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Abstract

The current study examines the influence of a varying gravity field and its interaction
with density stratification. This represents a novel area in baroclinic flow analysis. The
classical vortex and internal wave structures in stratified flows are shown to be significantly
modified when gravity varies with height. Vortices may shift, stretch, or weaken depending
on the direction and strength of gravity variation, and internal waves develop asymmetries
or damping that are not present under constant gravity. We examine the influence of gravity
variation on the flow of both homogeneous and density-stratified fluids in a channel with
topography consisting of a Gaussian obstacle lying at the bottom of the channel. The flow
is without inertia, induced by the translation of the top plate. Both the density and gravity
are assumed to vary linearly with height, with the minimum density at the moving top
plate. The narrow-gap approach is used to generate the flow field in terms of the pressure
gradient along the top plate, which, in turn, is obtained in terms of the bottom topography
and the three parameters of the problem, namely, the Froude number and the density and
gravity gradients. The resulting stream function is a fifth-order polynomial in the vertical
coordinate. In the absence of stratification, the flow is smooth, affected rather slightly
by the variable topography, with an essentially linear drop in the pressure induced by
the contraction. For a weak stratified fluid, the streamlines become distorted in the form
of standing gravity waves. For a stronger stratification, separation occurs, and a pair of
vortices generally appears on the two sides of the obstacle, the size of which depends
strongly on the flow parameters. The influence of gravity stratification is closely coupled to
that of density. We examine conditions where the coupling impacts the pressure and the
velocity fields, particularly the onset of gravity waves and vortex flow. Only a mild density
gradient is needed for flow separation to occur. The influence of the amplitude and width
of the obstacle is also investigated.

Keywords: baroclinic flow; gravity variation; density stratification; vortices; internal waves;
variable gravity field; narrow-gap approach; stratified fluid

1. Introduction
In most natural and astrophysical settings, gravity is rarely uniform. From the Earth’s

core to stellar interiors, the gravitational field typically varies with position, especially in the
vertical direction due to self-gravitating effects. This study extends beyond traditional fluid
dynamics. Gravity gradients are common in planetary interiors, stellar atmospheres, and
black hole accretion flows; the insight offered here is directly relevant to astrophysicists and
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geophysicists when observing flow patterns under variable gravitational fields. Such a cou-
pling of gravitational physics with baroclinic fluid behavior causes the potential inference
of the gravitational structure from observable flow fields, offering an indirect diagnostic
tool in celestial modeling. Gravity variation is often accompanied by density stratification,
which is prevalent in a range of flow regimes, such as in the Earth’s atmosphere, oceans,
lakes, magmas, and cosmic gas clusters [1–4]. Density stratification is particularly signifi-
cant in large-scale movements, such as atmospheric recirculation [5], ocean currents, and
double-diffusive convection, influencing climate and weather patterns [6]. In addition, the
density stratification of the flow can significantly shape localized motion, transport, and
interactions between objects within a fluid.

Simultaneously, there are large- and small-scale flows where gravity stratification is
also present. For a body with uniform density, the gravitational force inside the celestial
body increases linearly with distance from the center. This is because, at any point inside,
only the mass enclosed within that radius contributes to the gravitational attraction given by
Newton’s law of gravitation. The influence of gravity on the atomic scale is still unknown
due to its weak nature, but at the celestial scale, the forces are well defined. For our Earth,
the gravity and density variations along the outer core radius are shown by Preliminary
Reference Earth model (PREM) data [7], which is reproduced here in Figure 1. In the
outer core, the matter is in the liquid state, where convection currents act like a dynamo
and produce the magnetic field of our planet. For further details, the reader is referred to
Stevenson [8] and Turcotte and Schubert [9].

Figure 1. Variation in the density and gravity acceleration in the core of the Earth. This figure is
produced based on the data of Dziewonski et al. [7].

The dual presence in Figure 1 of the density and gravity stratification in the outer
core suggests an almost linear trend for both density and gravity; this is certainly the case
over shorter distance ranges. The aim of the present study is to elucidate the impact of
such a dual presence by examining the flow in a channel of variable topography. The
flow in a channel of variable imposed geometry is relevant to a wide range of applications
such as static seals formed by compressing two rough metallic surfaces [10], microfluidic
systems [11,12], and atmospheric flow [13]. The narrow-gap or lubrication approximation
is made, which is an approximation of the boundary-layer equations with negligible inertia
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at low Reynolds numbers for narrow geometries with slow changes in curvature [14–16].
The lubrication approach for non-stratified flow has been widely adopted in the literature,
such as for the flow of a Newtonian fluid in a channel with a variable boundary [17].
For a boundary with mild curvature, Tavakol et al. [17] extended the classical lubrication
approach by starting with the Stokes equations and considering higher-order terms in a
systematic perturbation expansion. The comparison of their analytical high-order results
with the experimental results and numerical solutions of the Navier–Stokes equations
showed a substantial improvement in the accuracy of the leading-order solution. The
work by Tavakol et al. [17] was recently extended by Housiadas and Tsangaris [18] to
study a channel with two variable walls, as well as an axisymmetric tube with a variable
cross-section. Luberto and de Payrebrune [19] investigated a laminar Couette flow in a
channel with theoretically variable geometry, both numerically and experimentally, by
placing three square bars or hexagonal bars at the bottom spanning the entire width of the
fluid tank.

There are fewer investigations on a channel flow of stratified fluid. One of these
pioneering studies is that of Long [13], who investigated the flow induced by the mov-
ing obstacle in a channel of a continuous density-stratified fluid. Long [13] proposed a
theoretical model for the flow over an obstacle of finite dimensions and found a laminar
wave motion if the height of the obstacle is below a certain value; an increase from this
height results in closed circulation and negative horizontal velocities. To verify his theory,
Long established an experimental device consisting of a long channel with both upper and
bottom walls, and an obstacle placed on the bottom wall, which can be moved horizon-
tally along the wall. For small obstacle heights, his experiments verified all the important
features predicted by his theory. Later, Long’s [13] theory was employed and extended
by multiple other researchers [20,21] for various problems. More recently, Sutherland and
Aguilar [22] carried out experiments on the stratified flow over topography and reported
on wave generation and mechanisms of boundary-layer separation in the lee of periodic
ridges. The recent work of Zaza and Iovieno [23] investigates the influence of coherent
vortex rolls on particle motion in unstably stratified channel flow.

Recently, Wang and Khayat [24] examined the flow of a density-stratified fluid in a
channel with topography under constant gravity. The flow field was determined using a
narrow-gap approach, which was successfully validated against a numerical simulation.
While our earlier work focused solely on the influence of density stratification on the
flow, the current study focuses on the effect of gravity stratification and its interplay with
density stratification. Therefore, the earlier paper forms a baseline study for density-
stratified flows over topography. Various assumptions were made, which were validated
against a numerical simulation using OpenFOAM (https://www.openfoam.com/). These
assumptions included narrow-gap approximation, negligible inertia and convective effects,
and the Boussinesq approximation. The study confirmed the plausibility of the theoretical
approach in capturing the complex flow structure. Similar assumptions are made in
the current study to examine the effect of (positive and negative) gravity gradients on
the density-stratified flow. Other similarities between the two studies include the same
physical domain and topography. In the present work, we examine the influence of a
gravity gradient on the flow of a density-stratified fluid. We thus examine the Couette flow
of a fluid with linear density and gravity stratifications in a channel with an obstacle on the
bottom stationary plate. This paper is organized as follows: The general formulation and
physical domain are described in Section 2. The narrow-gap formulation is elaborated in
Section 3. The results of the flow both with and without stratification are given in Section 4.
Finally, concluding remarks and discussion are given in Section 5.

https://www.openfoam.com/
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2. Physical Domain and General Problem Formulation
Consider the planar flow in a channel bounded by two rigid boundaries: a straight

top plate, translating at a velocity U, and a bottom rigid surface of variable shape, in the
form of an obstacle or a depression. The bottom topography is symmetric, with the origin
coinciding with the middle of a Gaussian bump. We let ρb and ρt denote the constant
density along the bottom and top boundaries.

We choose the channel length L and depth D as the horizontal and vertical length
scales, and corresponding velocity scales U and εU in the horizontal and vertical directions,
respectively, where ε ≡ D/L is the aspect ratio. An appropriate choice for L and D is the
width and height of the topographic bump. The physical domain is illustrated in Figure 2,
where dimensionless notations are used. The coordinate axes are such that the positive
x-axis is directed from left to right, and the y-axis points are directed downwards. Gravity
is in the positive y direction. Here, u and v denote the dimensionless velocity components
scaled by U and εU in the (x, y) directions, respectively.

Figure 2. A schematic diagram of the physical domain for a channel with a symmetric obstacle at
the bottom boundary. The incoming Couette flow, density, and gravity variations with height are
illustrated. All notations are dimensionless. Here, λ = 0.2 and w = 0.05.

The density ρ and pressure p are scaled by the density at the bottom, ρb and ρbgtD,
respectively, where g is the acceleration due to gravity. Finally, we denote the top-to-bottom
density ratio and bottom-to-top gravity ratios as r ≡ ρt/ρb and a ≡ gb/gt, respectively.
In addition to ε, r and a, we have three dimensionless parameters: the Reynolds number,
Re = ρbUD/µ; the Froude number, Fr = U/

√
gtD; and the Peclet number, Pe = UD/κ,

where µ and κ are the dynamic viscosity and stratification agent diffusivity.
The shape of the bottom wall is given by y = h(x), as shown in Figure 2. We are

particularly interested in the flow over an obstacle or a depression, so h(x) is a dimensionless
Gaussian curve:

h(x) = 1 − λ exp
(
− x2

w2

)
, h′(x) =

2λ

w2 x exp
(
− x2

w2

)
(1)
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where λ and w are the amplitude and half-width of the obstacle (see Figure 2). Note that
both the slope and concavity are continuous in x. For an obstacle, the slope is negative
upstream of the obstacle (x < 0) and positive downstream (x > 0).

The density and gravity are assumed to vary with height. Whereas decreasing density
with height reflects stable stratification, increasing gravity with height mimics the common
behavior of self-gravitation inside a celestial body, where gravity is generated by the mass
of fluid itself [25].

In this work, dimensionless gravity γ(y) is assumed to vary linearly with height, so that

γ(y) = 1 + (a − 1)y (2)

The density will also vary linearly with height when the convective effects are ne-
glected, as outlined below.

2.1. Governing Equations and Boundary Conditions

In general, the flow is governed by the Navier–Stokes equations, subject to the Boussi-
nesq approximation for density. An advection–diffusion equation for the stratifying agent
(temperature, salinity, or nutrients), incorporating the relationship between the density and
the stratifying agent, results in a nonlinear equation governing the density field. The fluid
is assumed to be Newtonian and incompressible. The dimensionless conservation of mass
and momentum equations for a two-dimensional steady flow are as follows:

∂u
∂x

+
∂v
∂y

= 0 (3)

εRe
(

u
∂u
∂x

+ v
∂u
∂y

)
= −ε

Re
Fr2

∂p
∂x

+ ε2 ∂2u
∂x2 +

∂2u
∂y2 (4)

ε2Re
(

u
∂v
∂x

+ v
∂v
∂y

)
= − Re

Fr2

(
∂p
∂y

− ργ

)
+ ε3 ∂2v

∂x2 + ε
∂2v
∂y2 (5)

and the convective-diffusion equation for density is the following:

εPe
(

u
∂ρ

∂x
+ v

∂ρ

∂y

)
= ε2 ∂2ρ

∂x2 +
∂2ρ

∂y2 (6)

Equations (3)–(6) are solved subject to the following boundary conditions at the top
and bottom solid surfaces, consisting of adherence and a lack of penetration of the fluid:

u(x, y = 0) = 1, u(x, y = h) = v(x, y = 0) = v(x, y = h) = 0 (7)

and the imposed constant values of the density are as follows:

ρ(x, y = 0) = r, ρ(x, y = h) = 1 (8)

Clearly, assigning boundary values for the density at the top and bottom plates can be
equivalent to imposing a constant temperature along the two boundaries. Alternatively,
the heat flux or density gradient can be imposed.

Finally, the conservation of mass produces the following relationship:

h(x)∫
0

u(x, y)dy =
1
2

(9)
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2.2. The Flow Far Upstream and Downstream

In addition, boundary conditions are needed both far upstream and downstream
of the obstacle, where the flow is assumed to be fully developed. In this case, h(x) ~ 1,
v(x, y) ~ 0 and u ~ u(y), and Equations (3)–(6) are reduced to the following:

d2u
dy2 = G

∂p
∂x

, (10)

∂p
∂y

= ργ, (11)

d2ρ

dy2 = 0 (12)

where G ≡ ε Re
Fr2 . Upon integrating Equation (12) subject to Equation (8), we obtain a

linear density profile. In the absence of an imposed pressure gradient, the solution of
Equation (11) yields a pressure independent of x, so that the following is calculated:

u(x → ±∞, y) ∼ 1 − y, v(x → ±∞, y) ∼ 0 (13)

ρ(x → ±∞, y) ∼ r + (1 − r)y, (14)

p(x → ±∞, y) ∼ ry +
1
2
(1 − 2r + ra)y2 +

1
3
(1 − r)(a − 1)y3 (15)

3. The Narrow-Gap Formulation
The narrow-gap limit is obtained by assuming that ε = H/L << 1. Assuming that

Re = O(1), Fr2 = O(ε), and Pe = O(1), all convective and elongation terms in
Equations (4) and (5) become negligible to the leading order, yielding the follow-
ing equations:

∂u
∂x

+
∂v
∂y

= 0, (16)

∂2u
∂y2 = G

∂p
∂x

, (17)

∂p
∂y

= ργ, (18)

∂2ρ

∂y2 = 0. (19)

Clearly, only three parameters remain, namely G, a, and r. We note that the narrow-gap
approximation for fluid without stratification is recovered for incompressible flow (Tavakol
et al., 2017) [17].

Upon integrating Equation (12), we recover the linear density profile. In this case,

ρ(x, y) = r + (1 − r)
y
h

, (20)

p(x, y) = p0(x) + ry +
1
2

[
1 − r

h
+ r(a − 1)

]
y2 +

1
3h

(1 − r)(a − 1)y3 (21)

where p0(x) is the variable and unknown pressure along the top plate. In particular, the
pressure along the bottom is given by the following:

p(x, y = h) = p0(x) +
1
2
(1 + r)h +

1
6
(2 + r)(a − 1)h2 (22)
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The linear density profile successfully approximates the profile across the inter-
face of a two-layer fluid [26]. Substituting for p from Equation (21) into Equation (17)
and integrating this twice, subject to Equation (7), the velocity profile in the channel is
the following:

u(x, y) =
G
2

(
p′

0 −
(1 − r)h′

12h2 y2 − (1 − r)(a − 1)h′

30h2 y3
)

y2 − G
2

h
(

p′
0 −

1
12

(1 − r)h′ − h
30

(1 − r)(a − 1)h′
)

y − y
h
+ 1, (23)

where a prime denotes a derivative with respect to x. The equation for the pressure gradient
p0(x) can be obtained by invoking the conservation of mass relation (Equation (9)), yielding
the following:

p0
′(x) =

1 − r
5

[
3
4
+

(a − 1)h
3

]
h′ +

6(h − 1)
Gh3 (24)

∂p(x, y)
∂x

=
1 − r

5

[
3
4
+

(a − 1)h
3

]
h′ +

6(h − 1)
Gh3 − 1 − r

h2 h′
[

1
2

y2 +
1
3
(a − 1)y3

]
(25)

We observe from Equation (25) that, regardless of the level of density and gravity
stratification, the pressure maximum/minimum does not coincide with the mid-obstacle
location where h′(x = 0) = 0 since ∂p(x=0,y)

∂x = 6(h(0)−1)
Gh3(0)

= − 6λ

G(1−λ)3 < 0. This is, of

course, expected for lubrication flow. However, this is the case as long as G is not too large
(otherwise, the middle term becomes negligible).

It is not difficult to see that p0(x → −∞) ∼ 0, which is established from
Equations (15) and (22). In this case, the integration of Equation (24) gives the following:

p0(x) =
1 − r

10
(h − 1)

[
3
2
+

(a − 1)(h + 1)
3

]
+

6
G

x∫
−∞

h − 1
h3 dx (26)

Substituting Equation (24) into Equation (23), we obtain the following:

u(x, y) = −G
2
(1 − r)h′hy

[
y3

12h3 − 3
20

y
h
+

1
15

−
(

a − 1
15

)
h
(

y
h
− y4

2h4 − 1
2

)]
+

(y
h
− 1

)[3y
h

(
1 − 1

h

)
− 1

]
(27)

We note that the velocity profile for a flow without stratification (r = 1) is the same as
the classical Couette flow velocity profile [19,27]

Before proceeding further, we determine the velocity component v(x, y) using the
continuity equation. Although Equation (3) is first order in y, we expect it to satisfy
two boundary conditions, v (x, 0) = v(x, h(x)) = 0. Integrating the continuity equation, and
using Equation (7), v(x, 0) = 0, we obtain the following:

v(x, y) = G(1−r)h2

120

[
hh′′

(
y5

h5 − 3 y3

h3 +
2y2

h2

)
− 2

(
h′)2

(
y5

h5 −
y2

h2

)]
− h′

(
2 y2

h2 −
3y2

h3 − 2y3

h3 +
3y3

h4

)
−G(1−r)(a−1)h3

30

[
hh′′

(
y3

3h3 −
y6

12h6 −
y2

4h2

)
+

(
h′)2

(
y3

3h3 +
y6

6h6 −
y2

2h2

)]
.

(28)

The flow field is obtained analytically for any bottom topography. Noting that the flow
far upstream is a pure Couette flow under atmospheric pressure, the pressure anywhere is
then obtained by integrating Equation (25), subject to Equation (15), yielding the following:

p(x, y) =
1 − r

10
(h − 1)

[
3
2
+

(a − 1)(h − 1)
3

]
+

6
G

x∫
−∞

h − 1
h3 dx + ry +

1 − r + r(a − 1)h
2h

y2 +
(1 − r)(a − 1)

3h
y3. (29)

Another important variable is vorticity. In particular, along the moving plate, the
vorticity is equal to the wall shear stress(ω). In general,
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ω(x, y) = −G
2
(1 − r)h′h

[
y3

3h3 − 3
10

y
h
+

1
15

−
(

a − 1
15

)
h
(

2y
h

− 5y4

2h4 − 1
2

)]
+

1
h

[
3
(

2
y
h
− 1

)(
1 − 1

h

)
− 1

]
. (30)

Another important related quantity worth mentioning is the difference in pressure
between the bottom and top boundaries:

∆p(x) ≡ p(x, y = h)− p(x, y = 0) =
1
2
(rh + 1 − r) +

1
6
(3r + 2h − 2rh)(a − 1)h. (31)

Two limit flows naturally emerge in this case. The first is the flow under constant gravity,
and the second is the absence of density stratification, which will be discussed shortly.

4. Results
4.1. In the Absence of Density and Gravity Stratifications

The flow in the absence of density and gravity stratification is well established and,
therefore, serves as a reference limit that is useful when interpreting complex physics in the
presence of stratification. Thus, setting r = a = 1, the flow field is reduced to the following:

u(x, y) =
(y

h
− 1

)[
3

y
h

(
1 − 1

h

)
− 1

]
(32)

v(x, y) = −h′
(

2
y2

h2 − 3
y2

h3 − 2
y3

h3 + 3
y3

h4

)
(33)

p(x, y) =
6
G

x∫
−∞

h − 1
h3 dx + y, (34)

∂p
∂x

(x, y = 0) =
6
G

h − 1
h3 , (35)

∂p
∂x

(x, y = h) =
6
G

h − 1
h3 + h′ (36)

ω(x, y = 0) = − 1
h

(
4 − 3

h

)
, (37)

ω(x, y = h) =
1
h

(
2 − 3

h

)
(38)

Here, G is the only parameter in the problem. In this case, the streamwise pres-
sure gradient is only a function of x, and the velocity component, u, cannot display a
change in concavity along the y direction, allowing no possibility of vortex formation.
In other words, since h(x) ≤ 1 for any x, the pressure gradient from Equation (36) is
∂p(x,y)

∂x =
dp
dx = 6(h−1)

Gh3 ≤ 0, which is independent of y for any x, thus driving the flow
forward and enhancing the plate movement.

The flow fields for constant density and gravity are shown in Figure 3. The obstacle
shape in Equation (1) corresponds to λ = 0.2 and w = 0.05. The streamlines and vorticity
contours in Figure 3a show the expected gradual deviation from parallel flow near the
top translating plate to the distorted flow near the bottom boundary where the obstacle
is located. Figure 3b,c confirm the symmetric u(−x, y) = u(x, y) and antisymmetric
v(−x, y) = −v(x, y) velocity profiles as predicted by Equations (32) and (33), respectively.
For |x| > 0.05, the flow remains Couette and unaffected by the obstacle. Closer to the
origin, the flow displays the Couette–Poiseuille characteristic typically predicted by the
Reynolds equation for a homogeneous fluid. We note that the v component may appear to
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be of the same order of magnitude as u (order one in this case), but the true magnitude is
of order ε due to the scaling.

Figure 4 illustrates the pressure distribution for the flow in Figure 3. The pressure
contours in Figure 4a reflect a decrease in pressure with x and an increase with distance
from the top towards the bottom boundary. The pressure gradient is zero upstream and
downstream of the obstacle (h = 1). Referring to Equations (34)–(36) and Figure 4b, we can
see that the pressure gradient in the x-direction is negative everywhere since h < 1, except
along the bottom downstream of the obstacle, where h′(x > 0) > 0 due to the variation in
height of the bottom boundary. However, within the interior of the flow, adverse pressure
gradients along streamlines develop in the lee of the obstacle, as shown in Figure 3. In
a uniform-density fluid, an adverse pressure gradient develops in the expanding flow,
leading to deceleration; however, given the absence of stratification, flow reversal cannot
occur at the bottom boundary regardless of the bottom’s topography. This is confirmed
by the streamwise velocity, u, which is always positive everywhere in the flow. Given the
symmetry of the obstacle, the velocity field is also symmetric, as reflected in the symmetric
and antisymmetric streamwise and transverse velocity components.

(a) (b) (c)

Figure 3. The flow at G = 1 in the absence of density and gravity stratification (r = a = 1). The (a) flow
field and vorticity contours, and the (b) u and (c) v profiles plotted at different values of x (legends
common to both u and v) are shown. Here λ = 0.2 and w = 0.05.

(b) (a) 

Figure 4. The flow pressure at G = 1 in the absence of density and gravity stratification (r = a = 1). The
(a) pressure distribution and (b) pressure along streamlines starting at far-away upstream heights
of y = 0.15 (purple), 0.55 (yellow), 0.95 (red), and along the bottom surface (blue) are shown. Here,
λ = 0.2 and w = 0.05.
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4.2. The Influence of G

We examine the influence of G to investigate the range of flow regimes for fixed
moderate density and gravitational stratifications given by r = a = 0.9. The overall influence
of G is illustrated in Figure 5, where the flow field and vorticity contours are depicted for
1 < G < 10,000 (Figure 5a). The corresponding pressure distributions along the top and
bottom boundaries are also shown in Figures 5b and 5c, respectively, as well as the u and v
profiles at different x positions for G = 1000 in Figure 5d,e. It is worth mentioning that the
relatively large G value in Figure 5 may appear too large for the narrow-gap approximation
to hold. However, we recall that G = ε Re

Fr2 , reflecting the competence between the effects
of inertia and gravity. Consequently, the narrow-gap approach should remain valid for
large values of G, as long as Re remains moderately small (with Fr being small). Indeed,
in our previous work [24], we conducted an extensive comparison between the numerical
solution of the Navier–Stokes equation and the narrow-gap results for the zero-gravity
gradient. For example, a comparison for an aspect ratio of 0.1 and the cases Re = 1,
Fr = 3.2 × 10−4 (G = 100,000)), Re = 10, Fr = 3.2 × 10−3 (G = 1000) and Re = 100, and
Fr = 3.2 × 10−2 (G = 100) led to a very significant agreement in the flow and vortex
structure as well as the velocity and pressure fields. Before discussing Figure 4 in detail,
the flow may be described for moderately small G and large G ranges. For this, it is helpful
to consider the small and large limits of G.

For small G, the velocity in Equation (27) is reduced to the classical profile, with no
influence of stratification:

u(x, y) ∼
(y

h
− 1

)[3y
h

(
1 − 1

h

)
− 1

]
(39)

whereas the expressions of the pressure and wall shear stress are reduced to the following:

p(x, y) ∼ 6
G

x∫
−∞

h − 1
h3 dx, (40)

ω(x, y = 0) ∼ 1
h

(
3
h
− 4

)
, (41)

ω(x, y = h) ∼ 1
h

(
2 − 3

h

)
, (42)

This shows, in particular, that the pressure gradient is independent of y. More im-
portantly, and as expected, the small G limit obliterates the effects of both the density and
gravitation stratifications, even when a ̸= 0 and r ̸= 0. In this case, the flow field remains,
as given by Equations (27)–(29). This behavior is typically reflected in Figure 5 for G < 10.
In this range, the streamlines are essentially parallel to the bottom topography near the
bottom of the plate, gradually becoming horizontal closer to the top of the moving plate.
There is a slight loss of symmetry in the flow field for G = O(10) and an increase in the
symmetry of the pressure along the bottom topography.

On the other hand, for large values of G, assuming density stratification, the following
is obtained (r < 1):

u(x, y) ∼ −G
2
(1 − r)h′h2

[
y4

12h4 − 3
20

y2

h2 +
y

15h
−

(
a − 1

15

)
h
(

y2

h2 − y5

2h5 − y
2h

)]
(43)

p(x, y) ∼ 1 − r
10

(h − 1)
[

3
2
+

(a − 1)(h − 1)
3

]
+ ry +

1 − r + r(a − 1)h
2h

y2 +
(1 − r)(a − 1)

3h
y3, (44)
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p(x, y = 0) ∼ 1 − r
10

(h − 1)
[

3
2
+

(a − 1)(h − 1)
3

]
(45)

∂p
∂x

(x, y = 0) ∼ 1 − r
5

[
3
4
− (1 − a)h

3

]
h′ (46)

ω(x, y = 0) ∼ − G
30

(1 − r)
[

1 +
(

a − 1
2

)
h
]

h′h, (47)

ω(x, y = h) ∼ − G
10

(1 − r)
[

1
2
+

(
a − 1

3

)
h
]

h′h (48)

(a)

(e)(d)

(b)
(c)

Figure 5. The influence of G on the flow field for r = a = 0.9. The (a) flow field for 1 < G < 10,000,
and the corresponding pressure distributions along the top (b) and bottom (c) boundaries are shown.
Also shown are the u (d) and v (e) velocity profiles at different x positions for G =1000 (legends
common to both u and v). Here, λ = 0.2 and w = 0.05.
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Clearly, this limit is singular since Equation (43) does not satisfy the condition
u(x, y = 0) = 1 at the top plate. Both the velocity components and wall shear stress
are of O(G). Interestingly, Equation (44) indicates that the pressure remains at O(1). We
should, therefore, expect that, as the value of G increases, the flow transitions to a different
regime near the top moving plate where the velocity gradient becomes large. In this case,
Equation (43) remains valid away from the top plate (in the bulk region of the flow). The
boundary-layer characteristic became clearer as we examined the flow by increasing G.

In particular, we assessed the conditions for the onset of vortex motion, which is
reflected by the condition for flow separation. In this regard, Equations (39)–(48) for small
and large G, as well as the general Equation (30), clearly reflect the role of density and
gravity stratification in causing separation and vortex motion. We observe that for G =
O(100), the flow field exhibits antisymmetric standing waves across the channel, especially
above the obstacle region. For a higher G value, namely when G = O(1000), the standing
waves give way to vortex flow upstream of the obstacle, spanning across the channel,
accompanied by a significant distortion of the standing wave downstream of the obstacle.
The singularity of the velocity predicted in Equation (43) is reflected in Figure 4, where
both u and v evolve rapidly near the boundaries.

As outlined below, the vortex flow intensifies both upstream and downstream of the
obstacle for more pronounced stratification.

4.3. The Effect of the Density Stratification

The effect of density stratification is assessed by examining the flow for constant
gravity (a = 1) and varying the density gradient r for G = 1000. The reduced key expressions
are conveniently reproduced here as follows:

u(x, y) = −G
2
(1 − r)h′hy

(
y3

12h3 − 3
20

y
h
+

1
15

)
+

(y
h
− 1

)[3y
h

(
1 − 1

h

)
− 1

]
, (49)

v(x, y) =
G(1 − r)h2

120

[
hh′′

(
y5

h5 − 3
y3

h3 +
2y2

h2

)
− 2

(
h′)2

(
y5

h5 − y2

h2

)]
− h′

(
2

y2

h2 − 3y2

h3 − 2y3

h3 +
3y3

h4

)
(50)

p(x, y) =
3
20

(1 − r)(h − 1) +
6
G

x∫
−∞

h − 1
h3 dx + ry +

1 − r
2h

y2 (51)

Figure 6 illustrates the increasing influence of the density stratification (decreasing r
from 1) on the flow field. The sequence in Figure 6 shows that in the absence of a density
gradient (r = 1), the flow field is affected by the presence of the obstacle, as suggested by (49)
when r = 1. For a small density gradient (r = 0.99), internal antisymmetric gravity waves
are visible, which are reminiscent of those observed in the lee of ridges by Sutherland
and Aguilar [22] in their experiments. The waves in Figure 6 intensify in amplitude when
r = 0.95, resulting in the loss of symmetry and a vortex that forms upstream of the obstacle.
For a stronger density gradient (r = 0.9), the vortex is pushed down as a result of the flow
distortion near the moving top plate. Simultaneously, a second vortex forms downstream of
the obstacle, and a jet of fluid forms between the two vortices, resulting in a blocking flow
pattern similar to that described by Long [28,29]. Upon further decreases in r, the figures
for r = 0.85 and 0.8 indicate that the vortex structure remains essentially and qualitatively
unchanged, but the vortical flow intensifies, as reflected by the tightening of the streamlines.

Further details on the flow are shown in Figure 7, namely the distributions of pressure
and shear stress along the top and bottom boundaries as well as the velocity distributions for
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r = 0.8. The behavior of the pressure becomes clearer when inspecting the pressure gradients
from Equation (51) along both the top (Figure 7a) and bottom (Figure 7b) boundaries:

∂p
∂x

(x, y = 0) =
3

20
(1 − r)h′ +

6
G

h − 1
h3 ,

∂p
∂x

(x, y = h) =
1
20

(3 + 7r)h′ +
6
G

h − 1
h3 (52)

Figure 6. The influence of density stratification over the range 0.8 ≤ r ≤ 1 in the absence of a gravity
gradient (a = 1) on the flow field for G = 1000. Streamlines and vorticity contours are shown. Here,
λ = 0.2 and w = 0.05.

Clearly, for relatively large G values, the pressure gradient along the two boundaries
is dominated by the term proportional to the bottom slope. Figure 7a illustrates how the
pressure transitions from a monotonically decreasing function along the top plate for a
constant density fluid (r = 1) to a pressure developing a minimum that strengthens with
increasing density stratification (r < 1). This change in behavior is also reflected in the
pressure gradient at y = 0 from Equation (52). The presence of an adverse pressure gradient
at the upper boundary, which is parallel to a streamline in the flow, allows flow separation
to occur in a stratified flow, forming the vortices shown in Figure 7c–e. The pressure along
the bottom boundary in Figure 7b shows a similar trend except that, for r = 1, the pressure
still displays a minimum instead of the monotonically decreasing trend reported in Figure 4.
Interestingly, this behavior is exhibited regardless of the G value.

The vorticity or wall shear stress along the top (Figure 7c) and bottom (Figure 7e)
boundaries for a = 1 from Equation (30) is reduced to the following:

ω(x, y = 0) = − G
30

(1 − r)h′h +
1
h

(
3
h
− 4

)
, ω(x, y = h) = − G

20
(1 − r)h′h +

1
h

(
2 − 3

h

)
(53)

We can see that the vorticity (shear stress) is negative except along the top wall if either
h < ¾ or G is relatively small 1 − r. Vorticity along the boundaries is antisymmetric for
a constant-density fluid, and this symmetry is lost as r decreases from one. Symmetry is
gradually regained (see the r = 0.8 curves) as the density gradient increases because of the
dominance of the G(1 − r) term in Equation (53).
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A closer assessment of the influence of density stratification on the vortex structure is
depicted in Figure 8, where we plotted the closed central vortex above the left-hand side
of the obstacle for different values of 0.6 ≤ r ≤ 0.9. As expected, the size of the vortex
grew with density stratification, both in width and height. Given the fluid confinement
between two rigid boundaries, the vortex cannot grow indefinitely with increasing density
stratification. Indeed, Figure 8 indicates that growth saturation occurs for r < 0.6, when the
vortex occupies 70% of the fluid gap in height. The saturation is particularly obvious near
the obstacle and the vertical line x = 0. The vortex size is examined further below when we
discuss the interplay between the density and gravity stratifications.

  

(a) (b)

(c) (d) (e)

(f) (g)

Figure 7. The influence of density stratification at constant gravity (a = 1) on the flow field over
the range 0.8 ≤ r ≤ 1 for G = 1000. The pressure distributions along the top (a) and bottom
(b) boundaries are shown alongside the vorticity distributions along the top (c), midway (d), and
bottom (e) boundaries. The u (f) and v (g) velocity profiles at different x positions are also shown
(legends common to both u and v). Here, λ = 0.2 and w = 0.05.
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Figure 8. The influence of density stratification on the vortex shape upstream of the obstacle over the
range 0.6 ≤ r ≤ 1 in the absence of a gravity gradient (a = 1) for G = 1000. Here, λ = 0.2 and w = 0.05.

4.4. Interplay Between Density and Gravity Stratifications

Gravity acts on density variation, which is, therefore, required for gravity and its
stratification to affect the flow; Equations (27)–(30) confirm that for gravity stratification
to significantly manifest itself in the flow, the effect of density stratification cannot be
negligible. In fact, on setting r = 1, some interesting observations are worth noting here.
The effect of gravity stratification vanishes entirely from Equations (27) and (28) for the
velocity components, which is expected because the full Navier–Stokes equations show
that, without density variation, gravity only affects the vertical pressure profile and not the
velocity field. The velocity field is now independent of any parameter, namely of both G
and a, while the deviation from the linear pressure profile is due to the variation in gravity.
The velocity profile is parabolic and of the Poiseuille–Couette type, as seen in Equation (32).
Consequently, unlike density stratification, gravity stratification alone cannot lead to vortex
generation. Gravity stratification remains only influential on the pressure as Equation (29)
suggests, which is reduced to the following:

p(x, y) =
6
G

x∫
−∞

h − 1
h3 dx + y +

a − 1
2

y2 (54)

The pressure is parabolic instead of cubic in y, and the gravity gradient (a < 1) dimin-
ishes its value everywhere. The streamwise pressure gradient is independent of the height,
depending solely on the bottom topography. Simultaneously, the pressure does not exhibit
the modulation in x reported earlier in Figures 4 and 5. In fact, since ∂p(x,y)

∂x = 6
G

h−1
h3 and

h < 1, the pressure decreases monotonically regardless of obstacle shape and gravity
gradient, as seen in Equation (35).

The interplay between density and gravity stratifications is further assessed in
Figures 9 and 10 by examining the flow for a constant density gradient (r = 0.8) and
varying the gravity gradient. The impact of gravity variation modulates the effect of
stratification on the flow. We discuss the influence of gravity stratification on the flow
field by referring to Figure 9, where the streamlines are plotted along with the vorticity
contours for r = 0.8 and 0 ≤ a ≤ 1. The increase in the gravity gradient diminishes the
vortex intensity, which is clearly visible when a is decreased from 1 to 0 in Figure 9. For
a small gravity variation, the flow tends to compress the upstream vortex and causes the
downstream vortex to open from the top, as shown for 0.6 ≤ a ≤ 1. Upon the further
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increase in the gravity gradient, the upstream vortex is further compressed and distorted
while the downstream vortex continues to open at the top but with little change at the
bottom (0 < a < 0.4). As the gravity gradient increases, gravity becomes weaker toward the
bottom of the domain, weakening the overall effect of stratification. This occurs because
stratification only affects the flow field in the presence of gravity, so as gravity weakens,
the effect of stratification decreases, and the vortices, which only form due to stratification,
become smaller and weaker.

Figure 9. The influence of gravity stratification in the range 0 ≤ a ≤ 1 in the presence of a density
gradient (r = 0.8) in the flow field for G = 1000. Streamlines and vorticity contours are shown. Here,
λ = 0.2 and w = 0.05.

The relatively small change in qualitative behavior is also reflected rather starkly in
Figure 10, where the pressure and vorticity distributions are shown. Recalling Equation (29),
the pressure distribution along the boundaries is as follows:

p(x, y = 0) =
1 − r

10
(h − 1)

[
3
2
+

(a − 1)(h − 1)
3

]
+

6
G

x∫
−∞

h − 1
h3 dx (55)

p(x, y = h) =
1 − r

10
(h − 1)

[
3
2
+

(a − 1)(h − 1)
3

]
+

6
G

x∫
−∞

h − 1
h3 dx + rh +

1 − r + r(a − 1)h
2

+
(1 − r)(a − 1)

3
h2 (56)

The pressure distributions in Figure 10 indicate that the pressure at the upper boundary
(Figure 10a) remains essentially unaffected by the gravity gradient, whereas the pressure
at the bottom (Figure 10b) decreases rather significantly as a decreases. This decrease is
essentially linear with a as the terms following the integral in Equation (56) suggest. Since
G is relatively large, the pressure is essentially given by Equation (44), which shows that
the pressure distribution is indeed symmetric everywhere.
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This is also reflected in the vorticity from Equation (30) along the top (Figure 10c) and
bottom (Figure 10e) boundaries:

ω(x, y = 0) = − G
30

(1 − r)
[

1 +
(

a − 1
2

)
h
]

hh′ +
1
h

(
3
h
− 4

)
(57)

ω(x, y = h) = − G
10

(1 − r)
[

1
2
+

(
a − 1

3

)
h
]

hh′ +
1
h

(
2 − 3

h

)
(58)

The interplay between density and gravity stratifications was further assessed by
examining the effect on the vortex shape and size. Figure 11 depicts the dependence of the
vortex shape on gravity stratification in the range 0 ≤ a ≤ 1 for r = 0.8. A strong gravity
stratification prohibits vortex formation (the smallest vortex corresponds to a = 0).

(a) (b)

(c) (e)(d)

(f) (g)

Figure 10. The influence of gravity stratification at a constant density gradient (r = 0.8) on the flow
field in the range 0 ≤ a ≤ 1 for G = 1000. The pressure distributions along the top (a) and bottom (b)
boundaries are shown, as well as the vorticity distributions along the top (c), midway (d), and
bottom (e) boundaries. Also shown are the u (f) and v (g) velocity profiles at different x positions
(legends common to both u and v). Here, λ = 0.2 and w = 0.05.

A further quantitative assessment is reported in Figure 12, where the height of the
vortex (ymax − ymin) is plotted against r (Figure 12a) and against a (Figure 12b). A three-
dimensional perspective is given in Figure 12c. Figure 12a suggests a slow decrease in the
vortex size with an increasing value of r, except for r > 0.8, in which range the vortex size
decreases sharply as a result of the fluid layer’s confinement between two rigid boundaries.
Figure 12b reflects a mild increase in vortex size with a diminishing gravity gradient. This
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increase is mildest for a heavily density-stratified layer (r = 0). Although the overall vortex
height diminishes with density stratification, the growth rate as a increases. Eventually,
the vortex height must tend towards zero as r → 1 . Figure 12b suggests that the vortex
tends to shrink with density stratification and disappears completely in the small a range of
r > 0.85.

Figure 11. The influence of gravity stratification on the vortex shape upstream of the obstacle over
the range 0 ≤ a ≤ 1 for r = 0.8 and G = 1000. Here, λ = 0.2 and w = 0.05.

(a)

Figure 12. Cont.
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(b)

(c)

Figure 12. The influence of density and gravity stratifications on the vortex shape upstream of the
obstacle over the ranges (0 ≤ a ≤ 1, 0 ≤ r ≤ 0.85) and G = 1000. The dependence of the vortex size on
(a) r for different a and (b) for different r values is shown. A three-dimensional perspective is given
in (c). Here, λ = 0.2 and w = 0.05.

The effect of gravity stratification on the vortex structure can also be illustrated by con-
sidering instances when gravity increases toward the bottom of the domain and comparing
the results to the original case with gravity decreasing toward the bottom of the domain.
Corresponding cases with the same vertical integral of gravity, and therefore, the same
overall strength of gravity, can be considered by taking a and G for a case with gravity
increasing toward the top and a′ = 1

a and G′ = aG for a case with gravity increasing toward
the bottom. The relevant non-dimensional parameters in the flow are a, r, and G. In the case
with decreasing gravity from dimensional values of b to c (c < b) toward the bottom of the
domain, as illustrated in Figure 13, a = c

b , while in the case of increasing gravity from c to
b towards the bottom of the domain, a′ = b

c = 1
a . In the case of decreasing gravity from the

dimensional values of b to c toward the bottom of the domain, G = ε Re
Fr2 = εRe gtλ

U2 = εRe bλ
U2
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while for increasing gravity toward the bottom, G′ = εRe cλ
U2 = aG, since Re and ε are

unchanged from case 1 to case 2.

Figure 13. Dimensional gravity profiles for corresponding cases of decreasing and increasing gravity
toward the bottom of the domain, where both cases have an equivalent vertical integral of gravity
(top). The streamlines for pairs of corresponding cases with gravity increasing or decreasing toward
the bottom of the domain are given.

Streamlines for pairs of corresponding cases with gravity increasing toward the top
and bottom show that the vortex shifts toward the direction of stronger gravity, as seen in
Figure 13. This occurs due to the vortices resulting from the combined effect of gravity and
stratification. For a specified, constant stratification, the vortex is stronger in the region of
stronger gravity and weaker in the region of weaker gravity. The shift is small because the
topographic bump is essential in generating the vortex, and its position remains the same
for both cases. In the case of stronger gravity near the bottom of the domain, where the
topography is located, the upstream vortex is larger than in the case of larger gravity near
the top of the domain; gravity and topography both contribute to generating the vortices,
so when stronger gravity occurs in the vicinity of the bump, the vortex is stronger. The
downstream vortex appears to exhibit a shift without a significant change in size.

4.5. Influence of Obstacle Size

We next consider the influence of the obstacle size on the flow by examining obstacles
of various heights and widths. The results correspond to G = 1000, r = 0.8, and a = 0.2.
Figure 14 depicts the influence of the obstacle amplitude for a fixed width w = 0.05. We
plotted the flow field (Figure 14a), pressure (Figure 14b,c), and vorticity (Figure 14c,e) along
the solid boundaries for the range 0.01 ≤ λ ≤ 0.5. Even when the amplitude was negligibly
small (λ = 0.01), the flow displayed how non-symmetric gravity waves were weakened
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in amplitude with increasing distance from the obstacle. As the obstacle height increased
(λ = 0.05), the wave amplitude increased with additional distortion; a vortex began to
emanate upstream of, and close to, the obstacle. For λ = 0.1, the vortex was well established
upstream of the obstacle, but the standing waves still persisted downstream, with increased
amplitude and distortion. Interestingly, despite the strong dissymmetry in the flow field,
which was also exhibited by vorticity, the pressure remained symmetric for all obstacle
amplitudes considered (Figure 14), which seemed to be controlled by the large G value. As
the obstacle height increased further, a vortex appeared downstream of the obstacle for
λ = 0.2, and became well established by λ = 0.5. Simultaneously, both the pressure and
vorticity intensified in magnitude with no qualitative change.

 

(a)

(b) (c)

(d) (e) (f)

Figure 14. The influence of the obstacle height on the flow field over the range 0.01 ≤ λ ≤ 0.2 in the
presence of density and gravity gradients (r = 0.8, a = 0.2) for G = 1000. The streamlines and vorticity
contours (a), as well as the pressure distributions along the top (b) and bottom (c) boundaries, and
the vorticity distributions along the top (d), midway (e), and bottom (f) boundaries are shown. The
obstacle width is fixed at w = 0.5.
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Finally, we consider the impact of the obstacle width on the flow for a fixed obstacle
amplitude (λ = 0.2) and variable width (0.05 < w < 0.15) as shown in Figure 15. The flow
for w = 0.05 in Figure 15a corresponds to the last case examined in Figure 14a (λ = 0.5,
w = 0.05), depicting well-established vortices both upstream and downstream of the obsta-
cle. For a larger obstacle width (w = 0.1), Figure 15b suggests that both vortices are distorted,
spanning the obstacle width. The upstream vortex widens, and the downstream vortex
disappears, giving way to standing waves, suggesting that the presence of the downstream
vortex is dependent on the slope of the topography, as well as the topographic height and
stratification. For an even wider obstacle (w = 0.15), Figure 15c shows only standing waves
prevailing over the obstacle region. Interestingly, both the vorticity (Figure 15d–f) and
pressure (Figure 15g,h) along the boundaries retained the same magnitude independently
of the obstacle width.

   

 

(a) (b) (c)

(f)(e)(d)

(g) (h)

Figure 15. The influence of the obstacle width on the flow field over the range 0.05 ≤ w ≤ 0.15 in
the presence of density and gravity gradients (r = 0.8, a = 0.2) for G = 1000. The streamlines and
vorticity contours (a–c), and the vorticity distributions along the top (d), midway (e), and bottom (f)
boundaries, as well as the pressure distributions along the top (g) and bottom (h) boundaries, are
shown. The obstacle height is fixed at λ = 0.5.

5. Discussion and Conclusions
In the absence of gravity stratification for reference, a wider range of realistic physical

parameters, and additional details on the complex vortex structure were included. Thus,
while the setup may appear structurally similar, the governing physical mechanisms are
fundamentally altered through the addition of a varying gravitational field, which is a
modification that has profound implications on the flow behavior. This forms a critical and



Fluids 2025, 10, 195 23 of 24

realistic extension with important physical and interdisciplinary implications. Since gravity
is a volume force, it can easily represent other volume forces, such as varying magnetic
and electric fields for a stratified conducting fluid, widening the range of fundamental
investigations using the current formulation.

This narrow-gap approach is used to study the effects of gravity variation on a density-
stratified flow over topography in a channel, driven by the motion of the upper plate.
Without stratification, the flow passes smoothly over the topography. While an adverse
pressure gradient develops along streamlines close to the topography, the velocity profile
shows that flow separation does not occur. For a weak density-stratified fluid, the stream-
lines become distorted, forming standing gravity waves. As the strength of stratification
increases, separation occurs, and vortices appear upstream and downstream of the obstacle.
The effects of stratification strength, gravity variation, the magnitude of topographic height,
and topography width are investigated, and two factors are ultimately found to affect the
strength of the vortices: the coupling of gravity and stratification, and the slope of the
topography, described by the aspect ratio ε.

Stratification is found to be a necessary condition for vortex generation in the region
of topographic variation, and stronger stratification results in stronger vortices. The effect
of density stratification is negligible without the influence of gravity, and therefore, the
two effects are coupled. Similarly, gravity only affects the velocity field in the presence of
density variation. Gravity variation is introduced as a reduction in the strength of gravity
toward the bottom of the domain, and as the overall strength of gravity decreases, the
coupled effect of stratification and gravity decreases. Therefore, the strength of the vortices
also decreases when gravity variation is introduced.

The other effect contributing to vortex strength is the topographic slope; a steeper
topography, presenting as either a taller or narrower bump, increases the vortex strength.
A higher magnitude of the non-dimensional grouping G = ε Re

Fr2 also results in stronger
vortices. The parameter incorporates both of the aforementioned effects; a larger G value
may result from stronger gravity relative to the inertia of the flow or a larger ε, which
corresponds to a higher aspect ratio topography, with steeper sides.

Finally, while this study is obviously of a fundamental nature, it has widespread
relevance to applications. As we mentioned in the introduction, in most natural and
astrophysical settings, gravity is rarely uniform. From the Earth’s core to stellar interiors,
the gravitational field typically varies with position, especially in the vertical direction
due to self-gravitating effects. The current study uniquely models this by introducing a
varying gravity field into the governing equation, boundary conditions, and solution, and
explores its interaction with density stratification. This represents a new area in baroclinic
flow analysis. The classical vortex and internal wave structures in stratified flows are
shown to be significantly modified when gravity varies with height, which is an insight
not available in the existing literature. Vortices may shift, stretch, or weaken depending on
the direction and strength of gravity variation, and internal waves develop asymmetries
or damping that were not present under constant gravity. The current study potentially
extends beyond traditional fluid dynamics. Gravity gradients are common in planetary
interiors, stellar atmospheres, and black hole accretion flows; the insight offered here is
directly relevant to astrophysicists and geophysicists when observing flow patterns under
variable gravitational fields. Such a coupling of gravitational physics with baroclinic fluid
behavior allows the potential inference of gravitational structures from observable flow
fields, offering an indirect diagnostic tool in celestial modeling.
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