement to measure the degree to which a model
prediction is error-free. It is necessary to calculate the following parameters to evalute the
potential precision of a model: mean value of the predictions (P), the mean value of the
observations (O), the standard deviation of the predictions (s,,) and of the observations
(so), the intercept (a) and the slope (b) of the least square regression P; = a 4 bO;, the mean
absolute error (MAE), the mean square error (MSE), the root mean square error (RMSE), the
systematic mean square error (MSEs), the square root of MSEs (RMSEs), the nonsystematic
mean square error (MSEu), the square root of MSEu (RMSEu), the coefficient of determi-
nation (R?) and the index of agreement (d;). The complete set of statistical parameters
used by this methodology is listed in Table 4. Given that all data from measurements have
an intrinsic error associated with their measuring method, it emphasises the importance
of estimating the fraction of the RMSEs that correspond to the RMSE and the fraction
of the RMSEu that corresponds to the RMSE. Additionally, it is of utmost importance to
consider the values of the R or R? associated with high errors being hidden when the s,
and s, values are high. To overcome this interpretation, the index of agreement (d;) is
recommended, which measures the degree to which the observed (measured) variable
is estimated by the simulated one (0 value means no agreement at all and a value of
1 represents a perfect agreement). Given this index’s dimensionless property, it tends to
complement the information provided by the RMSE, RMSEs and RMSEu parameters. The
RMSEu parameter can be interpreted as a measurement of the potential precision of the
model; that is, it is possible that with minor changes in the model structure, the RMSE
value can be reduced significantly.
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Table 4. Statistical parameters.

Mean Standard Deviation = Slope and Intercept MeanEﬁI;s;olute Mean Square Error
— N (p—P 2 _ Cou(P,O)
p_LP _ Z”O(, ) b Tar(0) N oo MSE =
N N-1 MAE_ 21:1“31 Oz‘
oo N (0o a=P—50 =% MSEs + MSE,
=N _ [ ELo(0i-0) D = a+bO;
N-1
The square root of Systematic Mean Non-Systematic The square root of The square root of
the Mean square the Systematic Mean  the Non-Systematic
Square error Mean Square error
error Squared error Mean Square error
MSE,; = MSE, =
RMSE = v MSE Y, (5-0) yN, (PP RMSE; = \/MSE; RMSE, = +/MSE,
N N
Coefficient of determination Index of agreement
_1_ Xy RO
R? = (NEX, 0PI oY, B =S oA
(NN, 02— (2N, 0)°) (NZX, P2— (2, )°) P;=P—0 0O5,=0;-0

As a first step for validating the solutions, the index of agreement was calculated for
all 27 experiments. Values between 0.95 and 0.99 were obtained, indicating good agreement
between the analytical /numerical resolutions.

As a second step in the validation, the methodology was used to analyse the MSEs
and MSEu parameters for the 27 experiments studying the effect of the Newtonian and
the selected [26] friction models. For each experiment, three different scenarios were
considered, which are described below:

(@) In the first scenario, the Newtonian model is applied to the solution in turbulent and
laminar regimes.

(b) In the second scenario, Ogawa’s friction model is used for laminar flow, and Newto-
nian is used for turbulent flow.

(c) In the third scenario, Ogawa’s friction model is used for laminar and Turbulent flow.
Notice that this model was initially developed for both regimes.

After running the experiments and their corresponding analytical/numerical resolu-
tions, the RMSEu parameter was computed for all the experiments and the three scenarios
mentioned earlier. The results of these computations are presented in Figure 5, which
clearly shows a better behaviour of Ogawa’s friction model. For all cases, there is a general
tendency for the RMSEu to increase with an increment in the Reynolds number. The RMSEu
can be interpreted as a measure of the potential accuracy of a model. In this context, the
increase in RMSEu with higher Reynolds numbers is attributed to the fact that the friction
relationships used in the theoretical (Newtonian) model—against which the experimental
data are compared—are less accurate for flows with very high Reynolds numbers. At such
regimes, friction may become unstable, the curvature of the pipe can introduce additional
frictional effects, and fluid—structure interaction may play a significant role.
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RMSE, vs Reynolds Number
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Figure 5. RMSEu versus Reynolds number for all 27 experiments.

A different behaviour was observed for the RMSEs (see Figure 6), which now, for large
Reynolds numbers (Remax > 16,000), the Ogawa et al. model behaves poorly while for
small Reynolds numbers behaves much better than for the other two scenarios. Following
the methodology from [35,36]. This behaviour can be associated with an improper parame-
terisation of the model, so adjusting certain parameters can improve the solution. In our
case, Ogawa’s model is characterised by a parameter related to the velocity distribution,
defined in Equation (2), the K, parameter. This parameter depends on an empirical coeffi-
cient « (see Table 1). A fourth scenario was run to improve the solution by setting the o
coefficient to a new value of 29. Modifying this coefficient is justified by giving the range
of validity set for the original experiments by Reference [26], which was for a maximum
Reynolds number of 6600. The new value of « = 29 was obtained by looking for the best
fitting option, and for the experiments with Remax > 16,000. Figure 7 shows the best
results obtained for Reynold numbers that are more significant than 16,000.

RMSE; vs Reynolds Number
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Figure 6. RMSEs versus Reynolds number for all 27 experiments.
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RMSE, vs Reynolds Number (R,., > 16000)
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Figure 7. RMSEs versus Reynolds number (Remax > 16,000).

The systematic error highly depends on the degree of resolution, the calibration level
of the measuring instruments and the measuring procedures. However, this error also
depends on the accumulation of rounding errors in the numerical model, particularly when
estimating a quantity without direct measurement. In this case, assuming that 100% of the
RMSEs are due to the measuring technique (video measurements), and considering the
range Re max < 16,000, the mean error was computed to be of the order of 2.2 mm or of the
order of 3 pixels, result which is in accordance with the one obtained for the error in the
oscillation period. This is an encouraging result for the video measuring technique.

Two cases of extreme values of the Reynolds number (test 14 and test 8) are reported
to illustrate the behaviour of all parameters suggested. The experimental conditions, as
shown in Table 5, and the list of statistics in Table 6; Table 7, respectively.

Table 5. Experiment conditions for Tests 14 and 8.

Test T Flulfi Kl.n eme.xhc D Volume L Zy R
Number Density Viscosity e,max
°C (kg/cm®) mm?/s mm ml cm cm
14 27.5 997.1 0.849965 14.2 133 83.98 14.4 11622
8 27.3 997.1 0.853696 14.2 115 72.62 24.4 21086
Table 6. Statistical parameters for test 14.
Model O (mm) P (mm) S, (mm) Sy (mm) N a (mm) b MAE (mm)
Newton —0.01 0.40 30.76 36.49 564 0.40 1.10 12.27
Newton/Ogawa ~0.01 0.33 30.76 34.26 564 0.34 1.07 6.68
etal. (« =25)
Ogawa et al. (x = 25) —0.01 0.31 30.76 32.03 564 0.32 1.02 3.68
Ogawa et al. (« =29)
MSE MSEs MSEu RMSE RMSEs RSMEu 2
Model (mm?) (mm?) (mm?) (mm) (mm) (mm) da R
Newton 188.64 10.39 178.25 13.73 3.22 13.35 0.957 0.866
Newton/Ogawa 85.77 5.41 80.36 9.26 2.33 8.96 0.979 0.931
etal. (« =25)
Ogawa et al. (« = 25) 45.45 0.42 45.03 6.74 0.65 6.71 0.988 0.956

Ogawa et al. (« =29)
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Table 7. Statistical parameters for test 8.
Model O (mm) P (mm) So (mm) Sy (mm) N a (mm) b MAE (mm)

Newton -0.07 0.76 49.09 52.77 510 0.83 1.04 1253
Newm‘(‘af ?%‘;;Va etal ooz 0.72 49.09 5153 510 0.79 1.03 8.30
Ogawa et al. (« = 25) -0.07 0.54 49.09 56.44 510 0.61 1.14 7.75
Ogawa et al. (« = 29) -0.07 0.58 49.09 56.44 510 0.66 1.06 470

Model MSE (mm) MSEs MSEu RMSE ~ RMSEs RSMEu R2
(mm~) (mm?) (mm) (mm) (mm)

Newton 198.24 3.92 194.32 14.08 1.98 1394 0981 0.930
Newm‘;‘a/ ?%;;Va etal o183 2.76 99.07 10.09 1.66 9.95 0.990 0.963
Ogawa et al. (a = 25) 119.61 ‘é‘é‘ 74.75 10.94 6.70 8.65 0.989 0.974
Ogawa et al. (« = 29) 54.53 9.77 44.77 7.38 312 6.69 0.995 0.984

Test 8 (Table 6) for Remax < 16,000, the best statistic parameters are obtained for the
original Ogawa ed al. model (x = 25). The index of agreement does not show significant
differences between the scenarios, but the R? parameter does show differences, with the
Ogawa et al. model showing the highest value. All the parameters confirm that the Ogawa
et al. model is the best.

For high Reynolds numbers (Remax > 16,000), e.g., Test No. 8 (see Table 7), the
statistical parameters exhibit the same behaviour as in the experiments with low Reynolds
numbers, albeit with a more significant difference in the statistical parameter values in
favour of the improved model by Ogawa’s friction model (« = 29). It is also noteworthy
that, in this case, the index of agreement and the R? parameter show better values than
those obtained using the original Ogawa’s friction model (« = 25).

Figure 8 shows a comparison of the meniscus position obtained from the measure-
ments with that computed by the simulation for the three scenarios mentioned earlier, for
experiments 14, where the yellow strips indicate the turbulent flow regime Re max > 2300. It
is clear from these figures that the Newtonian friction model behaves poorly with respect to
the measurements. The computed and measured meniscus velocity for the three scenarios
is presented in Figure 9 for experiment 14, and the meniscus accelerations are shown in
Figure 10 for experiment 14. Notice that the measured velocity and accelerations show
oscillations due to the mathematical procedure used to numerically compute the first and
second derivatives from the meniscus position time series.

Machine learning (ML) techniques were employed to demonstrate their applicability
in studying the dynamics of oscillations in a U-tube through the digitalisation of the
differential equations described in Section 2.1. In this study, the model was trained using
a dataset comprising 27 measurements. To mitigate overfitting, five-fold cross-validation
was employed, and 30% of the data was reserved for testing purposes. The length of the
liquid (L) and the initial position of the meniscus were employed as predictors using ML.
Two responses were evaluated in this model using the natural period of oscillation (Tp) and
the minimum position reached by the meniscus (Z,,;,). Figure 11 presents the relationships
between the two predictors and their corresponding responses.
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Figure 8. Variation in the meniscus position in time (as a function of the natural period of oscillation)
for measurements and the three scenarios related to the friction model for test 14.
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Figure 9. Variation in the meniscus velocity in time (as a function of the natural period of oscillation)
for measurements and the three scenarios related to the friction model for experiment 14.

Twenty-eight machine learning models were employed to train the model described
previously, as defined by the equations in Section 2.1. Table 8 presents the results of the
statistical metrics (R? and RMSE) for the ML models. The findings indicate that ML models
are well-suited for capturing the dynamics of a transient event in a U-tube. In particular,
the most favourable statistical performance for the minimum meniscus position and the
natural oscillation period was obtained using the robust linear method and the Squared
Exponential Gaussian Process Regression, respectively. The selection of these models was
informed by statistical measures obtained from both the validation and testing stages. The
best-performing ML models, in which, in all cases, the R? values for both the validation
and testing stages are above 0.997, while the corresponding RMSE values are notably low.
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Simulation of an oscillatory movement of o liquid in a U-tube
Test Case: Friction and constant forcing function
Meniscus Acceleration
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Figure 11. Relationships between predictors and responses for applying ML.
Table 8. Summary of the statistical measures of ML models.
Zmin Tl]
Preset RMSE RSquared RMSE RSquared RMSE RSquared RMSE RSquared
(Validation) (Validation) (Test) (Test) (Validation) (Validation) (Test) (Test)
Fine Tree 0.035 0.642 0.029 0.639 0.060 0.719 0.050 0.618
Linear 0.003 0.997 0.003 0.997 0.005 0.998 0.004 0.997
Interactions Linear 0.003 0.997 0.003 0.996 0.006 0.997 0.005 0.995
Robust Linear 0.003 0.997 0.003 0.997 0.005 0.998 0.004 0.997
Stepwise Linear 0.003 0.997 0.003 0.997 0.007 0.996 0.004 0.998
Fine Tree 0.035 0.642 0.029 0.639 0.060 0.719 0.050 0.618
Medium Tree 0.058 0.000 0.048 —0.007 0.113 0.000 0.087 —0.154
Coarse Tree 0.058 0.000 0.048 —0.007 0.113 0.000 0.087 —0.154
Linear SVM 0.007 0.985 0.004 0.994 0.015 0.982 0.012 0.979
Quadratic SVM 0.007 0.984 0.004 0.993 0.014 0.984 0.012 0.978
Cubic SVM 0.009 0.978 0.004 0.993 0.049 0.812 0.015 0.967
Fine Gaussian SVM 0.045 0.398 0.043 0.203 0.096 0.279 0.068 0.296
Medium Gaussian SVM 0.030 0.738 0.013 0.924 0.044 0.850 0.023 0.920
Coarse Gaussian SVM 0.027 0.775 0.009 0.967 0.053 0.782 0.034 0.821
Efficient Linear Least Squares 0.012 0.957 0.003 0.997 0.111 0.036 0.093 —0.307
Efficient Linear SVM 0.016 0.919 0.009 0.968 0.108 0.076 0.137 —1.834
Boosted Trees 0.058 —0.003 0.049 —0.033 0.125 —0.224 0.084 —0.076
Bagged Trees 0.057 0.019 0.049 —0.027 0.115 —0.044 0.090 —0.212
Squared Exponential GPR 0.004 0.995 0.003 0.997 0.002 1.000 0.002 1.000
Matern 5/2 GPR 0.004 0.995 0.003 0.997 0.002 1.000 0.001 1.000
Exponential GPR 0.018 0.906 0.007 0.980 0.031 0.924 0.012 0.979
Rational Quadratic GPR 0.004 0.995 0.003 0.997 0.002 1.000 0.002 1.000
Narrow Neural Network 0.028 0.764 0.015 0.900 0.014 0.985 0.021 0.934
Medium Neural Network 0.031 0.705 0.021 0.809 0.071 0.603 0.024 0.916
Wide Neural Network 0.020 0.878 0.012 0.938 0.091 0.349 0.010 0.985
Bilayered Neural Network 0.021 0.864 0.015 0.903 0.043 0.856 0.012 0.979
Trilayered Neural Network 0.018 0.899 0.021 0.811 0.092 0.334 0.041 0.749
SVM Kernel 0.034 0.648 0.011 0.943 0.049 0.808 0.010 0.984

Least Squares Reg. Kernel 0.034 0.654 0.022 0.793 0.056 0.752 0.033 0.835
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4. Discussion

The developed methodology aimed to improve the understanding of the physical pro-
cesses involved in damped oscillations of a liquid in a U-tube by digitalising all components.
One advantage of the developed methodology is that it includes a step to process the digital
images captured from the physical experiments using state-of-the-art techniques to process
digital photos [37—41]. In addition, image segmentation can be performed using deep learning
techniques on both visual and numerical data to investigate the dynamics within a U-tube.

By applying the methodology from [35,36], it was possible to separate the MSEs from
the MSEu, and an estimate for the error associated with the experimental technique was
determined. The error analysis was performed for the friction model by considering four
scenarios. The study revealed that Ogawa’s friction formula is the most effective model.
The results show a systematic error of 2.2 mm =+ 3 pixels for the model [26] about the
measurements. Additionally, a minor error (as significant as 1.1%) was observed in the
period of oscillation for all 27 test cases. The video camera measurement technique proved
suitable for this type of experiment.

For the tests with Re max > 16,000, it was necessary to improve the selected model [26]
setting a new value for the o parameter associated with the assumed velocity distribution
led to a smaller value for RMSEs. Modification of the « parameter was supported by the
fact that the original model was tested for Re max < 6600.

Similar results were found by Olan Thon, B. (2014) [9], who concluded that the model
by Ogawa et al. is more effective than other steady friction relationships in damping oscilla-
tions in a U-tube. However, it does not yield satisfactory results for high Reynolds numbers,
likely because the model was developed with low Reynolds numbers in mind. The Ogawa’s
friction model exhibits the same velocity dependence as the laminar friction factor, making
it highly effective for low Reynolds numbers but less so for high Reynolds numbers.

Using digital images as a measuring technique for these experiments was proven
suitable, given the minor errors obtained for the pixel size.

The machine learning models were successfully applied to investigate the dynamics of a
U-tube, with statistical measures indicating reliable performance. This is especially significant,
as ML has the potential to support predictive capabilities, thereby playing a crucial role in
implementing a digitalisation of mathematical models. This virtual representation enables
real-time monitoring, scenario testing, and optimisation without disrupting the physical system.

5. Conclusions

This study presented the digitalization process for studying transient events in a
U-tube, comprising the following steps: (i) a simulation process, in which the numerical
solution of the governing equations for damped oscillatory phenomena was developed and
validated for the specific case of liquid oscillation in a U-tube; (ii) an image segmentation
process for tracking the meniscus position; and (iii) a layer containing detailed informa-
tion about the hydraulic installation. The proposed methodology was supported by an
experimental facility measuring 1.5 m in length.

The implementation of machine learning techniques proved to be an effective strategy for
digitalising the complex governing equations that describe the hydraulic behaviour of a tran-
sient event in a U-tube. Moreover, machine learning techniques can be applied to enable rapid
decision-making, as there is no need to solve complex equations in real-time. Consequently,
predictive analyses can be readily conducted using this tool. Statistical measures, such as the
coefficient of determination and the root mean square error, confirmed its applicability.
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Abbreviations

The following abbreviations are used in this manuscript:

D= Pipe diameter (m);
DCP = Distance between control points (m);
f= Darcy-Weisbach friction coefficient (—);
fo= Dominant frequency (Hz);
g(t) = External forcing function (m);
g= Gravitational acceleration (m/s2);
H= Matrix of basis functions;
I= Identity matrix;
i= Observation (—);
K, = Velocity correction factor (—);
L= Length of the liquid column (m);
NPCP = Number of pixels between control point (—);
Pi= Pixel (m);
p= Number of total predictors (—);
R = Tube radius (m);
Re = Reynolds number (—);
T= Natural oscillation (s);
t= Time (s);
V= Meniscus velocity (m/s);
w; = Weighted least-square error (—);
X = Distance (m);
Xij/X = Predictor (m);
Yi = Response (s or m);
¥i= Fitted responses (s or m);
Z = Meniscus position (m);
AP = Pressure difference (Pa);
v= Liquid kinematic viscosity (m?/s);
wp = Natural frequency (Hz);
w1 = Forcing frequency (Hz);
g = Noise term;
= Friction coefficient (—);
= Natural frequency coefficient (—)/Coefficient of a machine learning model (—);
Q= Liquid density (kg/ m3);
0% = Error variance;

= Initial condition.
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Appendix A

Table Al. Dataset of initial conditions of experimental measurements.

T Pw 8 D L Zo
Run No. cO (kg/m®) (m?/s) (mm) (cm) (cm)
1 26.20 8.74 x 1077 22.77
2 26.80 8.63 x 10~7 18.96
3 63.14 9.58
4 2.40
5 480
6 -19.17
7 27.30 8.54 x 107 —1045
8 24.97
9 10.13
10 72.62 15.81
11 —24.61
12 997.10 14.2 —15.55
13 27.60 8.48 x 10~7 20.92
14 27.50 8.50 x 107 15.16
15 10.25
16 83.98 428
17 2433
18 ~16.11
19 21.08
20 15.57
21 27.30 8.54 x 1077 10.28
22 466
23 12.08
24 6.92
2 9850 —15.48
26 12.54
27 7.11

Note: T = temperature, p,, = water density, v = water kinematic viscosity, D = internal pipe diameter, L = length,
and Z, = initial position of the meniscus.

Table A2. Computation of absolute and relative error of experimental measurements.

Absolute Error  Relative Error

Run No. L (cm) T(],model (s) TO,experimcntal (s) (%)
1 1.133 0.006 0.545
2 1.136 0.008 0.742
3 1.136 0.008 0.742
4 63.14 1127 1.133 0.006 0.545
5 1.136 0.008 0.742
6 1.136 0.008 0.742
7 1.136 0.008 0.742
8 1217 0.008 0.653
9 1217 0.008 0.653
10 72.62 121 1217 0.008 0.653
1 1214 0.006 0.456
12 1217 0.008 0.653
13 1.310 0.010 0.794
14 1.310 0.010 0.794
15 1.310 0.010 0.794
16 1.310 0.010 0.794
17 1.310 0.010 0.794
18 83.98 13 1.310 0.010 0.794
19 1.308 0.008 0.59
20 1.308 0.008 059
21 1.308 0.008 0.59
2 1.308 0.008 059
23 1417 0.009 0.626
24 1417 0.009 0.626
25 985 141 1417 0.009 0.626
26 1417 0.009 0.626

27 1.417 0.009 0.626
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