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Abstract

Porous media have great application prospects, such as transpiration cooling for the
aerospace industry. The main challenge for the prediction of gas permeability includes
the geometrical complexity and high Knudsen number of gas flow at the nano-scale to
micro-scale, leading to failure of the conventional Darcy’s law. To address these issues, the
Quartet Structure Generation Set (QSGS) method is improved to construct anisotropic and
heterogeneous three-dimensional porous media, and the lattice Boltzmann method (LBM)
with the multiple relaxation time (MRT) collision operator is adopted. Using MRT-LBM,
the pressure boundary conditions at the inlet and outlet are firstly dealt with using the
moment-based boundary conditions, demonstrating good agreement with the analytical
solutions in two benchmark tests of three-dimensional Poiseuille flow and flow through
a body-centered cubic array of spheres. Combined with the Bosanquet-type effective
viscosity model and Maxwellian diffuse reflection boundary condition, the gas flow at
high Knudsen (Kn) numbers in three-dimensional porous media is simulated to study the
relationship between pore-scale anisotropy, heterogeneity and Kn, and permeability and
micro-scale slip effects in porous media. The slip factor is positively correlated with the
anisotropic factor, which means that the high Kn effect is stronger in anisotropic structures.
There is no obvious correlation between the slip factor and heterogeneity factor.

Keywords: lattice Boltzmann method; micro-gaseous flow; slip

1. Introduction

Gas transport through porous media is prevalent in both natural and industrial set-
tings, such as transpiration cooling and porous heat shields for the aerospace industry [1-3].
These processes hold significant academic and engineering value. Complex unconven-
tional pore structures exhibit several key characteristics: micro-nano pore scales, intricate
pore morphologies, pronounced pore-scale anisotropy, and substantial heterogeneity in
pore distribution. These features pose significant challenges for simulating flow in three-
dimensional (3D) porous media. For instance, capturing the micro-scale effects and quanti-
tatively analyzing the anisotropy and heterogeneity of 3D complex pores are particularly
difficult. To understand the relationship between the micro-structure of porous media and
micro-scale flow at high Knudsen numbers, it is essential to employ suitable simulation
methods to study flow in 3D porous media with complex pore characteristics.

Numerical methods for pore-scale flow simulation primarily include pore network
models (PNMs) and computational fluid dynamics (CFD), with lattice Boltzmann methods
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(LBMs) being a class of CFD methods [4]. However, PNMs and traditional CFD methods
face limitations when simulating flow in porous media with highly anisotropic and hetero-
geneous structures. Pore sizes are typically on the micrometer or even nanometer scale,
and they vary in size and are unevenly distributed. When dealing with such tiny sizes,
traditional CFD methods require extremely fine mesh division to capture flow details, lead-
ing to a sharp increase in the number of meshes and huge consumption of computational
resources. The PNM simplifies the pore structure, but fails to characterize the details of
the real micro-scale structure. The LBM, with its clear microscopic particle background,
can overcome these limitations and efficiently handle internal fluid and fluid—structure
interactions at the pore scale. The LBM is particularly well suited for simulating porous
media at the micro-nano pore scale, as it is based on the Boltzmann equation, which is
effective for describing gas flow across a wide range of Knudsen numbers [5]. Consequently,
the LBM has been extensively applied to simulate flow in pore-scale porous media with
complex structures [6—13]. The LBM can effectively capture the impact of pore structure
heterogeneity on permeability, flow regimes, fines migration, and heat transfer. Key ad-
vancements include the comparison of pore-scale vs. REV approaches [7], image-based
permeability estimation [11], analysis of flow—structure interactions [12], and coupled
physics modeling [13], all synthesized in the comprehensive review by Ranjbarzadeh and
Sappa [6].

For LBM simulations of continuum flow, the bounce-back (BB) boundary condition is
commonly used to manage the interaction between fluid and solid walls, ensuring zero
macroscopic velocity of the fluid at the wall [14]. However, the invalidity of the continuum
hypothesis occurs when the mean free path A defining the mean distance traveled by a gas
particle between two consecutive collisions approaches the characteristic length H of the
domain. Rarefaction is usually characterized by the Knudsen number (Kn = A/H), which is
the ratio of A to H. In the continuum flow (Kn < 0.001), fluid properties vary continuously in
space and fluid velocity at a solid wall is zero. In the slip flow regime (0.001 < Kn < 0.1) and
transition flow regime (0.1 < Kn < 10), gas molecules collide severely with the wall, resulting
in a non-zero slip velocity near the wall. Under these conditions, the continuum hypothesis
becomes inapplicable. When using the LBM, two fundamental issues must be addressed:
the boundary conditions for micro-scale flow and the relationship between the Kn number
and the relaxation time of the collision operator or higher-order Boltzmann models such
as D20Q21/D3Q39, which increase the order of accuracy in the discretization. To capture
gas slip at the solid boundary, various slip boundary conditions have been proposed for
the single-phase LBM, including BB [15], specular reflection (SR) [16], Maxwellian diffuse
reflection (MD) [17,18], combined forms (SR + MD [19], BB + SR [20], BB + MD [21]), and
the Langmuir slip boundary (LSB) [22,23].

For micro-gaseous flow simulations at Kn numbers up to 0.1 (e.g., in the transition flow
regime), the presence of the Knudsen layer near the solid boundary cannot be ignored. The
standard LBM with slip boundary conditions captures only a few low-order moments of the
Boltzmann equation solutions, which is insufficient for accurately describing gas transport
within the Knudsen layer. To enhance the LBM’s capability for simulating high-Kn flow in
the transition regime, effective viscosity /mean free path models have been introduced [5,24].
The Bosanquet-type viscosity model has demonstrated significant advantages in improving
the LBM’s ability to simulate micro-flows at high Kn in porous media [25]. Combined with
the Bosanquet-type viscosity model and slip boundary conditions, previous studies have
successfully simulated gas flow at high Kn values in micro-channels using the LBM with MRT
collision operators [26,27]. However, the application of the LBM to study gas flow at high Kn
values in 3D complex porous media remains to be further studied.



Fluids 2025, 10, 175

30f21

The Klinkenberg slip coefficient is a crucial parameter for determining apparent
permeability in porous media, reflecting the gas slip effect [28]. A larger slip coefficient
indicates a more pronounced slip phenomenon under the same conditions. According to the
capillary bundle hypothesis and thermodynamic theory, the slip coefficient is related only
to the pore structure of porous media when the gas type and temperature are constant [29].
The intrinsic permeability of porous media is also closely related to pore size [30,31].
Experimental studies have shown a power-law relationship between the slip coefficient and
the intrinsic permeability of porous media [32]. However, existing models fail to address
whether the anisotropy and heterogeneity of porous media affect the slip coefficient, and
the existence of slip coefficient anisotropy remains controversial. The applicability of these
models to 3D porous media with complex pore morphologies is also questionable.

The numerical reconstruction methods for porous medium structures include statistical
methods and process simulation methods. The disadvantage of statistical methods is that
the equivalence of the reconstructed models is poor, and the established structures are
assumed to be isotropic [33]. To simplify calculations, in numerical simulation studies,
porous media are typically constructed by simulating the geological diagenetic process
of rocks to give them specific geometric characteristics of porous structures, which is
known as process-based reconstruction technology. The principle of the process simulation
method is simple, and it can change the geometric parameters of the porous medium,
greatly saving time. Meanwhile, this method can be combined with other numerical
calculation methods to facilitate the numerical simulation research of porous media [34].
However, the process simulation method using sphere packing cannot effectively control
the microstructure of the constructed material and cannot simulate the diagenetic process
of complex porous media. Wang et al. [35] combined the advantages of clustering theory
and the pore structure growth model method within porous media, and proposed a Quartet
Structure Generation Set (QSGS, also belonging to the process simulation method) method
that can control the formation of the microstructure of porous media. This method can
conveniently and efficiently generate heterogeneous and anisotropic porous media, and
can reflect most of the morphological complexity of natural porous media, which is crucial
for accurately simulating the behavior of fluids and other physical properties within
porous media [36]. Wang et al. [24] utilized QSGS to construct models with complex
pore structures, which enabled the simulation of DPFs with high geometric complexity.
Similarly, Cai et al. [37] employed QSGS to reconstruct soil structures and conducted lattice
Boltzmann meso-seepage research to understand the permeability characteristics. However,
the heterogeneity cannot be accomplished by the original QSGS method, and it can generate
occluded pores that are not connected to the main void space and do not contribute to flow.

In this work, the QSGS method is improved to reconstruct the porous media, which
enables us to investigate the effects of pore-scale anisotropy, heterogeneity, and permeability
on the overall behavior of the porous media under different conditions. By using the
improved QSGS method, we aim to provide a detailed and accurate representation of the
porous structure, which is essential for understanding the complex flow behaviors and
transport properties in porous media. The MRT-LBM was used to simulate pore-scale flow
in porous media. Using the MRT-LBM, the pressure boundary conditions at the inlet and
outlet are firstly dealt with using the moment-based boundary conditions. This is combined
with the Bosanquet-type viscosity model and slip boundary conditions to investigate the
influence of pore-scale anisotropy, heterogeneity, and Kn number on the micro-scale slip
effect in porous flow.
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2. Numerical Method
2.1. Lattice Boltzmann Method with Multiple Relaxation Time Collision Operator

The evolution of particle distribution functions satisfies the following discrete lattice
Boltzmann equation with the multiple relaxation time (MRT) collision operator:

filx+ et t+0t) = filx, ) = = [filx,t) = f7(x,1)] (1)

fi(x, ) represents the particle distribution function at location x at time ¢, and f; " (x, t)
represents the equilibrium distribution function. () represents the collision matrix. Jt is
a time step, which is set to 6t = 1 ts in LB units. The subscript i represents the velocity
direction of particles.

The D3Q19 model offers a good balance between computational efficiency and accu-
racy for our specific study. Other 3D lattice models, such as D3Q27, are not considered
due to their increased computational complexity without a significant gain in accuracy.
As shown in Figure 1, the D3Q19 model has 19 velocity vectorse; (i =0, 1,2, 3, ..., 18,
19) in three dimensions. The velocity vectors corresponding to the velocity direction are
as follows:

-1 0 0 0 1 -1 -1 1 1 -1 -1 1 0 0 0 O
o -10 0 1 1 -1 -100 0 0 1 -1 -1 1 )
o 01 -100 O 01 1 -1 -11 1 -1 -1

18 Y
Figure 1. Lattice velocity vectors of the D3Q19 model.

At low Mach numbers, Taylor expansion is carried out around zero particle velocity,
and the Maxwell equilibrium distribution function ffq(x, t) is approximately

2 2
4 _ ol ei-u  (e-u) . |u]
fi wip |1+ c2 + 2ct 2c2

®)

The macroscopic density p and velocity u are given by

18 118
p=)Y fi, u=-=Y_ fie 4)
=0 Pizo
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w; is the weight factor associated with the ith direction which is given as
1/3, i=0
w;=41/18, i=12,...,6 )
1/36, i=7,8,...,18
The collision matrix () in Equation (1) can be described by
Q=M"'sm 6)

M is a constant matrix for the D3Q19 model and is given in Ref. [38]. S is the relaxation
matrix, as shown in Equation (7) [39].

S = diag(so, 51,52, - .,516,517,518),
so=s3 =55 =s57=0,

@)
51 = 52 = 59 = §10 = S11 = S12 = S13 = S14 = S15 = Sv,
_ _ _ _ _ _ 8(2—sy)
54 =S¢ = S8 = 516 = 517 = 818 = ~g—;,

The relaxation rate s, is related to the kinematic viscosity v as

1 v 1
SUTl/((SIfC%+2> (8)

T is the relaxation time, which is related to the kinematic viscosity of fluid as
v = 6t-c2- (1t — 0.5) with sound speed 2 = (6x/6t)*/3. The lattice speed of sound
¢s is a constant depending on the choice of the lattice. The lattice-spacing dx and time-step
ot are defined as 1 lu and 1 ts (Iu and ts refer to lattice units and time step, respectively,
in the LB method). The kinematic viscosity of fluid is defined as v = 1/6 lu?/ts, and the
relaxation time is defined as T = 1. The relationship between viscosity and relaxation
time is obtained by the recovery of the Navier—-Stokes equation. In the Chapman-Enskog
expansion of the LB equation, the term 6t - c2 - (T — 0.5) is equivalent to the viscosity v in
the Navier-Stokes equation. More details about the Chapman-Enskog expansion used to
recover the Navier—-Stokes equation can be found in Refs. [40—43].

In an incompressible fluid, the Navier-Stokes equation is governed by the laws for
mass and momentum conservation:

1 2
Vp -ty =0, dppuup + (up - Vp)up = —@VPPP +upVipip.

Here, u is the velocity, and the index p indicates that variables and derivatives are eval-
uated in physical units. pj is the pressure and v, the kinematic viscosity in physical units.

The Navier-Stokes equation is now cast into a dimensionless form. For this, a length
scale Iy and a time scale t are introduced, which are representative for the flow configura-
tion. The length Iy could, for example, stand for the size of an obstacle which is immersed
in the fluid, and ty could be the time needed by a passive scalar in the fluid to travel a
distance ly. The physical variables, such as the time t, and the position vector x,, are
replaced by their dimensionless counterpart: t; = t,/ty and x4 = xp/ly. In the same man-
ner, a unit conversion is introduced for other variables, based on a dimensional analysis:

2
uy = loug/ty, Ay = 9q/to, Vp = Vg/ly, and p, = poi—gpd. Plugging this change of vari-
0
ables into the Navier-Stokes equation leads to the dimensionless version of the Navier—
Stokes equations:

1
Vi-ug =0, dygug+ (ug- Va)ug = —Vypy + R*evfzud-
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The dimensionless Reynolds number has been defined as Re = tiTéu' evaluated in
any system of units. Two flows obeying the Navier-Stokes equation are equivalent if
they are embedded in the same geometry (except for a scaling factor) and have the same
Reynolds number.

2.2. Boundary Condition

Three kinds of boundary conditions are adopted, i.e., the half-way bounce-back (BB)
boundary condition, the Maxwellian diffuse (MD) reflection boundary condition, and the
inlet/outlet boundary condition and the periodic boundary condition.

In the continuum flow regime, the half-way bounce-back boundary condition [44] is
applied to obtain the unknown components of the distribution function at nodes neigh-
boring solid nodes. It assumes that the no-slip solid wall is located half-way between the
pore and solid nodes. The distribution functions from the fluid node streaming to their
neighboring solid nodes scatter back to the fluid node along its incoming direction.

For micro-gaseous flow simulation in the transition flow regime with the high Kn
effect, the Maxwellian diffuse (MD) reflection boundary condition [17,18] is adopted. The
underlying idea of this boundary condition is that impinging particles lose the memory
of their movement direction and are scattered back following a Maxwellian distribution
in which the wall density (pw) and the wall velocity (1) are known. A general form of
diffusive boundary, which is applicable for both channel and porous media, is expressed
as f/'°V = WZ]’,solid fj» where i is the direction in which the distribution function is
unknowny; j is the direction pointing to solid cell. The process of the boundary treatment is il-
lustrated in Figure 2. Consistent with the microscopic collision behavior of gas molecules at
solid surfaces, the MD reflection boundary condition more accurately simulates real-world
boundary interactions, especially for rough or irregular surfaces, and handles boundary
slip more naturally. Easier to implement, the MD reflection boundary condition simplifies
handing of complex geometries.

\V// VAl
’ AN

Figure 2. Illustration of the diffuse process. (In the left image, the distributions before the collision

and in the right image, the diffusive distributions collided with the wall are shown. The thickness of
the arrows indicates the value of the distributions.)

The pressure boundary conditions at the inlet and outlet are firstly dealt with using
the moment-based boundary conditions [45]. Taking the D3Q19 model as an example, if
the inlet and outlet boundary faces are perpendicular to the z-direction (as in Figure 1) and
the density at the inlet and outlet is set as a constant, then, after the streaming step, the
components of the distribution function at the inlet boundary (i.e., f5, f11, f12, f15, and f1¢)
or outlet boundary (i.e., f¢, f13, f14, f17, and f1g) are unknown. The unknown components
at the inlet/outlet boundary satisfy the following equations:
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At the inlet boundary (i.e., bottom boundary):

fs =30 — fo+ fo+ f7+ fs+ fo + fro,
fi1 = ¢pin — f1 — fr — fo — fiar

fa= %Pin —fa—fs—fo— fis

fi5 = g0in — fa = fr — fs — frs, )
f16 = £pin — fa — fo — f10 — f17,
fotAit+fot+fat+fatfr+fs+fo+ fio
+2(f6 + f13 + fua + fi7 + f18)

Upin =1 —

/pin'

At the outlet boundary (i.e., top boundary):

fo = 30in— fo+ f5+ fr + fs + fo + fro

f13= 4P —f3—fs — fo— frz,

fia = P — 1 — fr — fro — fi1,

fi7 = §0in — fa— fo — fro — fie, (10)

fis = t0in— f2— fr — fs — fus,

| fotAthtfatfatfrtfs+ fot fio
+2(fs + fu1 + fi2 + fis + fi6)

Uz out =

/Pout~

With the periodic boundary condition, the components of the particle distribution
functions exiting from one boundary will directly enter into the opposite boundary:

fa9,10,16,17 (front) = f491016,17(back), f278,15,18(back) = f5751518(front),

. . (11)
fr,710,11,14(left) = f1,710,11,14(right), f389,12,13(right) = f389 12 13(left).

2.3. Unit Conversion

For the application of the LBM simulation, it is necessary to establish the conversion
relationship between lattice units and real physical units [40]. For the basic physical
quantities (length, time, and mass), the conversion relationship between lattice units (x,
t, p) and real physical units (xp, tp, pp) is xLo—xp, tTo—t,, pMo—pp, which is sufficient
to generate the dimension of any mechanical quantity. For example, the fluid domain
(100 x 100 x 100 um? in the physical system) is digitized into 200 x 200 x 200 lattices.
Thus, Ly = 5 x 1077 m, since a lattice spacing dx = 1. The density of water is given as
pp = 1000 kg/m?, and the density is set to p = 1 in the LBM simulation. Since density has
dimensions [M][L] 3, pp = Mo Ly—3 p; hence, My =1.25 x 1016 kg.

2.4. Permeability Calculation

In the LBM simulation, a pressure (density) difference is applied at the inlet and outlet
sides to drive the flow in porous media. The other four sides are considered periodic
boundaries. The convergence criterion for attaining the steady-state solution is decided
every 10 iteration steps, which is defined as

¥ [u(i,j k, t) = u(i,j, k t — 10At)]?
Lk <10x107° (12)

¥ [ui,j, k1))

i,k

where i, j, and k are the lattice nodes in the x-, -, and z-directions, respectively. The thresh-
old value of 1.0 x 1072 is found not only to be sufficient to guarantee the computational
accuracy, but is also helpful to reduce the computing time and memory requirements.
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kig = ﬁ<uz> =

Mx(Y,Z) =

om—

v

b out

— Pin
- 2ul {4 E

Reaching the convergence criteria for attaining the steady-state solution, the perme-
ability in LB units can be calculated according to Darcy’s law [46]:

Ny Ny N L.
Z Z Z uz(l/]/k)
v (11, = v i=1j=1k=1 (13)
c¢(pin — pout) / (N=6z) c¢(pin = Pout)/ (N20z) Ny - Ny - N - (6x)°

(uz) denotes the overall mean value of velocity in the z-direction, VP is the pressure
gradient, and Nx, Ny, and Nz are the numbers of discretization nodes in the x, y and
z-direction, respectively. pin and pout denote the density at the inlet and outlet, respectively.

The permeability K in physical units can be obtained from that in lattice units:

K = kip(Lo)? (14)

3. Validation of the MRT-LBM

To verify the reliability and accuracy of the MRT-LBM, two benchmark tests, that is,
3D Poiseuille flow and flow through a body-centered cubic array of spheres, are employed
here. To validate the performance for rarefied gas flows using the MRT-LBM combined with
a Bosanquet-type effective viscosity model and the Maxwellian diffuse reflection boundary
condition, the micro-channel flow at high Kn numbers is also simulated as a benchmark.

3.1. Poiseuille Flow in a 3D Square Channel

For the 3D Poiseuille flow driven by a pressure gradient in a channel with a cross-

}

where Y € [H/2,H/2] and Z € [H/2, H/2] are the coordinates in the cross-section with
the center of the channel as origin, and L is the length of the channel. Py, and Py, are the

section size H x H, the analytical solution of the X-component velocity is

H? 72 _ 8H? & ncosh [(2n +1)7tY/H]cos[(2n + 1)tZ/ H]

(211 +1)° cosh[(2n + 1) 7/2]

(15)

pressures at the outlet and inlet boundary, respectively.

To choose a grid size yielding trustworthy results and utilizing less computational
resources, the grid independence test is performed under different grid resolutions
(e.g., coarse, medium, and fine resolution). The L, error of the analytical solution is,
respectively, 3.430861 x 1072, 8.453364 x 10~%, and 5.785233 x 10~*, where the L, error

is measured by Lyerr = \/ Y (u—ux)*/ \/ Y (ux)?. As shown in Figure 3, the grid size of
86 x 43 x 43 of the computational domain is adequate for obtaining a trustworthy solution.
Using the grid size of 86 x 43 x 43, the contour of the X-component velocity ux in the
Poiseuille flow is present in Figure 4, which shows that the numerical results are in good
agreement with the analytical solution.

. (© +Ana1yuca]
e LBM simulation
g S
-
=t
-

20 o

0.0001

0.0002

0.0003

0.0004 0.0005 0.0006 0.000 0.005 0.010 0.015 0.020 0000 0005 0010 0015 0020 0025 0030 0035

1y uy iy

Figure 3. Distribution of the X-component velocity ux on the line of X = 0.5 L, Y = 0 in the Poiseuille
flow under different grid resolutions: (a) 13 x 7 x 7, (b) 86 x 43 x 43 (c) 104 x 56 x 56.
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(@)

Figure 4. Distribution of the X-component velocity ux in the Poiseuille flow: (a) the 3D contour,
(b) the slice of X =0.5 L.

3.2. Flow Through a Body-Centered Cubic Array of Spheres

An open cube filled with a periodic body-centered cubic (BCC) array of spheres is
depicted in Figure 5. A grid of 50 x 50 x 50 is used. The non-slip solid wall adopts half of
the back-bound rule, the inlet and outlet adopt the moment-based boundary condition [45]
(as shown in Equations (9) and (10)), and the other four walls adopt the periodic boundary
condition (as shown in Equation (11)).

00

Figure 5. A periodic body-centered cubic array of spheres (blue and white areas represent solid and
pore regions, respectively).
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The analytical intrinsic permeability k for BCC arrays of spheres is calculated by

1 13

- E HRCd (16)

G is a coefficient that is equal to 12 for BCC. R and L represent the radius of the
solid spheres and length of cubic samples, respectively; C; is the drag coefficient and was
presented in Ref. [47].

The value of k can be transformed to a dimensionless permeability [48]:

k 1 L

kK= —

== 17
2~ G 7RG, 17

Figure 6 shows the velocity distribution of fluid under steady-state conditions
(Equation (12)) in the samples (Figure 5) using the boundary conditions in Section 2.2.
For the treatment of the pressure boundary condition at the inlet and outlet, the non-
equilibrium bounce-back (NEBB) boundary condition [49] is used for comparison with
the moment-based boundary condition. The comparisons between the results obtained by
the NEBB and moment-based boundary condition are shown in Table 1. The simulated
results are in good agreement with the analytical solutions with different porosities. With
the low-resolution grid of 50 x 50 x 50, the error is only less than 4 percent. It is noted that
A1 represents the percentage error of the moment-based boundary relative to the analytical
solution, and A2 represents the percentage error of the NEBB boundary relative to the
analytical solution.

| =g | s
\ r‘"
4| \6@‘ |

Figure 6. Velocity (U = sqrt(u? + u,* + ;%)) distribution of fluid through BCC arrays of spheres.
(@ R=11,(b)R=15,(c)R = 19.

10
0e
B

08
S07
0.8
105
04
IM
0.1

0

<)

(

Table 1. Dimensionless permeability k* obtained by the LBM simulation with the NEBB and moment-
based boundary condition.

Radius Porosity N Boundary  Selution. a1 a2
11 0.9136 0.035485 0.035486 0.034529 2.77% 2.77%
12 0.88813 0.027233 0.027233 0.026392 3.19% 3.19%
13 0.85696 0.02049 0.02049 0.019931 2.80% 2.80%
14 0.82099 0.015207 0.015208 0.014806 2.71% 2.72%
15 0.77786 0.010921 0.010921 0.010762 1.48% 1.48%
16 0.73101 0.007771 0.007771 0.007605 2.18% 2.18%
17 0.67808 0.005346 0.005347 0.005185 3.11% 3.12%
18 0.61798 0.003497 0.003497 0.003377 3.55% 3.55%
19 0.5495 0.002144 0.002144 0.002078 3.18% 3.18%
20 0.47418 0.001232 0.001232 0.001192 3.36% 3.36%
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3.3. Mircochannel Flow at High Kn Number

To validate the performance for rarefied gas flows, the micro-channel flow at high
Kn numbers is simulated as a benchmark, using the MRT-LBM combined with the
Bosanquet-type effective viscosity model and Maxwellian diffuse reflection boundary
condition. The fluid is treated as an ideal gas. The temperature is T = 373 K, molar mass is
M =0.016 kg/mol, pressure gradient Vp = —1 MPa/m, channel height is H = 10 nm, and
dynamic viscosity is # = 10~° kg/m/s. The Knudsen (Kn) number is defined as Kn = A /1.

A= %\/% is the mean free path of the gas molecules, where y is the dynamic viscosity
of gas; p is the gas density; M is the molar mass; T is the absolute temperature; and R is
the gas constant. [ is the characteristic length. Under these conditions, the K number is
obtained (Kn = 0.712). The gas viscosity is described by the Bosanquet-type effective viscos-
ity model, y. = u/(1 + aKn), with the empirical parameter a = 2.2, as suggested by Beskok
and Karniadakis [50]. Figure 7a compares the cross-section velocity profile obtained by the
present MRT-LBM simulation with Beskok’s model [50]. The fluid density p is doubled

from 1 kg/m?3 to 256 kg/m? successively. Figure 7b compares the normalized mass flow

rate Q = (_;;%)H % in the present work with Cercignani’s theoretical solution [51].
The agreement between the present numerical simulations and the theoretical models is

very good. Thus, the present method for high Kn flow is reliable for further exploration.
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Figure 7. Comparison of LBM simulation and theoretical modeling of high Kn flow in channel:
(a) velocity profile in the cross-section of the channel at Kn = 0.712, (b) normalized mass flow rate
versus Kn.

4. Flow in Porous Media
4.1. Porous Structure Reconstruction

To study the influence of anisotropy on flow in porous media, the process of recon-
structing 3D porous media by the Quarter Structure Generation Set (QSGS) method can be
divided into three steps, to validate the model’s performance for rarefied gas flows at high
Kn numbers:

(a) When the structural region and randomly distributed solid-phase growth nuclei
(Cs) are set, the probability (P.;) of Cs should not be greater than the porosity (¢) of the
final three-dimensional porous media, that is, P,y < ¢. Random numbers within [0, 1] are
generated by a random number generator, and nodes with random numbers less than P4
are designated as solid-phase growth nuclei.

(b) Given the growth rate (P, where k represents the growth direction of the solid
phase) in different directions, random numbers within [0, 1] are generated by a random
number generator. When the random number of the Cs node is less than Py, it grows along
the adjacent point in the k direction. The total number of the growth direction is set to be
26, which can be divided into the side line direction (6), diagonal line direction (12), and
diameter line direction (8). When the growth rate in all directions is the same, isotropic
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porous media can be obtained. When the growth rates in all directions are different,
anisotropic porous media can be obtained.

(c) Step (b) is repeated until the desired porosity of the porous medium is achieved.

The heterogeneity cannot be accomplished by the original QSGS algorithm. To study
the influence of heterogeneity on flow in porous media, two independent generation
processes can be used [27]: (i) The fine structure produces a smaller solid phase, and the
nucleus growth probability of solid phase growth is Pr and the porosity is ¢r. (ii) The
coarse structure produces a larger solid phase, and the nucleus growth probability of the
solid phase is Pc (Pc << Pr). When the two processes are combined, the nodes occupied
by either process are set as the solid phase until the desired porosity is reached. The final
structure is the combination of the fine structure and coarse structure.

The original QSGS method can generate occluded pores, which are not connected
to the main void space and do not contribute to flow. Only inter-connected pore spaces
are channels for fluid flow and transport. The occluded pores in 3D porous media can
be removed by improving the 4-connected component labeling (4-CCL) algorithm [52]:
(a) Classify the pixels of the 3D porous media into two types: pore pixel and solid pixel.
(b) Label each pore pixel with a temporary number by checking its east, west, south, north,
upper, and lower neighborhoods. If none of the neighbors is labeled, a new label for the
pixel is set, which increases from 1 without repeating. If only one neighbor is labeled, the
pore pixel is set to the same number of marks; if two or more neighbors are labeled, the pore
pixel is set to be the minimum of its neighbors’ label values. (c) Replace each temporary
label by the smallest label of its equivalence class. (d) Set the occluded pores as solids and
retain the pore space that connects the inlets and outlets, then update the volume fraction
or the porosity. For example, the 3D views of porous media before and after removing
occluded pores are shown in Figure 8.

(b)

Figure 8. Three-dimensional view of porous media (a) before and (b) after removing occluded pores.

The black represents pores and the white represents solid matrix.

For the flow along the X direction, the solid growth rate in the Z direction is adjusted,
and the 3D anisotropic porous media is established. The coarse structure and fine structure
are combined to establish 3D heterogeneous porous media. The specific generation parame-
ters are shown in Table 2. Considering the influence of random generation, 10 structures of
random porous media are constructed under the same generation parameters. Figures 9-12
show one group of anisotropic porous media.
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100

(a) (b)

Figure 9. Three-dimensional view of one group of the reconstructed anisotropic structures, with pores
represented by black and solid matrix by white. The growth rate ratio is 1. (a) 3D global diagram,
(b) 3D slice diagram.

(a) (b)

Figure 10. Three-dimensional view of one group of the reconstructed anisotropic structures, with
pores represented by black and solid matrix by white. The growth rate ratio is 2. (a) 3D global
diagram, (b) 3D slice diagram.

100

(@) (b)

Figure 11. Three-dimensional view of one group of the reconstructed anisotropic structures, with
pores represented by black and solid matrix by white. The growth rate ratio is 4. (a) 3D global
diagram, (b) 3D slice diagram.
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(b)

Figure 12. Three-dimensional view of one group of the reconstructed anisotropic structures, with

pores represented by black and solid matrix by white. The growth rate ratio is 8. (a) 3D global
diagram, (b) 3D slice diagram.

Table 2. The parameters for the reconstructed structure of pore media in simulation.

Parameter Anisotropic Structure Heterogeneous Structure

Refined structure: 0.005

Core distribution probability, Py 0.005 Coarse structure (x107°):9,7,5,3,1
Porosity, @ 0.3 0.2 (Porosity for refined structure, @ =0.4)
Grid resolution 100 x 100 x 100 100 x 100 x 100
Cell scale 20 nm 20 nm
Growth rate along X, Dx 0.01 0.01
Growth rate along Y, Dy 0.01 0.01
Growth rate along Z, Dz 0.01, 0.005, 0.0025, 0.00125 0.01

4.2. Effect of Anisotropy and Heterogeneity

The anisotropy model and heterogeneity model proposed by Wang et al. [27] are
used to quantitatively evaluate the pore-scale anisotropy factor (A) and heterogeneity (H).
we consider a line crossing the structure along the x direction and define the average
pore number it can encounter per unit length as nx. Similarly, we can define ny in the y
direction. The anisotropy of the pore structure is defined as A = nx/ny. We firstly define
the observation scale Ix, Iy, and Iz along the x, y, and z direction, respectively. After that, we
divide the whole porous structure into blocks with side lengths of Ix, Iy, and Iz. Then we
use the relative standard deviation of each block’s porosity to quantify the heterogeneity

of pore distribution: g ):(i%_fmz, where @i is the porosity of the ith block and f is the
total porosity.

The relationship between connected porosity (P.), the ratio of surface area to volume
(5), and the pore-scale anisotropy factor (A) of the generated porous media is shown in
Figure 13. It can be seen that with the increase in the anisotropy factor (A), the change
percentage of value @, and S is less than 2%. The relationship between the connected
porosity (P;), the ratio of surface area to volume (S), and the heterogeneity factor H of the
generated porous medium is shown in Figure 14. It can be seen that the connected porosity
of porous media is weakly affected by heterogeneity, and the change percentage is less than
4%. The ratio S has an obvious negative correlation with the heterogeneity factor, and S
decreases by about 21% with the increase in the heterogeneity factor.
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Figure 14. (a) S vs. H, (b) &, vs. H.

We firstly simulate the steady-state non-slip flow by the LBM to determine the intrinsic
permeability. The boundary condition of the non-slip wall is treated by the half-way
bounce-back rule to simulate gas flow in a continuum flow regime, and the intrinsic
permeability (Kp) and tortuosity (7) are obtained. The relationship between the calculated
intrinsic permeability, tortuosity, and anisotropy factor is shown in Figure 15. The intrinsic
permeability of anisotropic porous media is positively correlated with the anisotropy factor.
Intrinsic permeability is negatively correlated with tortuosity. Tortuosity is negatively
correlated with the anisotropy factor. The relationship among intrinsic permeability, the
heterogeneity factor, the ratio of surface area to volume, and tortuosity is shown in Figure 16.
It can be seen that the intrinsic permeability is positively correlated with the heterogeneity
factor, and the intrinsic permeability increases by about 136% with the increase in the
heterogeneity factor. There is no obvious correlation between intrinsic permeability and the
ratio of surface area to volume. There is an obvious negative correlation between intrinsic
permeability and tortuosity. There is no obvious correlation between tortuosity and the
heterogeneity factor.
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Figure 16. (a) Ky vs. H, (b) Ky vs. S, (¢) Ko vs. T, (d) T vs. H.

The pore-scale anisotropy significantly affects the tortuosity, and the heterogeneity
of pore distribution significantly affects the ratio of surface area to volume, and then
significantly affects the flow in porous media. (1) The larger the anisotropy factor in
the mainstream direction, the stronger the orientation of the long axis of pores along
the mainstream direction, and the flatter the flow path. The tortuosity is significantly
reduced, the energy consumed by fluid flowing through porous media is reduced, and
the permeability of porous media is enhanced. The strong correlation between tortuosity
and anisotropy is the fundamental reason why anisotropy affects permeability. (2) The
larger the size of solid particles in porous media, the more obvious the phenomenon of
pore aggregation, the higher the probability of overlapping between pores, and the ratio
of surface area to volume is significantly reduced. When the porosity of porous media is
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almost identical, the larger the solid particles or the smaller the ratio of surface area to
volume, the smaller the wall friction resistance of fluid flowing through porous media, and
the greater the permeability of porous media. (3) Although there is no obvious correlation
between permeability and the ratio of surface area to volume of 3D heterogeneous porous
media, the general trend is that permeability increases with the increase in heterogeneity
factor. This is because tortuosity is also an important factor affecting the permeability of
porous media. Tortuosity is related to the arrangement direction and position of solid
particles (especially the large solid particles) in porous media. In the 3D heterogeneous
porous media, with the enhancement of heterogeneity, the difference between solid particles
increases, and the randomness of distribution position may lead to a random change in
tortuosity, which may increase or decrease, resulting in no obvious correlation between
tortuosity and heterogeneity. The permeability of porous media is affected by heterogeneity
of pore distribution due to the combined action of tortuosity and the ratio of surface area
to volume.

4.3. Effect of Slip

Then, the apparent permeability K at a certain Kn number is predicted by introducing
the Maxwellian diffuse (MD) reflection boundary condition [17,18] and Bosanquet-type
effective viscosity model [25] in the LBM. With the apparent permeability K at a certain Kn
number, the slip factor b reflecting the micro-scale slip effect is calculated by

K/Kp—1
= — ]-
b Kn (18
For porous media, the Knudsen (Kn) number is defined: Kn = A/l. A = % % is

the mean free path of the gas molecules, where y is the dynamic viscosity of gas; p is the
gas density; M is the molar mass; T is the absolute temperature; and R is the gas constant.
L =2V,/S;, is the characteristic length. V) is the pore volume and S;;, is the interface
area between the pore and solid. K is the apparent permeability and Kj is the intrinsic
permeability, both obtained through the LBM simulation.

As shown in Figure 17a, the slip factor (b) is positively correlated with the anisotropic
factor (A), and b increases with the increase in A, which means that the high Kn effect is
stronger in anisotropic structures. When gas passes through anisotropic porous media,
it more easily interacts with the wall, and the confinement effect is more significant. As
shown in Figure 17b, there is no obvious correlation between the slip factor and structural
heterogeneity of the structure. The heterogeneity does not influence the pore geometry.
As shown in Figure 16d, with the enhancement of heterogeneity, the randomness of the
distribution position may lead to a random change in tortuosity, which may increase
or decrease.
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Figure 17. (a) b vs. A, (b) b vs. H.

5. Conclusions

The Quartet Structure Generation Set (QSGS) method is improved to construct
anisotropic and heterogeneous three-dimensional porous media, which cannot gener-
ate occluded pores. Using the MRT-LBM, the pressure boundary conditions at the inlet and
outlet are firstly dealt with using the moment-based boundary conditions, demonstrating
good agreement with the analytical solutions in two benchmark tests of 3D Poiseuille flow
and flow through a body-centered cubic array of spheres. Combined with the Bosanquet-
type effective viscosity model and Maxwellian diffuse reflection boundary conditions, the
performance of the MRT-LBM for rarefied gas flows at high Kn numbers is validated. Then,
the gas flow at high Kn values in three-dimensional porous media is simulated to study the
relationship between pore-scale anisotropy, heterogeneity, and Kn, and permeability and
micro-scale slip effects in porous media. The following findings are obtained:

(1) The intrinsic permeability of anisotropic porous media is positively correlated with
anisotropy factor and negatively correlated with tortuosity. Tortuosity is negatively
correlated with anisotropy factor. The intrinsic permeability of heterogeneous porous
media is positively correlated with the heterogeneity factor of pore distribution, but
has no obvious correlation with the ratio of surface area to volume, and has an
obvious negative correlation with tortuosity. There is no obvious correlation between
tortuosity and the heterogeneity factor.

(2) The pore-scale anisotropy significantly affects the tortuosity of porous media, and the
heterogeneity of pore distribution significantly affects the specific surface area, and
then significantly affects the flow in porous media. The strong correlation between
tortuosity and anisotropy is the fundamental reason why anisotropy affects perme-
ability. With the increase in heterogeneity of pore distribution, the ratio of surface area
to volume decreases significantly, the wall friction resistance of fluid flowing through
porous media decreases, and the permeability of porous media increases.

(8) The slip factor is positively correlated with the anisotropic factor, which means that
the high Kn effect is stronger in anisotropic structures. There is no obvious correlation
between the slip factor and heterogeneity factor. With the enhancement of hetero-
geneity, the randomness of the distribution position may lead to the random change
in tortuosity.

This study may be very helpful for a better understanding of the gas transport mecha-
nism in porous heat shields for the aerospace industry and for possible process optimization
of transpiration cooling. This study does not consider the condition in which the gas is
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under high pressure and high temperature so that the real gas (or non-ideal gas) effect is
significant. So, the real gas effect will be studied in the gas transport mechanism in porous
media in future.
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