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Abstract: A generalized model of the variable permeability in the transition layer is intro-
duced in this work. This model can handle flows with a small Darcy number and might
be useful in controlling permeability amplifications. A solution method for the resulting
inhomogeneous, generalized Airy equation is presented, together with a computational pro-
cedure for evaluating the generalized Airy functions and the generalized Nield–Kuznetsov
function of the first kind. A complete solution is then provided for the tri-layer flow
problem that involves flow over a porous layer with an embedded transition layer.
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1. Introduction
In the current study, we revisit the tri-layer model used by Nield and Kuznetsov [1] in

their analysis of flow through a clear fluid channel over a homogeneous porous layer, in
the presence of a variable permeability transition layer. Flow in the channel is governed
by Navier–Stokes equations, while flow in both porous layers is governed by Brinkman’s
equation [2]. The main objective of this work is to introduce a variable permeability
model that is a generalization of the model used by Nield and Kuznetsov [1], and later
by Tao et al. [3]. Advantages of the chosen permeability function are discussed later in
this introduction.

Driven by a host of well-documented applications in natural and industrial settings,
including the movement of groundwater, oil and gas in ground layers, lubrication theory,
blood flow in biological tissues, and various other industrial applications (cf. Bejan and
Nield [4], Bottaro [5], and the references therein), fluid flow through and over porous layers
continues to receive unparalleled attention in the porous media literature [6–10].

The flow of an incompressible fluid in a porous medium is governed by an equation
of velocity continuity, namely

∇·u = 0 (1)

where u is the fluid velocity vector, and by a momentum equation that takes into account
the porous microstructure of the medium, the presence of macroscopic, solid boundaries on
which the no-slip condition is imposed, and the role of inertia in the medium. A number of
elegant and sophisticated derivations of momentum equations are available in the literature.
For derivations, excellent discussions, and uses of the available models, refer to the work
of Whitaker [11], Bousquet-Melou et al. [12], Angot et al. [13], Kashkuli et al. [14], and the
references therein.

Fluids 2025, 10, 151 https://doi.org/10.3390/fluids10060151

https://doi.org/10.3390/fluids10060151
https://doi.org/10.3390/fluids10060151
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fluids
https://www.mdpi.com
https://orcid.org/0000-0001-9167-426X
https://orcid.org/0000-0001-5519-0890
https://doi.org/10.3390/fluids10060151
https://www.mdpi.com/article/10.3390/fluids10060151?type=check_update&version=1


Fluids 2025, 10, 151 2 of 18

In the current study, we consider the flow in the porous layers to be governed by
the Brinkman equation of the following form, as given by Goyeau et al. [15], and used by
Tao et al. [3]:

1
ε

∂(ρu)
∂t

+
1
ε2 ∇·(ρuu) = ρf −∇p + µe∇2u − µK−1·u (2)

wherein ρ is the fluid density, f is the body force, p is the pressure, K is the permeability, ε is
the porosity, µ is the fluid viscosity, and µe is the effective viscosity.

Tao et al. [3] provided detailed analysis of the parameters involved in Equation (1)
and the dependence of permeability on porosity in their two-domain approach to the study
of flow through the transition layer and the homogeneous porous layer. In the current
problem formulation, we will use the same equations that both Nield and Kuznetsov [1]
and Tao et al. [3] used in their formulations based on Equation (2).

Experimental and theoretical studies in the field of flow over porous layers span more
than six decades, and include the development of an expansive body of knowledge that
initially focused on the use of the Darcy equation as a model of flow through the porous
layer and resulted in the development of the Beavers and Joseph slip hypothesis [16],
and the following condition at the interface, (y = 0), between a free-space layer and the
porous layer

uy
(
x, 0+

)
=

α√
k

[
u
(
x, 0+

)
− uD

]
(3)

where uD is the Darcy velocity, and α is an empirical slip parameter with the range of
values 0.1 to 4, (cf. [4,16,17]).

The Beavers and Joseph condition continues to be addressed by various authors
(cf. [4,17–20] and the references therein). Concerns about the low order of Darcy’s equation
and the slip parameter in Beavers and Joseph’s experiments resulted in the development
of interfacial conditions centered on velocity and shear stress continuities, and the use of
the Brinkman equation [2], as a viable alternative to the Darcy equation (cf. [10,18–28]).
Furthermore, if the Darcy equation is replaced by another flow model, such as the Forch-
heimer equation, then the slip parameter α needs to be adjusted, as discussed by Roach and
Hamdan [29]. Neale and Nader [26] provided the following conditions at the assumingly
sharp interface between a free-space channel 0 < y < h) and a Brinkman porous layer
(−h < y < 0), and identified the slip parameter α2 with ϑ = µe

µ :

u
(
x, 0+

)
= u

(
x, 0−

)
(4)

uy
(
x, 0+

)
= ϑuy

(
x, 0−

)
(5)

The Brinkman equation [2] continues to receive attention by various authors, either to
discuss its validity or its limitations (cf. [4,30–32] and the references therein). It has been
suggested that in the flow over porous layers, if the porous layer is of infinite depth, then
the flow in the porous layer is governed by the Darcy equation, while if the porous layer is
of finite depth, then the Brinkman equation should be used (cf. Rudraiah [19,20] and the
references therein).

Although in the current study we will rely on interfacial conditions (4) and (5), we
acknowledge the stress jump condition of Ochoa–Tapia and Whitaker [27,28] that takes
into account momentum transfer at the interface. Although the Ochoa–Whitaker jump
stress condition is a major advancement in the study of flow over porous layers [18],
Tao et al. [3] suggested that the absence of definite values for its parameter hinders its
accurate use. However, more recently, a state-of-the-art derivation of a stress jump interface
condition between the Stokes’ and Brinkman’s or Darcy’s flows has been provided by
Angot et al. [6,13], when the generalized Brinkman equation with variable porosity and
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permeability governs the flow in the transition layer. Their work [6,13] generalizes the work
of Ochoa–Tapia and Whitaker [27,28] and offers a viable alternative to the well-known
Beavers and Joseph [16] condition.

Many of the interfacial conditions and models in use assume the existence of a sharp
interface, and do not account for permeability discontinuity at the interface between free-
space and the porous layer, or between two porous layers of different permeabilities.
Recent advancements in the field concluded that permeability continuity is better handled
through the introduction of a thin heterogeneous transition region embedded between a
homogeneous porous layer and free-space, or between two homogeneous porous layers.
The concept of the transition layer has been implemented and validated in the analysis
provided by a number of authors (cf. [1,3,13,25,33–35] and the references therein). The crux
of the problem is then narrowed down to modeling flow through a variable permeability
porous layer and is simplified mathematically to a Poiseuelle flow in a tri-layer flow domain.

In choosing a permeability function suitable for the transition layer, a number of factors
come into play and include the need for permeability continuity at the two interfaces with
the transition layer, and a method for controlling variations in permeability in the transition
layer based on physical requirements. A number of permeability functions are available
in the fluid dynamic literature (cf. [30,36,37] and the references therein) and most of the
popular models have recently been reviewed by Roach and Hamdan [38].

While most of the available permeability models transform the Brinkman equation
for unidirectional flow into an inhomogeneous, linear, second-order, variable coefficient
ordinary differential equation, very few of the reported models produce classical second
order equations, such as the Airy, Bessel, Weber, and Whittaker differential equations,
to name only a few, that played a significant role in mathematical physics and whose
solutions are given by non-elementary special functions that stood the test of time. Flow
formulations leading to these special equations are tied to the chosen permeability functions,
and the solutions to the resulting differential equations bear significance to the physical
permeability distributions. The first of such models was introduced in the work of Nield and
Kuznetsov [1] by choosing the reciprocal of the permeability to vary across the transition
layer according to K = ak0H/y, where H is the overall tri-layer thickness, a is related to the
thickness of the transition layer, K is the transition layer permeability, and k0 is the constant
permeability of the underlying porous layer. This choice of permeability distribution
transformed the Brinkman equation in the transition layer to the Airy inhomogeneous,
ordinary differential equation of the form:

uyy −
1

ϑDa

(
y − ξ

η − ξ

)
u +

1
ϑ
= 0; ξ < y < η (6)

where η − ξ is the transition layer thickness, u(y) is the tangential flow velocity in the
transition layer, and Da = k0

H2 is the Darcy number. The transition layer thickness has been
investigated extensively and, based on experimental evidence, (cf. [3,33,34]), is approxi-
mated by: η − ξ ≈ 50

√
K.

In finding a particular solution to the Airy Equation (6), Nield and Kuznetsov [1]
introduced an integral function, Ni(Y), wherein Y = λ(y − ξ) and λ = 1

3
√

ϑDa(η−ξ)
. This

function is referred to in the literature as the Nield–Kuznetsov function [39], and is defined
in terms of the Airy functions of the first- and second-kind, Ai(Y) and Bi(Y), respectively, as

Ni(Y) = Ai(Y)
∫ Y

0
Bi(t)dt − Bi(Y)

∫ Y

0
Ai(t)dt (7)
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The general solution to (6) is thus expressed as:

u(y) = c2 Ai(Y) + d2Bi(Y) +
π

ϑλ2 Ni(Y); ξ < y < η (8)

The Airy functions, Ai(Y) and Bi(Y) represent a numerically satisfactory pair of
functions that satisfy the homogeneous part of Airy Equation (6), and are defined by

Ai(Y) =
1
π

∫ ∞

0
cos
(

Yt +
t3

3

)
dt (9)

Bi(Y) =
1
π

∫ ∞

0
sin
(

Yt +
t3

3

)
dt +

1
π

∫ ∞

0
exp
(

Yt − t3

3

)
dt (10)

The Nield–Kuznetsov function (7) was successfully implemented by Tao et al. [3], who
presented the elegant and detailed analysis of the effects of the transition layer parameters
involved in the modeling process. Tao et al. [3] provided details of the amplifications
in transition layer permeability and emphasized the need for an exact description of the
permeability in the transition layer and a precise permeability forecasting function to
model the gradual change in permeability to better match the velocity distribution with
experimental results.

Tao et al. [3] employed ascending series representations in the evaluations of the
Airy functions and the Nield–Kuznetsov function, while Nield and Kuznetsov [1] used
asymptotic series expansions and reported that the smallest value of Da they could compute
their results for was Da = 0.0002, and stated that as Da tends to zero, λ = 1

3
√

ϑDa(η−ξ)

becomes large and results in singularity. While there is no claim that we know the reason
as to why this happened, it is quite possible that the above-mentioned use of asymptotic
series (valid for large values of Y), as opposed to ascending series (valid for all values of Y),
played a role. We also point out that in the expression for λ, the transition layer thickness,
η − ξ, is a positive, finite quantity less than unity, and that ϑ = µe

µ is also finite. If we write

the coefficient of u in (6) as y−ξ
ϑDa(η−ξ)

then as y → η and Da → 0 , the expression y−ξ
ϑDa(η−ξ)

becomes excessively large unless the numerator in the expression approaches zero at the
same rate as Da approaches zero.

One remedy is to introduce a permeability model that generates (y − ξ)n in the nu-
merator, where n is a positive integer. By adjusting the value of n, it might be possible
to obtain solutions for small values of Da. In using this approach in the current work,
the smallest value of Darcy number that we could use in computations involving a thin
transition layer was Da = 0.0000005 for n = 3. This suggested choice of permeability
function might also prove effective in reducing permeability amplifications in the transition
layer that Tao et al. [3] discussed.

The success attained by Nield and Kuznetsov [1] and Tao et al. [3] in advancing the
state of knowledge of flow in the transition layer, motivates the introduction of other
integral function models. In fact, in a recent study where a porous layer was embedded be-
tween two fluid layers, Abu Zaytoon and Hamdan [40], employed a permeability function
that reduced the Brinkman equation to the Weber inhomogeneous equation, the solution to
which was obtained in terms of the parametric Nield–Kuznetsov function [40].

In the current study, we introduce a generalized permeability function that offers mod-
eling flexibility in describing the variable permeability in the transition layer. The Brinkman
equation governing flow in the transition layer is then to be reduced to a generalized Airy
equation (in the sense introduced by Swanson and Headley [41]). An efficient evaluation
procedure of the special functions that arise in the solution of the resulting governing
equation is presented, and numerical solutions are obtained for a choice of flow parameters.
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The solution provided by Nield and Kuznetsov [1] is then compared with a special case of
the current formulation, which shows agreement between solutions obtained.

2. Problem Formulation
Consider the flow of an incompressible fluid in the tri-layer model of Figure 1 below.

Layer 1 represents a free-space channel, the flow through which is governed by Navier–
Stokes equations. Layer 3 is a homogeneous porous layer of constant permeability, the flow
through which is governed by the Brinkman equation. Layer 2 is the transition layer, the
flow through which is governed by the Brinkman equation with variable permeability. It is
assumed that the pressure in the configuration and across the interfaces is continuous, and
that the flow in the tri-layer configuration is driven by a uniform, negative, and constant
common pressure gradient.

Figure 1. Representative sketch of a tri-layer channel.

Permeability distribution is given as follows, where we take K0 to be a constant
reference permeability, and assume that flow in the layer 1 free space has an infinite con-
ductivity to the fluid. The chosen variable permeability distribution in layer 2 guarantees
permeability continuity at the lower and upper interfaces between layers.

Region 1 : K1 → ∞ for ηH < y∗ < H (11)

Region 2 : K2 =
K0[(η − ξ)H]n

(ηH − y∗)n ; ξH < y∗ < ηH (12)

Region 3 : K3 = K0; 0 < y∗ < ξH (13)

Equations governing the flow in the respective regions are given by:

µ
d2u∗

1
dy∗2 + G = 0; ηH < y∗ < H (14)

µe2
d2u∗

2
dy∗2 − µ

K2
u2 + G = 0; ξH < y∗ < ηH (15)

µe3
d2u∗

3
dy∗2 − µ

K3
u2 + G = 0; 0 < y∗ < ξH (16)

In the above equations, G = − dp
dx is the constant pressure gradient, the quantities u∗

i
and Ki represent the velocity and permeability in region i, for i = 1, 2, 3, respectively; µ is the
base fluid viscosity and µe2, µe3 are the effective viscosities, respectively, in regions 2 and 3.
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We point out here that in the above formulation, we interchanged layers 1 and 3 in
the original formulation by Nield and Kuznetsov [1]. However, for the sake of comparing
results, we solve the flow equations in the current configuration and in the configuration
used by Nield and Kuznetsov [1].

Following Nield and Kuzentsov [1], we introduce the following dimensionless vari-
ables: Da = K0

H2 ; y = y∗
H ; ui =

µ

GH2 u∗
i for i = 1, 2, 3; and Mi =

µei
µ for i = 2, 3, to transform

governing Equations (14)–(16), respectively, into:

d2u1

dy2 + 1 = 0; η < y < 1 (17)

d2u2

dy2 − (τn)
n+2(η − y)nu2 +

1
M2

= 0; ξ < y < η (18)

d2u3

dy2 − 1
M3Da

u3 +
1

M3
= 0; 0 < y < ξ (19)

where
τn =

1
n+2
√

M2Da(η − ξ)n
(20)

The dimensionless permeability distributions, Ki
H2 , i = 2, 3, can be written in the

following dimensionless form in terms of Darcy number, Da:

K2

H2 = Da
(

η − ξ

η − y

)n
and

K3

H2 = Da (21)

Equations (17)–(19) must be solved subject to the following boundary and match-
ing conditions

u1(1) = u3(0) = 0 (22)

u1(η) = u2(η); u2(ξ) = u3(ξ) (23)

du1

dy
(η) =

µe2

µ

du2

dy
(η);

du2

dy
(ξ) =

µe3

µe2

du3

dy
(ξ) (24)

We note that if n = 1, then τn corresponds to λ2 that was used in the work of Nield
and Kuznetsov [1]. General solutions for Equations (17) and (19) are given, respectively, by

u1(y) = −y2

2
+ c1y + d1; η < y < 1 (25)

u3(y) = c3exp(λ3y) + d3exp(−λ3y) +
1

M3λ2
3

; 0 < y < ξ (26)

Upon using the transformation
∼
y = (η − y)τn and writing u2(y) ≡ U2

(∼
y
)

,
Equation (18) can be written as:

d2U2

(∼
y
)

d
∼
y

2 −
(∼

y
)n

U2

(∼
y
)
+

1

M2(τn)
2 = 0 (27)

Equation (27) is recognized as the generalized inhomogeneous Airy differential equa-
tion [41]. A fundamental set of linearly independent solutions for the homogeneous part of
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(27) are the generalized Airy functions An

(∼
y
)

and Bn

(∼
y
)

, defined by Equations (28) and (29),

below, wherein with i =
√
−1, p = 1

n+2 , ζ = 2p
∼
y

1
2p , and Γ(.) is the gamma function [41]:

An

(∼
y
)
=

2p
π

sin(pπ)
(∼

y
)1/2

Kp(ζ) (28)

Bn

(∼
y
)
=
(

p
∼
y
)1/2 [

Ip(ζ) + I−p(ζ)
]

(29)

The non-zero Wronskian of An

(∼
y
)

and Bn

(∼
y
)

is given by:

W
(

An

(∼
y
)

, Bn

(∼
y
))

=
2
π

p
1
2 sin(pπ) (30)

and the terms Ip and Kp are the modified Bessel functions defined as:

Ip(ζ) = (i)−pKp(iζ) =
∞

∑
m=1

1
m!Γ(m + p + 1)

(
ζ

2
)2m+p (31)

Kp(ζ) =
π

2

(
I−p(ζ)− Ip(ζ)

)
sin(pπ)

(32)

The solution to the homogeneous part of (27) thus takes the form

U2h

(∼
y
)
= c2 An

(∼
y
)
+ d2Bn

(∼
y
)

(33)

A particular solution to Equation (27), obtained using variations in parameters, is
expressed in the form

U2p

(∼
y
)
= σ

n
Nn

(∼
y
)

(34)

wherein
σn =

π

2
√

p sin(pπ)M2 (τn)
2 (35)

Nn

(∼
y
)
= An

(∼
y
)∫ ∼

y

0
Bn(t)dt − Bn

(∼
y
)∫ ∼

y

0
An(t)dt (36)

The function Nn

(∼
y
)

, defined in (36), is known as the Generalized Nield–Kuznetsov
Function of the First Kind. When n = 1, we replace n by i (for consistency of literature
notation). Equation (27) reduces to Airy equation, and (28), (29), and (36) reduce to the
standard forms of Airy’s and the Nield–Kuznetsov functions, Ai

(∼
y
)

, Bi

(∼
y
)

, and Ni

(∼
y
)

,
respectively.

The general solution to Equation (27) thus takes the form

U2

(∼
y
)
= c2 An

(∼
y
)
+ d2Bn

(∼
y
)
+ σnNn

(∼
y
)

(37)

Upon using
∼
y = (η − y)τn and u2(y) ≡ U2

(∼
y
)

, the general solution (37) is ex-
pressed as:

u2(y) = c2 An((η − y)τn) + d2Bn((η − y)τn) +
π

2
√

p sin(pπ)M2 (τn)
2 Nn((η − y)τn) (38)

Derivatives of the functions An

(∼
y
)

, Bn

(∼
y
)

and Nn

(∼
y
)

are given by:

A′n
(∼

y
)
= −2p

π
sin(pπ)

(∼
y
) n+1

2 Kp−1(ζ) (39)
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B′n
(∼

y
)
= p1/2 ∼

y
n+1

2 [Ip−1(ζ) + I1−p(ζ)
]

(40)

N′n
(∼

y
)
= A′n

(∼
y
)∫ ∼

y

0
Bn(t)dt − B′n

(∼
y
)∫ ∼

y

0
An(t)dt (41)

Upon using the boundary and interfacial conditions, (22)–(24), the constants in
Equations (25), (26), and (38), satisfy the following system of linear equations, written
in the form AX = C, where

A =



1 1 0 0 0 0
η 1 −An(0) −Bn(0) 0 0
1 0 µe2

µ τn A′
n(0)

µe2
µ τnB′

n(0) 0 0

0 0 An(τn(η − ξ)) Bn(τn(η − ξ)) − exp(λ3ξ) −exp(−λ3ξ)

0 0 τn A′
n(τn(η − ξ)) τnB′

n(τn(η − ξ))
µe3
µe2

λ3 exp(λ3ξ) −λ3
µe3
µe2

exp(−λ3ξ)

0 0 0 0 1 1


(42)

X =



c1

d1

c2

d2

c3

d3


; C =



1
2

η2

2 + π

2
√

p sin(pπ)M2 (τn)
2 Nn(0)

η − π
2
√

p sin(pπ)M2 τn

µe2
µ N′n(0)}

1
M3λ2

3
− π

2
√

p sin(pπ)M2 (τn)
2 Nn(τn(η − ξ)).

− π
2
√

p sin(pπ)M2τn
N′

n(τn(η − ξ))

− 1
M3λ2

3


(43)

In solving the above linear system, we take µe2
µ = µe3

µe2
= 1 and make use of the

following values of the generalized functions An, Bn and Nn, and their first derivatives at
zero, namely:

Nn(0) = N′
n(0) = 0; An(0) =

(p)1−p

Γ(1 − p)
; Bn(0) =

(p)1/2−p

Γ(1 − p)
; A′

n(0) = − (p)p

Γ(p)
; B′

n(0) = − (p)p− 1
2

Γ(p)
.

Following Swanson and Headley [41], the generalized Airy functions are evaluated
using the following relationships:

ρn =
(p)1−p

Γ(1 − p)
and φn =

(p)p

Γ(p)
(44)

gn1(y) = 1 +
∞

∑
k=1

p2k
k

∏
j=1

y(n+2)k

j(j − p)
(45)

gn2(y) = y

[
1 +

∞

∑
k=1

p2k
k

∏
j=1

y(n+2)k

j(j + p)

]
(46)

An(y) = ρngn1(y)− φngn2(y) (47)

Bn(y) =
1
√

p
[ρngn1(y) + φngn2(y)

]
(48)

and the Generalized Nield–Kuznetsov Function of the First Kind can be evaluated using the
following expression:

Nn(y) =
2
√

p
ρn φn

{
gn1(y)

∫ y

0
gn2(t)dt − gn2(y)

∫ y

0
gn1(t)dt

}
(49)
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3. Results and Discussion
Results have been obtained for a range of values of n and the range of Da = 1; 0.1;

0.001; 0.0001; 0.00001; and 0.000001 in order to illustrate the effects of changing n and Da
on the generalized functions, on the permeability function, on the arbitrary constants, and
on the velocity profiles. Thick and thin transition layers are considered. In particular, for
consistency with the work of Nield and Kuznetsov [1], we choose ξ = 1

3 , η = 2
3 for thick

layer and ξ = 0.49, η = 0.51 for thin layer.

3.1. Permeability Distributions

Dimensionless permeability distribution in the transition layer is given by Equation (12),

namely K2
H2 = Da

(
η−ξ
η−y

)n
. Its dependence on the values of n, Da, and the thickness of

the porous layer are illustrated in Figures 2 and 3, for the thick and thin transition layer,
respectively, Da = 1, and various values of n. These figures demonstrate how n acts as a control
parameter in the permeability distribution. Figure 4 shows the effect of Da on the permeability
distribution for n = 1 and thin transition layer. The graphs are zoomed in to better illustrate
the distribution when Da = 0.000001.

Figure 2. Dimensionless permeability distribution. Thick layer; Da = 1; n = 1, 2, 3, 4, 5.

Figure 3. Dimensionless permeability distribution. Thin layer; Da = 1; n = 1, 2, 3, 4, 5.

While there is no hard and fast rule for choosing values for n, it is recommended that
the permeability expression (12) be plotted for various values of n, and a permeability
profile, suitable for one’s research requirements, or a profile that minimizes permeability
amplifications in the transition layer, can then be chosen.
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Figure 4. Dimensionless permeability distribution. Thin layer; n = 1; various values of Da.

3.2. Velocity Profiles

Figure 5 illustrates the velocity profiles across the three-layer flow configuration for the
case of thin transition layer, n = 1, and various values of Da. The transition layer thickness
is shown on the graphs as a small thick line (smudge) on each graph.

 

Figure 5. Dimensionless velocity profiles in the thin layer. n = 1 and low values of Da.

In using the solution procedure given by Equations (44)–(49), the smallest Darcy
number we could compute results for was Da = 0.0000005. However, results are shown for
the smallest value of Da = 0.000001, when n = 1. Figure 5 shows smooth transitions from
one flow domain layer to another for the range of Da used. As Da increases, the singularity
at the lower interface starts creeping in (as anticipated by Nield and Kuznetsov [1]). When
n = 2, Figure 6 illustrates a similar pattern of velocity profiles, and shows a more noticeable
effect of the singularity at the lower interface. This emphasizes that the current model and
solution procedure is more suitable for low values of Da.
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Figure 6. Dimensionless Velocity Profiles in the Thin Layer. n = 2 and low values of Da.

For different values of n, and a fixed value of Da, the velocity profiles are close to each
other (due to graph scale) and follow a similar pattern and shape to the profiles of Figure 6.
Therefore, to better demonstrate the relative magnitudes of velocities for various values of n,
velocity profiles are sketched over the span of the thin transition layer 0.49 ≤ η − ξ ≤ 0.51,
illustrated in Figure 7. The increase in permeability in the transition layer with increasing n
is accompanied by an increase in velocity, as Figure 7 demonstrates.

Figure 7. Dimensionless velocity profiles in the thin transition layer. Da = 0.0001 and various values
of n.

3.3. Velocity at the Interfaces

At the lower and upper interfaces, y = ξ and y = η, respectively, velocity expressions
are obtained from Equations (25), (26) and (38), and take the form

u1(η) = −η2

2
+ c1η + d1 (50)

u2(η) = c2 An(0) + d2Bn(0) (51)

u3(ξ) = c3exp(λ3ξ) + d3exp(−λ3ξ) +
1

M3λ2
3

(52)
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u2(ξ) = c2 An((η − ξ)τn) + d2Bn((η − ξ)τn) +
π

2
√

p sin(pπ)M2 (τn)
2 Nn((η − ξ)τn) (53)

The velocity at the lower and upper interfaces for thick and thin transition layers, for
different values of Da and different values of n, are given in Tables 1 and 2. In Table 1,
velocity at the upper interface is illustrated for the thick transition layer only, since the
behavior is similar for the thin layer, for n = 1, 2, 3, and various values of Da.

Table 1. Dimensionless velocity at the upper interface for thick layer.

n u1(η) = u2(η) Da = 0.01 Da = 0.001 Da = 0.0001 Da = 0.00001

1 u1(η) = u2(η) 0.02114994 0.01233274 0.00649720 0.00321735

2 u1(η) = u2(η) 0.02486639 0.01738999 0.01133148 0.00699674

3 u1(η) = u2(η) 0.02673316 0.02050963 0.01498183 0.01049763

Table 2. Dimensionless velocity at the lower interface for thin layer.

n u3(ξ) = u3(ξ) Da = 0.01 Da = 0.001 Da = 0.0001 Da = 0.00001

1 u2(ξ) = u3(ξ) 0.01570451 0.00521685 0.00086581 0.00002779

2 u2(ξ) = u3(ξ) 0.01359440 0.005336297 0.0011867 0.00006497

3 u2(ξ) = u3(ξ) 0.01217774 0.00526991 0.00139504 0.00011395

As n increases, for a fixed value of Da, interfacial velocity increases since permeability
increases as we approach the upper interface. This behavior is consistent for all values of
Da shown. Interfacial velocity consistently increases with increasing Da for any fixed value
of n, as expected.

In Table 2, velocity at the lower interface is illustrated for the thin transition layer, only,
since the behavior is similar for the thick layer, for n = 1, 2, 3 and various values of Da.

As n increases, for a fixed value of Da, interfacial velocity decreases. This is due to the
velocity continuity condition at the lower interface where the velocity in the homogeneous,
constant permeability layer has the effect of slowing down the flow velocity at the interface.

This behavior is consistent for all values of Da shown. Interfacial velocity consistently
increases with increasing Da for any fixed value of n, since Da is defined in terms of a fixed,
reference permeability.

Agreement between the values computed using Equations (50) and (51) was for more
than 12 significant digits, which indicates that the current formulation and computations
are accurate. The same goes for using Equations (52) and (53). In Tables 1 and 2 we retained
the first 8 digits for illustration.

3.4. Shear Stress at the Interfaces

At the lower and upper interfaces, y = ξ and y = η, respectively, shear stress expres-
sions are obtained from Equations (25), (26), and (38), and take the form

du1

dy
(η) = c1 − η (54)

du2

dy
(η) = −c2τn A′n(0)− d2τnB′

n(0) (55)

du3

dy
(ξ) =c3λ3 exp(λ3ξ)− d3λ3 exp(−λ3ξ) (56)
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du2

dy
(ξ) = −c2τn A′n((η − ξ)τn)− d2τnB′

n((η − ξ)τn)−
π

2
√

p sin(pπ)M2 τn
N′n((η − ξ)τn). (57)

Shear stress values at the lower and upper interfaces for different middle layer thick-
ness, and for n = 1, 2, 3, are given in Table 3a,b, which furnish the following observations:

Table 3. (a) Shear stress at the upper interface. (b) Shear stress at the lower interface.

(a)

Da = 0.01
Thin Layer

Da = 0.01
Thick Layer

n = 1 0.21053324 0.10321682

n = 2 0.21585593 0.09206747

n = 3 0.21940578 0.08646717

(b)

Da = 0.01
Thin Layer

Da = 0.01
Thick Layer

n = 1 0.05854085 0.02721478

n = 2 0.03743739 0.04813607

n = 3 0.02326929 0.06526954

1- For a given Da, the value of the shear stress at the upper interface decreases with
increasing n for the thick layer. However, it increases with increasing n for the
thin layer.

2- For a given Da, the value of the shear stress at the upper interface increases with
increasing n for the thin layer and decreases with increasing n for the thick layer.

3- The thin layer experiences a higher sheer than the thick layer at the upper interface
with increasing n.

4- The thick layer experiences a higher sheer than the thin layer at the lower interface
when n deviates from 1.

3.5. Mean Velocity Across the Layers

The dimensionless mean velocities across the lower and upper layers are defined,
respectively, as

u1 =
∫ 1

η
u1dy =

1
6

(
η3 − 1

)
− c1

2

(
η2 − 1

)
− d1(η − 1) (58)

u3 =
∫ ξ

0
u3dy =

c3

λ3

(
eλ3ξ − 1

)
− d3

λ3

(
e−λ3ξ − 1

)
+

ξ

M3λ2
3

(59)

Dimensionless mean velocity in the transition layer is obtained from (38) and can be
written as:

u2 =
∫ η

ξ
u2dy = − 1

τn

∫ 0

(η−ξ)τn

(
c2 An(t) + d2Bn(t) +

π

2
√

p sin(pπ)M2 (τn)
2 Nn(t)

)
dt (60)

where t = (η − y)τn.
The dimensionless mean velocity across the configuration (that is, across the three

layers) is defined as
u = u1 + u2 + u3 (61)
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and represents a measure of the overall volume flux through the channel configuration.
The above expressions are evaluated using Maple (see Appendix A) and the values

are listed in for n = 1 and n = 2 in Table 4a,b for different transition layer thicknesses and
Da = 1, 0.1, and 0.01, so that we can compare our results with those obtained by Nield and
Kuznetsov [1]. To make the comparison, we reformulated and solved the flow problem
using the same configuration as that of Nield and Kuznetsov [1]. Agreement between the
results is evident from Table 4a,b.

Table 4. (a). Mean velocity across the channel for thick layer, n = 1, 2 and different Da. (b). Mean
velocity across the channel for thin layer, n = 1, 2 and different Da. * Results obtained by Nield and
Kuznetsov [1].

(a)

n = 1 0.07939500
0.0794 * 0.05692682 0.02071123

0.0207 *

n = 2 0.08744141 0.06403606 0.02670879

(b)

n = 1 0.07940428
0.0794 * 0.05735128 0.02355505

0.0236 *

n = 2 0.07945951 0.05759342 0.0238459

For a given transition layer thickness and a given value of n, the total volume flux
decreases with decreasing Da. This is due to flow retardation for smaller Da. For a given
Da, the total volume flux increases with increasing n.

4. Conclusions
In this study, we considered the problem of flow through a free-space channel over a

porous layer in the presence of a transition porous layer. This problem was treated by Nield
and Kuznetsov [1] to illustrate the characteristics of the flow when the transition layer is a
Brinkman layer of variable permeability, described as the reciprocal of a linear polynomial.
In this study, we introduced a generalized form of the permeability function that involves
the reciprocal of the nth degree of a linear polynomial. This choice of permeability function
resulted in the inhomogeneous, generalized Airy differential equation. We provided the
solution to the resulting differential equation in terms of a generalized Nield–Kuznetsov
function, together with a computational procedure to evaluate the arising special functions.
For the case of n = 1, the current problem reduces to the one considered by Nield and
Kuznetsov [1], and our results agree with their results for total volume flux across the
tri-layer configuration.

All computations in this work employ dimensionless quantities, while experimental
data might employ physical and measurable quantities. This implies that experimental
results might not be directly compared with results in this work. However, it should be
quite easy to resolve the current model with actual physical data and obtain results that
can be compared to experimental results. Tao et al. [3] were successful in solving the
tri-layer model with the permeability model of Nield and Kuznetsov [1], while employing
physical, dimensional values of parameters. A similar approach can be used for the model
introduced in this work.

Highlights of this work may be stated as follows:

1- The introduction of a generalized permeability function that provides modeling flexi-
bility and validity for a small Darcy number, and possible control over permeability
amplification in the transition layer.
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2- Obtaining the general and particular solutions to the resulting inhomogeneous, general-
ized Airy equation through the introduction of a generalized Nield–Kuznetsov function.

3- Providing an evaluation procedure for the arising generalized Airy’s functions and
the generalized Nield–Kuznetsov function.
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Appendix A
This appendix details the Maple computational procedure used to obtain the semi-

analytical solution for the boundary value problem discussed in the main text. The im-
plementation is performed using Maple 2021.0. The solution is constructed in three sub-
domains with interface matching, utilizing symbolic and numerical features of Maple.

Software Version

All computations were performed using Maple 2021.0, developed by Maplesoft.
Compatibility with this version is assumed for all syntax and function behaviors used.

Step 1: Initialize the Maple Environment and Load the Necessary Plotting Package. 

Restart; with(plots): 

 

Initialization and Parameter Definition 

n := 2:              # Nonlinearity parameter 

Da := 0.01:          # Darcy number 

eta := 0.51:         # Right interface point 

xi := 0.49:          # Left interface point 

p := 1/(n + 2):      # Exponent used in similarity transformation 

M2 := 1:             # Constant related to Region II 

M3 := 1:             # Constant related to Region III 

K := 300:            # Number of grid points for numerical output 

 

Step 2: Compute Scaling Parameters and Constants 

tau := evalf(1/(M2*Da*(eta – xi)^n)^(1/(n + 2))): 

lambda3 := evalf(1/sqrt(Da)): 

Define Constants Needed for Transformations and Interface Matching: 

An0 := evalf(p^(1 - p)/GAMMA(1 - p)): 

Bn0 := evalf(p^(1/2 - p)/GAMMA(1 - p)): 

dAn0 := evalf(-p^p/GAMMA(p)): 

dBn0 := evalf(-p^(p - 1/2)/GAMMA(p)): 
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Step 3: Define Special Functions and Their Derivatives 

An := x -> evalf(2*p*sin(p*Pi)*x^(1/2)*BesselK(p, 2*p*x^(1/2/p))/Pi): 

Bn := x -> evalf((p*x)^(1/2)*(BesselI(p, 2*p*x^(1/2/p)) + BesselI(-p, 2*p*x^(1/2/p)))): 

dAn := x -> evalf(-2*p*sin(p*Pi)*x^(1/2*n + 1/2)*BesselK(p - 1, 2*p*x^(1/2/p))/Pi): 

dBn := x -> evalf(p^(1/2)*x^(1/2*n + 1/2)*(BesselI(p - 1, 2*p*x^(1/2/p)) + BesselI(1 - p, 

2*p*x^(1/2/p)))): 

 

Step 4: Compute OF THE Integral Function Using Maple Bulid functions: 

Nn := x -> evalf(An(x)*int(Bn(t), t = 0 .. x) - Bn(x)*int(An(t), t = 0 .. x)): 

dNn := x -> evalf(dAn(x)*int(Bn(t), t = 0 .. x) - dBn(x)*int(An(t), t = 0 .. x)): 

 

Step 5: Assemble and Solve Linear System 

 

Interface Conditions Give Rise to a 6×6 system: 

X := Matrix(6, 6, [[1, 1, 0, 0, 0, 0], 

[eta, 1, -An0, -Bn0, 0, 0], 

[1, 0, tau*dAn0, tau*dBn0, 0, 0], 

[0, 0, An(tau*(eta - xi)), Bn(tau*(eta - xi)), -exp(lambda3*xi), -exp(-lambda3*xi)], 

[0, 0, tau*dAn(tau*(eta - xi)), tau*dBn(tau*(eta - xi)), lambda3*exp(lambda3*xi), -

lambda3*exp(-lambda3*xi)],[0, 0, 0, 0, 1, 1]]): 

 

C := Vector([1/2, 

eta^2/2, 

eta, 

1/(M3*lambda3^2) - Pi/(2*sqrt(p)*sin(p*Pi)*M2*tau^2)*Nn(tau*(eta - xi)), 

-Pi/(2*sqrt(p)*sin(p*Pi)*M2*tau)*dNn(tau*(eta - xi)), 

-1/(M3*lambda3^2)]): 

 

S := (𝑋−1) . C: 

c1 := S[1]:  

d1 := S[2]: 

c2 := evalf(S[3]): d2 := evalf(S[4]): 

c3 := evalf(S[5]): d3 := evalf(S[6]): 

 

Step 6: Define Piecewise Solutions  

u1 := x -> -1/2*x^2 + c1*x + d1:                              # Region I 

u2 := x -> c2*An((eta - x)*tau) + d2*Bn((eta - x)*tau) +             # Region II 

1/2*Pi*Nn((eta - x)*tau)/(sqrt(p)*sin(p*Pi)*M2*tau^2): 

u3 := x -> c3*exp(lambda3*x) + d3*exp(-lambda3*x) + 1/lambda3^2: # Region III 

 

Step 7: Numerical Evaluation and Visualization: 

 

xvals := [seq(xi + (eta - xi)*i/K, i = 0 .. K - 1)]: 

points := [seq([x, u2(x)], x in xvals)]: 

P1 := plot(u1(x), x = eta .. 1, color = black): 

P2 := pointplot(points, symbol = point, symbolsize = 1, color = black): 

P3 := plot(u3(x), x = 0 .. xi, color = black): 

P := display(P1, P2, P3): 

tf := plottools:-transform((x, y) -> [y, x]): 

plots:-display(tf(P), labels = [“u(y)”, “y”]): 
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