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Abstract: In a recent paper, denoted by MG24 in this text, we used a modified Korteweg–de
Vries (KdV) equation to describe the evolution of wind-driven water wave packets in
shallow water. The modifications were several forcing/friction terms describing wave
growth due to critical-level instability in the air, wave decay due to laminar friction in the
water at the air–water interface, wave growth due to turbulent wave stress in the air near
the interface, and wave decay due to a turbulent bottom boundary layer. The outcome
was a KdV–Burgers type of equation that can be a stable or unstable model depending on
the forcing/friction parameters. In most cases that we examined, many solitary waves are
generated, suggesting the formation of a soliton gas. In this paper, we extend that model
in the horizontal direction transverse to the wind forcing to produce a similarly modified
Kadomtsev–Petviashvili equation (KPII for water waves in the absence of surface tension).
A modulation theory is described for the cnoidal and solitary wave solutions of the unforced
KP equation, focusing on the forcing/friction terms and the transverse dependence. Then,
using similar initial conditions to those used in MG24, that is a sinusoidal wave with a
slowly varying envelope, but supplemented here with a transverse sinusoidal term, we
find through numerical simulations that the radiation field upstream is enhanced, but that
a soliton gas still emerges downstream as in MG24.

Keywords: wind wave; KP equation; wave packets; shallow water; modulation thoery;
soliton gas; air-water interface

1. Introduction
The Korteweg–de Vries (KdV) equation is widely used to model surface waves in

shallow water. However, there has been surprisingly little interest in using it to study
wind-generated waves. Recent notable exceptions are the examination of ocean data
by Costa et al. [1], and the works by Zdyrski and Feddersen [2], Manna and Latifi [3]
using an unstable KdV–Burgers equation, that is, a KdV equation with a wind-forcing term.
Recently, we used a similar approach in Maleewong and Grimshaw [4] (hereafter referred to
as MG24). We derived and analysed a KdV equation modified with several forcing/friction
terms. These represented the critical-level instability theory of Miles [5] for the growth of
wind waves; a forcing term modelling turbulent wave stress in the air at the water surface;
and two frictional terms, a laminar boundary layer at the water surface and a model of
turbulent bottom stress. For wind waves, a major feature of the KdV equation is that it
is uni-directional, and a widely used extension is the Kadomtsev–Petviashvili equation
(KPII for water waves in the absence of surface tension), which accounts for weak spatial
dependence in the transverse direction. Hence, here we extend our derived KdV–Burgers
equation to a KP–Burgers equation, containing the same forcing/friction terms.
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Like the KdV equation, the KP equation is integrable with multi-soliton solutions
and many fascinating soliton interactions, sometimes called web-solutions; see Biondini
and Pelinovsky [6], Chakravarty and Kodama [7], and the many papers by these latter
authors and their colleagues. However, these are not directly our concern here; instead,
our purpose is to examine how the soliton gas solutions found in MG24 behave under
transverse perturbation using our KP–Burgers extension of the KdV–Burgers equation. We
note that the KdV solitary wave is stable in the KPII framework.

In Section 2, we present the KP–Burgers equation with forcing/friction modifica-
tions as developed in MG24. Then, in Section 3 we describe wave propagation, using an
analogous approach to that in MG24. In Section 3.1, we present the well-known cnoidal
wave and solitary wave solutions of KPII. Then, in Section 3.2 we present the Whitham
modulation theory, using the conservation laws for mass and energy together with that
for conservation of waves. In Section 3.3, we describe a modulated solitary wave train.
Then, in Section 4 we present some numerical simulations of the KP–Burgers equation, and
compare the outcomes with the modulation theory. The numerical scheme is described in
the Appendix A. We conclude with a summary and discussion in Section 5.

2. KP–Burgers Equation
The KP–Burgers (KPB) equation is obtained by adding a weak y-dependence to the

KdV–Burgers (KdVB) equation of MG24. The outcome is expressed here in the same
non-dimensional variables as in MG24.

ut + 6uux + uxxx + vyy = F(u) , vx = u , (1)

F(u) = −µ1uxx − µ2(u3)xx − µ3u . (2)

µ1,2,3 =
{

K
[
3 ρa

ρw
β W2

r
C2 − 12κ

hC

]
, 2

K
ρa
ρw

cd
hU2

a
A0C2 , 2K frCD

A0
h

}
. (3)

The left-hand side on its own is the well-known KPII equation, and like its KdV counterpart
is expressed in a reference frame moving in the positive x-direction with the linear long-
wave speed. The full linear dispersion relation for water waves expressed in dimensional
variables is, in the absence of surface tension, ω2 = gκ tanh (κh) in water of depth h,
with wavenumbers k and l in the x- and y-directions, and κ2 = k2 + l2. To obtain the
KdV and KP limits, this is expanded around ω = Ck, C2 = gh for small k and l, yielding
ω ≈ C(k − k3h2/6 + l2/k). Reverting to time and space variables yields the linear terms
on the left-hand side of Equation (1), expressed here in the scaled, non-dimensional time
and space variables t, x, y. The nonlinear term is found by a well-known asymptotic
amplitude expansion, and u is a non-dimensional scaled wave amplitude. The spatial
domain is −∞ < x < ∞, −∞ < y < ∞, with zero boundary conditions at infinity. In the
numerical simulations, these domains are replaced by −PX < x < PX and −PY < y < PY,
with periodic boundary conditions and with frictional sponge layers added near the x, y
boundaries, analogous to that used in MG24 for the KdVB equation.

The forcing/friction term F(u) on the right-hand side of Equation (1) is the same as in
MG24. Summarising briefly, as above, C = (gh)1/2 is the dimensional linear long-wave
speed, h is the undisturbed depth, ρa,w are the air/water densities, respectively, κ is the
kinematic viscosity, cd is a wind surface drag coefficient, CD is a bottom drag coefficient,
A0 is a typical wave amplitude, Wr is a reference wind velocity introduced by Miles [5], Ua

is a scaling velocity for the surface wave stress in the air, and K and fr are numerical factors
introduced to make the non-dimensional scaling suitable for shallow-water waves of small
amplitude. The first term in F(u) has two parts: the first part is due to the critical-level
instability of Miles [5], and the second part describes damping due to a laminar frictional
boundary layer at the water surface. The second term describes a nonlinear instability due
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to turbulent wave stress in the air at the interface. The third term is a decay term modelling
turbulent bottom stress.

The initial condition u(x, y, t = 0) = u0(x, y) is a sinusoidal function designed to
produce a wave packet, with many solitary waves, resembling a soliton gas as found in the
KdVB simulations of MG24. The initial conditions reported here are as follows:

(A) : u0(x, y) = A cos (k0x) cos (l0y),

(B) : u0(x, y) = A cos (k0x) + ϵ cos (loy).
(4)

A > 0 is the initial wave amplitude, and k0, l0 are the initial wavenumbers. Both cases
(A) and (B) are symmetric in y, and have zero mean in the x- and y-directions. Case (B),
with 0 < ϵ ≪ A, is a small y-dependent perturbation to the x-dependent initial condition
of MG24. In the numerical simulations, which are on a periodic domain [−PX < x <

PX , −PY < y < PY], the initial condition is combined with envelopes ENV(x) and ENV(y)
with long length scales LX,Y such that 2π/k0 ≪ LX ≪ PX and 2π/l0 ≪ LY ≪ PY. We
usually set k0 = 1, as in MG24, corresponding in dimensional coordinates to a 5-second
wave in water of depth 10 m, while l0 varies in the range [0, 1]. ENV(x) is chosen so
that u = 0 at x = ±PX; see Section 4. In most cases, ENV(y) is omitted; that is, we set
ENV(y) ≡ 1 and apply periodic boundary conditions at y = ±PY.

The expression for v in terms of u is best given by the symmetric integral Ablowitz
and Villarroel [8]:

v = 1
2 (
∫ x
−∞ u dx −

∫ ∞
x u dx) =

∫ x
−∞ u dx − 1

2 M = −
∫ ∞

x u dx + 1
2 M , (5)

M =
∫ ∞
−∞ u dx = ±2v(x → ±∞) . (6)

M is the mass along the x-direction and in general depends on y, t. But here Equation (1),
like the unforced KP equation, has a mass constraint, Myy = 0, t > 0 , obtained by letting
x → ±∞ in Equation (1). This in turn implies that M is independent of y for t > 0. Further,
the boundary conditions as y → ±∞ then show that M = 0, t > 0. Although the initial
condition Equation (4) may not satisfy this constraint, ref. Molinet et al. [9] showed that
nevertheless the solution of Equation (1) satisfies the constraint in all t > 0. Physically,
the mass travels to infinity in the y-direction infinitely fast at t = 0+. When the boundary
conditions at infinity are replaced by periodic boundary conditions, M =

∫ PX
−PX

u dx, and
again M is independent of y for t > 0, and imposing the condition that u = 0, y = ±PY

yields M = 0, t > 0. But if instead it is only required that u is periodic in [−PY, PY], then M
can vary with t. The global mass is M =

∫ ∞
−∞ M dy and is likewise zero for t > 0, except

for purely periodic boundary conditions at y = ±PY.
The KPB Equation (1) has an energy conservation law:

(
u2

2
)t + (2u3 − 3u2

x
2

−
v2

y

2
+

u2

2
)xx + (uvy)y = uF(u) . (7)

Hence, we define an energy along the x-direction,

E =
∫ ∞

−∞

u2

2
dx , (8)

and then obtain the energy law:

Et +
∂

∂y

∫ ∞

−∞
uvy dx =

∫ ∞

−∞
uF(u)dx . (9)
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The global energy is E =
∫ ∞
−∞ E dy and is conserved when there is no forcing/friction term,

F(u) = 0; otherwise it grows or decays depending on the sign of the domain integral of
uF(u).

The KPB equation (1) can be reduced to a KdVB equation by seeking solutions which
depend only on the time t and the slanted coordinate X:

ut + 6uuX + uXXX = F(u) , X = x −κ2t +κy . (10)

κ is the slope relative to the x-axis and is a constant in this reduction. Hence, the modulated
solitary and cnoidal waves in the KdV–Burgers equation of MG24 are solutions here in the
slanted coordinate X.

3. Wave Propagation
3.1. Cnoidal Waves

In the absence of the forcing/friction terms, the KP–Burgers Equation (1) reduces
to the KP equation when it has well-known periodic and solitary wave solutions, the
same as in the KdV equation, but propagation at an angle to the x-axis; see Biondini and
Pelinovsky [6], Osborne [10], Ablowitz et al. [11], Grava et al. [12], Ryskamp et al. [13] for
comprehensive accounts and modulation theory. Here, our concern, as in MG24, is the
effect of the forcing/friction term F(u) on the wave evolution. Hence, we use the Whitham
modulation approach of averaging conservation laws, noting that Osborne [10], Ablowitz
et al. [11], Grava et al. [12], Ryskamp et al. [13] exploited the integrability of the unforced KP
equation in various ways, a technique not available here due to the forcing/friction term.

As is customary in modulation theory, we assume that the wave parameters, ampli-
tude, wavenumbers, etc., vary slowly with x, y, t; formally, a small parameter should be
used to define this slow variation but it is not explicitly used here, although we note that it
would not be connected to the small parameters implicitly used in the derivation of the
KPB Equation (1). First, we define a phase θ(x, y, t) with wavenumbers k, l and frequency
ω = kV, where

θx = k, θy = l, θt = −ω = −kV . (11)

where V(1 + S2)−1/2 is the phase speed in the direction (k, l) normal to the wave front, and
S = l/k is the slope of the wave front. The equations for conservation of waves come from
eliminating θ from Equation (11):

kt + (kV)x = 0 , lt + (kV)y = 0 , ky = lx . (12)

The modulation equation for S is

St + VSx − SVx + Vy = 0 . (13)

Equation (13) is formally independent of the magnitudes of k and l but depends on the
other wave parameters which are contained in V.

The remaining modulation theory parallels that in MG24 for the KdVB equation, but
is briefly summarised here for convenience. Thus, we seek a modulated wave of the form
u = u(θ, x, y, t) which is periodic in θ with period 2P = 2π and where the dependence on
x, y, t is slowly varying and expressed through the wave parameters. We define a wave
average by

< [· · · ] >=
1

2P

∫ P

−P
[· · · ] dθ . (14)
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The wave is then decomposed into a periodic wave û with zero mean, and a mean level D:

u = û(θ, x, y, t) + D(x, y, t) , < û >= 0, D(x, y, t) =< u > . (15)

We recall that the explicit x, y, t dependence in û, D is slowly varying. Correspondingly,
v = ux is decomposed into a periodic wave v̂ with zero mean and a mean level D̃:

v = v̂(θ, x, y, t) + D̃(x, y, t) , kv̂θ + v̂x = û, D̃x = D . (16)

From the energy Equation (9), we define the wave energy by

E =<
û2

2
> , (17)

which is a slowly varying function of x, y, t.
On extracting the fast dependence on θ, the KPB Equation (1) reduces at leading order

in the implicit slow variation to

−(V − 6D)ûθ + 3(û2)θ + k2ûθθθ − S2ûθ = 0 . (18)

The same outcome comes from the KdV equation (10), with θ expressed in terms of the
slanted coordinate X = x − S2t + Sy, with no other fast y-dependence; the slope κ in
Equation (10) is now replaced with S. That is, θ = Θ(X, t) and then Θt = −kV − kS2,
ΘX = k. In effect, if V + S2 is replaced by V, then Equation (18) is the same equation as
that used in MG24 to describe the modulated cnoidal wave. Hence, here this is given by

û = A{b + cn2(γθ; m)} , b = − < cn2 >= 1−m
m − E(m)

mK(m)
, (19)

A = 2 m Γ2 , V + S2 = 6D + 4Γ2
{

2 − m − 3E(m)
K(m)

}
, Γ = γk . (20)

At leading order, the corresponding expression for v̂ is found from Equation (16), kv̂θ = û.
In Equations (19) and (20), cn(x; m) is the Jacobi elliptic function of modulus m (0 < m < 1)
and K(m), E(m) are the complete elliptic integrals of the first and second kinds, respectively.
The cnoidal wave Equation (19) is periodic in θ with a period 2π = 2K(m)/γ, which defines
γ = K(m)/π. The wave energy is given by

E =<
û2

2
>=

A2

2
(C4 − b2) , C4 =< cn4 > . (21)

The expression C2n =< cn2n > , n = 1, 2, · · · is used here as in Grimshaw and Yuan [14]
and in MG24, and depends only on the modulus m.

When the modulus m → 0, cn(x; m) → cos (x), γ → 1/2, b → −1/2 and the cnoidal
wave Equation (19) collapses to a linear sinusoidal wave:

û =
A
2

cos (θ), v̂ =
A
2k

sin (θ), V +
l2

k2 = 6D − k2, E =
A2

16
. (22)

On the other hand, when the modulus m → 1, cn(x; m) → sech(x), K(m), E(m) → ∞, 1
and b → 0. The cnoidal wave Equation (19) becomes a solitary wave train, defined on a
periodic lattice, and riding on a background level D.

û = A sech2(γθ), v̂ =
A
Γ

tanh (γθ), A = 2Γ2 , V + S2 = 6D + 4Γ2 . (23)
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In this limit, γ → ∞, k, l,→ 0 but Γ = γk and S = l/k stay finite. E → 0 but E = E/k
remains finite and is given by

2πE =
2A2

3Γ
=

8Γ3

3
=

(2A)3/2

3
. (24)

3.2. Modulated Waves

The cnoidal wave parameters [A, Γ, V, m, D, k, l] are slowly varying functions of (x, y, t)
and are reduced to four by the relations in Equation (20). Similarly to MG24’s equations,
describing their evolution are the two wave conservation equations (12) and two equations
describing the conservation of mass and energy.

The conservation of mass equation is found from the wave average of Equation (1)
and yields an equation for the mean level D:

Dt + (3D2 + 6E)x + D̃yy =< F(u) >= −µ3 D , D̃x = D . (25)

The slowly varying terms Dxxx (on the left-hand side) and −µ1Dxx, −µ2 < η3 >xx (on the
right-hand side) have been omitted because they are much smaller than the retained terms
due to the slow variations in x, y, t. The effect of the bottom stress term with coefficient µ3

is expected to cause D → 0 as t → ∞, most clearly evident when D and E depend only on
t. The final modulation equation is found by taking the wave average of the conservation
of energy, Equation (9), expressed here in terms of û and D, with Dt eliminated using
Equation (25):

Et + (U + 6DE)x + 6EDx + Vy =< ûF̂ >, E = A2/2(C4 − b2), (26)

U =< 2û3 − 3û2
x

2 − v̂2
y

2 >, V =< ûv̂y >, (27)

F̂ = F− < F > , < ûF̂ >= µ1 < û2
x > +3µ2 < û2

xη2 > −µ3 < û2 > . (28)

Note that E depends only on A and m. Next, using the cnoidal wave Equation (19) the x
and y fluxes are given by

U = A2Γ2[−8mb3 + 12mbC4 + 4mC6 − 6(1 − m)(C2 − C4)

+ 6m(C4 − C6)]−
S2 A2

2
(C4 − b2),

V = SA2(C4 − b2) , E =
A2

2
(C4 − b2) .

(29)

When m → 0, E → A2/16, U → −(3k2 + l2/k2)E and V → 2l/kE, corresponding
to a linear frequency of 6Dk − k3 + l2/k and hence a group velocity with components
6D − (3k2 + l2/k2) and 2l/k, in the x- and y-directions, respectively.

On the other hand, when m → 1, E,U ,V → 0. Since E → 0, the mean-level
Equation (25) reduces to an equation for D(x, y, t) alone and yields a solution indepen-
dently of the other modulation parameters. Hence, D can be regarded as known in this
limit. In order to simplify the subsequent analysis of a modulated solitary wave train, we
set D = 0 in the following analysis unless stated otherwise. As in Grimshaw and Yuan [14],
in the limit m → 1 it is necessary to take account of terms proportional to K(m)−1, where
K(m) → ∞, noting that γ = K(m)/π , k → 0 and Γ = γk stays finite. The outcome is found
after replacing E with E = E/k in Equation (26):

Et + VEx + 2SEy + 2SE ly
l = FS , V + S2 = 4Γ2 , 2πE = 8Γ3

3 , (30)

FS = µ1
64 Γ5

15 + µ2
2048 Γ7

105 − µ3
16 Γ3

3 . (31)
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As in MG24, FS is the solitary wave train limit of < ûF̂ > /k. The last term on the right-
hand side of Equation (30), proportional to ly/l, is unexpected. Although k, l → 0 in this
limit, ly/l and S may remain finite.

3.3. Solitary Wave Train

For a solitary wave train, the modulation equations are Equations (13) and (30),
combined with an equation for the wavenumber l if needed. If there is no x, y-dependence,
then S, l are constants and solutions can be found which depend on t only. These are
described in MG24 and represent wave growth for the terms in µ1 > 0, µ2 and wave decay
for the terms in µ1 < 0, µ3.

In order to examine the effect of y-dependence in the system of Equations (13) and
(30), we seek solutions S and Γ, which depend only on t, y. Since with this assumption k is
a constant, l ∝ S , and the system becomes

St − 2SSy + 8ΓΓy = 0 ,

Γt + 2SΓy +
2ΓSy

3
= GS =

FS
16πΓ2 .

(32)

The system has a symmetry, S → −S, y → −y, and so henceforth in the remainder of this
subsection we assume that S ≥ 0. In terms of Riemann invariants, the system becomes

R±
t + V±R±

y = R±
Γ GS , V± = ±H , H = {4S2 +

16Γ2

3
}1/2

where R± = R±(S, Γ), (−2S ∓ H)R±
S +

2Γ
3

R±
Γ = 0 .

(33)

We note that V± ≷ 0 and V+ = −V−, and so R+ and R− propagate in the positive and
negative y-directions, respectively. In the absence of the forcing/friction term on the right-
hand side, we may set R− = constant, leaving a solvable Hopf equation for R+, describing
propagation in y > 0 with speed V+ > 0, which can then be expressed as a function of R+.

Since Equations (13), (30) and (33) for R± seem not to be exactly integrable, we
examine two limiting cases. First, suppose that Γ2 ≪ S2, when H ≈ 2S + 2Γ2/3S. Then,
suitable Riemann invariants are R+ ≈ 4 log S − log (Γ)/3, R− ≈ S2 − Γ2. In the reduction,
R− = constant and R+ ≈ 3 log S. As S increases, Γ increases, and consequently R+, V+

increases. Secondly, suppose that Γ2 ≫ S2 when H ≈ (16/3)1/2Γ. Then, suitable Riemann
invariants are R± ≈ Γ ± (12)1/2S. In the reduction, R− = 0, R+ ≈ 2Γ. Again, as Γ
increases, S increases, and consequently R+, V+ increases. We conclude from the qualitative
agreement between these two approximations that, in general, a y-modulation will lead to
an increase in the amplitude 2Γ2 and an increase in the slope S.

Finally, we suppose that the system of Equations (13) and (30) depends only on t, X,
where X = x −κ2t +κy: The same transformation with constant slope κ used to reduce
the KPB equation (1) to the KdVB equation (10) but now applied to the slow variables x, y, t.
The outcome is

St + (V −κ2)SX − (S −κ)VX = 0 , (34)

Et + (V −κ2 + 2Sκ)EX = FS . (35)

Equation (34) has a solution S = κ and then Equation (35) reduces to the same modulated
solitary wave train analysed in MG24. The conclusions obtained there can now be applied
here. Briefly, in the absence of the forcing/friction term, FS = 0, Equation (35) is a nonlinear
hyperbolic equation which can be implicitly solved with Riemann invariants with possible
wave steepening. The effect of the forcing/friction term is to cause wave growth or decay
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depending on the relative magnitudes of the coefficients µ1,2,3. Briefly, on its own, the term
with coefficient µ1 causes Γ → ∞, 0 according to µ1 ≷ 0 on a timescale proportional to
|µ1|−1; the term with coefficient µ2 causes Γ → ∞ on a timescale proportional to µ−1

2 ; the
third term, with coefficient µ3, causes exponential decay to zero on a timescale proportional
to µ−1

3 .

4. Numerical Simulations
The numerical scheme to solve the KPB equation (1) is a spectral Fourier method

with an integrating factor technique; see Klein and Roidot [15]. The periodic domain
along the x, y-axes is [−PX, PX ], [−PY, PY]. We use a large domain in the x-direction,
so PX is large, but we vary PY ≤ PX, but it is also large. The code was success-
fully tested using the known multi-soliton solutions of the unforced KPII equation;
see Chakravarty and Kodama [7], Kao and Kodama [16], for instance. A description of the
code is in Appendix A.

In the numerical simulations, the initial conditions, Equation (4), are expressed on the
periodic domain:

u0(x, y) = ENV(x)ENV(y)SIN(x, y) ,

(A) : SIN(x, y) = A cos (k0x) cos (l0y) ,

(B) : SIN(x, y) = A cos (k0x) + ϵ cos (l0y) ,

ENV(x) = sech(x/LX)SMO(x) , ENV(y) = sech(y/LY)SMO(y) ,

SMO(x) = exp {1 − P2
X(P2

X − x2)−1} , SMO(y) = exp {1 − P2
Y(P2

Y − y2) −1} .

(36)

SIN(x, y) is the sinusoidal function in Equation (4) of Section 1, with wavenumbers k0

and l0. As anticipated in Section 1, ENV(x) and ENV(y) are wave envelopes with length
scales 2π/k0 ≪ LX ≪ PX and 2π/l0 ≪ LY ≪ PY. SMO(x) and SMO(y) are smoothing
functions designed to ensure that u = 0 on and near the boundaries x = ±PX and y = ±PY.
In an infinite domain, PX , PY → ∞, SMO(x), SMO(y) ≡ 1. In some of the displayed results,
we removed ENV(y); that is, we set ENV(y) ≡ 1 and used periodic conditions at y = ±PY.
In general, we expect the solutions of Equation (1) to have emerging wavenumbers k, l such
that l2 ∼ k4, and so we choose k0, l0 accordingly. As advised in Section 1, we set k0 = 1 as
in MG24, corresponding in dimensional coordinates to a 5 s wave in water of depth 10 m,
while l0 varies in the range [0, 1].

We show only a representative sample of the numerical results, in which the sponge
layer in the x-direction is Equation (A7), with settings ν = 1, κ̂ = 0.05, and wd = 1.7; a plot
of the sponge layer is shown in Figure 1; there is no sponge layer in the y-direction in the
displayed results. Cases 1 and 2 use the initial condition A and case 3 the second initial
condition, B. After testing the sensitivity of the numerical resolution, we set PX = 200π

and PY = 10π, the numbers of Fourier modes are NX = 212 and NY = 26, and the time step
is dt = 0.01 for all cases shown.

Case 1: k0 = 1, l0 = 1, A = 1, with ENV(x) and LX = 60, so that the initial condition,
Equation (36), is u0(x, y) = sech(x/60) cos(x) cos(y). The results at various times for un-
forced cases µi = 0 are shown in Figure 2. The initial y-dependent sinusoidal function
cos (y) shapes the large radiation field in the y-direction, while in the x-direction it is
primarily due to the envelope ENV(x), and moves upstream, leaving the formation of a
soliton gas downstream, which has no perceptible y-dependence, as clearly seen at t = 300.
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Figure 1. The sponge layer near the ends of the x-domain.

(a) (b)

(c) (d)

Figure 2. Case 1: The initial condition is u0(x, y) = sech(x/60) cos(x) cos(y), µi = 0. (a) Perspective
at t = 0; (b) zoom at t = 0, (c) t = 100, and (d) t = 300.

Case 2: k0 = 1, l0 = 0.1, A = 1, with ENV(x) and LX = 60, so that the initial condition,
Equation (36), is u0(x, y) = sech(x/60) cos(x) cos(0.1y). The difference from case 1 is that
l0 is greatly reduced, and in the sub-cases to follow we consider µi ̸= 0. Surface plots of
unforced cases, µi = 0, are shown in Figure 3 and the wave elevations along the x-axis when
y = 0, both at various times, are shown in Figure 4. The outcome is similar to case 1 but
with a slower sinusoidal y-dependence in the initial condition, which leads to some noise
in the y-direction in the radiation field. However, this does not affect the y-independent
soliton gas emerging downstream, as can be seen at t = 300.

We also tried a case when the initial condition had a mean level; that is, u0(x, y) =
sech(x/60)(0.5 + cos(x) cos(0.1y)), µi = 0. The outcome, is comparable with case 2 above,
and downstream solitons emerge as in MG24. We note here that if the x-envelope is replaced
with a y-envelope, that is, u0(x, y) = sech(y/60) cos(x) cos(0.1y), then high oscillations
propagate in the y-direction.
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(a) (b)

(c) (d)

Figure 3. Case 2: The initial condition is u0(x, y) = sech(x/60) cos(x) cos(0.1y), µi = 0. (a) Perspec-
tive at t = 0; (b) zoom at t = 0, (c) t = 100, and (d) t = 300.
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Figure 4. Case 2: The initial condition is u0(x, y) = sech(x/60) cos(x) cos(0.1y), µi = 0. The wave
elevation along the x-axis when y = 0 and (a) t = 0, (b) t = 50, (c) t = 100, and (d) t = 300.
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Case 2.1: k0 = 1, l0 = 0.1, A = 1, µ1 = 0.001, µ2,3 = 0, with ENV(x) as in case 2, so that
the initial condition is again u0(x, y) = sech(x/60) cos(x) cos(0.1y). The results at various
time are shown in Figure 5. This is similar to case 2, but with the expected wave growth
due to µ1 > 0.

Case 2.2: k0 = 1, l0 = 0.1, A = 1, µ1 = −0.001, µ2,3 = 0, with ENV(x) as in case 2, so that
the initial condition is again u0(x, y) = sech(x/60) cos(x) cos(0.1y). The results at various
times are shown in Figure 6. This is similar to case 2, but with the expected wave decay
due to µ1 < 0.

(a) (b)

Figure 5. Case 2.1: The initial condition is u0(x, y) = sech(x/60) cos(x) cos(0.1y), µ1 = 0.001,
µ2,3 = 0. (a) t = 100 and (b) t = 300.

(a) (b)

Figure 6. Case 2.2: The initial condition is u0(x, y) = sech(x/60) cos(x) cos(0.1y), µ1 = −0.001,
µ2,3 = 0. (a) t = 100 and (b) t = 300.

Case 2.3: k0 = 1, l0 = 0.1, A = 1, µ2 = 0.001, µ1,3 = 0, with ENV(x) as in case 2, so that the
initial condition is again u0(x, y) = sech(x/60) cos(x) cos(0.1y). The results at various times
are shown in Figure 7. This is similar to case 2, but with the expected growth due to µ2 > 0.

Case 2.4: k0 = 1, l0 = 0.1, A = 1, µ3 = 0.001, µ1,2 = 0. with ENV(x) as in case 2, so that
the initial condition is again u0(x, y) = sech(x/60) cos(x) cos(0.1y). The results at various
times are shown in Figure 8. This is similar to case 2, but with the expected decay due to µ3 > 0.

Case 2.5: k0 = 1, l0 = 0.1, A = 1, µ1,2,3 = 0.001, with ENV(x) as in case 2, so that the initial
condition is again u0(x, y) = sech(x/60) cos(x) cos(0.1y). The results at various times are
shown in Figure 9. This case shows the dominant effect from bottom friction µ3 over µ1,2,
since the wave amplitude is decaying and the growth factors are suppressed, similar to the
behaviour in MG24.
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(a) (b)

Figure 7. Case 2.3: The initial condition is u0(x, y) = sech(x/60) cos(x) cos(0.1y), µ1,3 = 0, µ2 =

0.001. (a) t = 100 and (b) t = 300.

(a) (b)

Figure 8. Case 2.4: The initial condition is u0(x, y) = sech(x/60) cos(x) cos(0.1y), µ1,2 = 0, µ3 =

0.001. (a) t = 100 and (b) t = 300.

(a) (b)

Figure 9. Case 2.5: The initial condition is u0(x, y) = sech(x/60) cos(x) cos(0.1y),
µ1 = µ2 = µ3 = 0.001. (a) t = 100 and (b) t = 300.

Maximum amplitude, case 2: Figure 10 shows the tracking of the maximum value of
u(x > 0, y = 0, 0 < t < 300), compared with the modulation theory of Section 3.3. Since
the downstream solitons are apparently independent of y, the growth and decay rates are
from the expressions in MG24. Overall, the maximum amplitudes are about half those in
MG24, due to the greater radiation field.

Case 3: k0 = 1, l0 = 0.1, A = 1, ϵ = 0.2, with ENV(x) and LX = 60, so that the initial
condition, Equation (36), is u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)). Surface plots of
unforced cases, µi = 0, are shown in Figure 11 at various times and the wave elevations
along the x-axis when y = 0 are shown in Figure 12. The outcome is different to cases 1
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and 2, with more oscillations in x of the generated train of solitons downstream, leading to
a y-independent soliton gas emerging downstream, as can be seen at t = 200. The soliton
amplitudes are larger than in cases 1 and 2. The amplitudes of the solitons in case 3 is
about 0.8, comparable with MG24, while it is about 0.3–0.4 in cases 1 and 2. Hence, the
soliton speeds are larger, and we stop the simulation at an earlier time, t = 200, to avoid
the solitons approaching the right-hand x-boundary, where the sponge layer is applied.
This is to avoid a misunderstanding in the tracking of the maximum soliton amplitude
downstream.

Case 3.1: k0 = 1, l0 = 0.1, A = 1, ϵ = 0.2, µ1 = 0.001, µ2,3 = 0, with ENV(x) as in case 3, so
that the initial condition is again u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)). The results
at various times are shown in Figure 13. This is similar to case 3, but with the expected
wave growth due to µ1 > 0.

Case 3.2: k0 = 1, l0 = 0.1, A = 1, ϵ = 0.2, µ1 = −0.001, µ2,3 = 0, with ENV(x) as in case
3, so that the initial condition is again u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)). The
results at various times are shown in Figure 14. This is similar to case 3, but with the
expected wave decay due to µ1 < 0.

Case 3.3: k0 = 1, l0 = 0.1, A = 1, ϵ = 0.2, µ2 = 0.001, µ1,3 = 0, with ENV(x) as in case 3, so
that the initial condition is again u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)). The results
at various times are shown in Figure 15. This is similar to case 3, but with the expected
growth due to µ2 > 0.
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Figure 10. The initial condition is u0(x, y) = sech(x/60) cos(x) cos(0.1y), tracking the maximum
value of u(x > 0, 0, t). (a) µ1 = 0.001, µ2 = 0, µ3 = 0; (b) µ1 = 0, µ2 = 0.001, µ3 = 0; (c) µ1 = 0,
µ2 = 0, µ3 = 0.001; (d) µ1 = µ2 = µ3 = 0.001.
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Case 3.4: k0 = 1, l0 = 0.1, A = 1, ϵ = 0.2, µ3 = 0.001, µ1,2 = 0, with ENV(x) as in case 3, so
that the initial condition is again u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)). The results
at various times are shown in Figure 16. This is similar to case 3, but with the expected
decay due to µ3 > 0.

Case 3.5: k0 = 1, l0 = 0.1, A = 1, ϵ = 0.2, µ1,2,3 = 0.001, with ENV(x) as in case 3, so that
the initial condition is again u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)). The results at
various times are shown in Figure 17.

Maximum amplitude, case 3: Figure 18 shows the tracking of the maximum value of
u(x > 0, y = 0, 0 < t < 200). Case 3, with a perturbation initial condition, leads to larger
amplitudes than in the previous cases 1 and 2, as suggested by the modulation analysis
of Section 3.3. However, the tracking maximum amplitude in case 3 is rather oscillatory,
not monotonic as in case 2, indicating that this small y perturbation has slightly affected
the growth or decay of the soliton amplitudes. Overall, the trends in the growth or decay
rates in MG24 using modulation theory still give an indication of the numerical outcome.
Curiously, when all the forcing terms µi ̸= 0 are applied, the growth or decay of the leading
soliton amplitude is not clearly seen for 100 < t < 150; see Figure 18d. But the appearance
of the maximum amplitude decreasing can be seen when t > 150, starting to show the
effect of µ3.

(a) (b)

(c) (d)

Figure 11. Case 3: The initial condition is u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)), µi = 0.
(a) Perspective at t = 0; (b) zoom at t = 0, (c) t = 100, and (d) t = 200.
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Figure 12. Case 3: The initial condition is u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)), µi = 0. The
wave elevation along the x-axis when y = 0. (a) t = 0, (b) t = 50, (c) t = 100, and (d) t = 200.

(a) (b)

Figure 13. Case 3.1: The initial condition is u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)), µ1 = 0.001,
µ2,3 = 0. (a) t = 100 and (b) t = 200.

(a) (b)

Figure 14. Case 3.2: The initial condition is u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)),
µ1 = −0.001, µ2,3 = 0. (a) t = 100 and (b) t = 200.
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(a) (b)

Figure 15. Case 3.3: The initial condition is u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)), µ1,3 = 0,
µ2 = 0.001. (a) t = 100 and (b) t = 200.

(a) (b)

Figure 16. Case 3.4: The initial condition is u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)), µ1,2 = 0,
µ3 = 0.001. (a) t = 100 and (b) t = 200.

(a) (b)

Figure 17. Case 3.5: The initial condition is u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)),
µ1 = µ2 = µ3 = 0.001. (a) t = 100 and (b) t = 200.
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Figure 18. The initial condition is u0(x, y) = sech(x/60)(cos(x) + 0.2 cos(0.1y)); tracking the
maximum value of u(x > 0, 0, t). (a) µ1 = ±0.001, µ2,3 = 0; (b) µ1 = 0, µ2 = 0.001, µ3 = 0;
(c) µ1 = 0, µ2 = 0, µ3 = 0.001; (d) µ1 = µ2 = µ3 = 0.001.

5. Summary and Discussion
In this paper, we have extended the KdV–Burgers (KdVB) equation presented in [17]

(MG24) to describe the evolution of wind-driven shallow-water waves by incorporating
weak transverse dependence using the well-known Kadomtsev–Petviashvili (KPII) ex-
tension of the KdV equation. The outcome is Equation (1) in Section 2, which we have
called the KP–Burgers (KPB) equation. Our objective is to examine how wind-generated
shallow-water waves evolve in a two-dimensional horizontal space, and how the forc-
ing/friction terms, Equations (2) and (3), in the KPB equation determine wave growth
or decay. As in MG24, the forcing terms are due to the critical-level instability theory
of Miles [5] (coefficient µ1 > 0), and a representation of turbulent wave stress in the air
near the surface (coefficient µ2 > 0). The friction terms are due to a laminar boundary layer
at the water surface (coefficient µ1 < 0), and a representation of turbulent bottom stress
(coefficient µ3 > 0).

Our main aim was to examine the effect of transverse dependence on the soliton gas
found in MG24 for the KdVB equation. Hence, in Section 3 we extended the modulation
theory of MG24 for a periodic wave packet, emphasising, as in MG24, the solitary wave train
limit. Although the modulation equations are now partial differential equations in time
and two horizontal space dimensions, we established using various approximations and
Riemann invariants to show that, as in MG24, the wind forcing coefficient with µ1 > 0 and
wind wave stress with µ2 > 0 cause wave growth, and that dissipation occurs when µ1 < 0,
and that bottom stress with µ3 > 0 causes the wave amplitude to decay exponentially
in time.

Numerical simulations are described in Section 4; the numerical scheme is an
integrating-factor Fourier spectral method, described in the Appendix A. The theoreti-
cal predictions from the modulation theory are confirmed by these numerical simulations,
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using initial conditions, Equation (36), which are transverse modifications of the wave
packet initial conditions used in MG24. We find that the KPB Equation (1) leads to the
generation of a solitary wave train which forms a soliton gas, similar to the findings in
MG24 for the one-dimensional case. The soliton gas remains stable even under transverse
perturbations, although the presence of transverse perturbations amplifies the radiation
field upstream. Interestingly, we note that Ablowitz and Curtis [18] found that a web-
solution of the KPII equation perturbed by a reduction from the Benney–Luke equation
developed an enhanced radiation field.

We conclude that the KdVB equation of MG24 and the KPB Equation (1) studied here
are useful tools for studying wind waves in shallow water. Operationally, wind wave
prediction is commonly based on the Hasselmann equation for the wave spectrum, which
is in turn based on the four-wave resonant interactions in the Zakharov equation. These
equations were developed for water of finite or infinite depth, and Zakharov [19] has
shown that in the shallow-water limit they are formally valid only for |kA| ≪ |kh|2, |kh|3
for narrow or broad wave packets, respectively; here, k, A, and h are the dimensional
wavenumber, amplitude, and depth, respectively. This limitation is quite severe and
suggests that in shallow water a different approach is needed. One possibility is to examine
a Boussinesq system which is isotropic in the horizontal plane, unlike the KdVB equation
or the KPB Equation (1). Ref. Onorato et al. [20] developed a kinetic theory of the original
Boussinesq equations and compared it with the shallow-water limit of the Hasselmann
equation with promising results, although issues about resonances in shallow water remain.
Nevertheless, this would seem to be a fruitful direction for future research.
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Appendix A. Numerical Scheme
The KPB Equation (1) is solved numerically using a spectral Fourier method with

the integrating factor technique; see Klein and Roidot [15]. The periodic domains along
the x and y-axes are [−PX, PX ] and [−PY, PY], respectively, where PX,Y are multiples of π,
PX,Y = (MU)X,Yπ. The number of Fourier modes along the x- and y-axes are denoted by
NX and NY, respectively. The arrays of wavenumbers in the x- and y-directions are denoted
by kx and ky respectively.

We define û(kx, ky, t) to be the two-dimensional Fourier transform F of u. Then,
Equation (1) becomes

ût + 3ikxN1(û) + i

[
−k3

x +
k2

y

kx

]
û = µ1k2

xû + µ2k2
xN2(û)− µ3û , (A1)

where N1(û) = F{[F−1{û}]2} and N2(û) = F{[F−1{û}]3}.
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Let α1 = 3ikx, α2 = −µ2k2
x and c = i

[
−k3

x +
k2

y
kx

]
− µ1k2

x + µ3. In case kx is very small,

|kx| < 10−9, we set c = µ3. Let Û = û exp (ct), then Equation (A1) becomes

dÛ
dt

+ α1 exp (ct)N1(Û exp (−ct)) + α2 exp (ct)N2(Û exp (−ct)) = 0 . (A2)

Equation (A2) is an ordinary differential equation in Û, which can be solved in time by the
Runge–Kutta method. After finding Û, we can find û = Û exp (−ct) and finally can take
the inverse Fourier transform of û to obtain u(x, y, t) at every time step.

The Runge–Kutta method is applied to update the solution in the Fourier space,

Û(kx, ky, t + dt) = Û(kx, ky, t) +
1
6
(k1 + 2k2 + 2k3 + k4), (A3)

where each ki is calculated as follows:

k1 = dt · f (Û, t),

k2 = dt · f (Û +
1
2

k1, t +
1
2

dt),

k3 = dt · f (Û +
1
2

k2, t +
1
2

dt),

k4 = dt · f (Û + k3, t + dt).

(A4)

Here, f represents the combination of the nonlinear functions N1 and N2 in Equation (A2).
To handle aliasing from nonlinear terms, a dealiasing technique is applied when

calculating N1 and N2 in Equation (A3); see Boyd [21]. We define the dealiasing function
by dealias(Û) = Û · mask, where mask is given by

mask(kx, ky) =

1 if |kx| ≤ 2
3

Nx
2 and |ky| ≤ 2

3
Ny
2 ,

0 otherwise.
(A5)

Ûdealias(kx, ky, t) = dealias(Û(kx, ky, t)). (A6)

We then use Ûdealias instead of Û in Equation (A3) when using the dealiasing process.
The boundary conditions in both the x- and y-domains are periodic in the Fourier

basis. Since we investigate envelope waves and trains of solitons mainly travel along the
x-direction, we apply the sponge layer technique to absorb radiating waves moving to the
far field near the x-boundaries while maintaining periodicity. The sponge layer function in
the x-direction is defined by

spg(x) =
ν

2
[1 + tanh(κ̂(x − xm)) + (1 − tanh(κ̂(x + xm)))] (A7)

where xm = wdPXπ/2, wd controls the width of the sponge layer from the ends of bound-
aries, ν is the magnitude of the sponge layer, and κ̂ controls the smoothness. This sponge
function is replicated uniformly across the y-direction. Hence, we obtain the sponge layer
function in two dimensions, denoted by sponge(x, y). We have not applied a sponge layer
in the y-direction, leaving this as periodic in the smaller domain of y.

We cannot apply the sponge layer directly in the Fourier space of the Runge–Kutta
method, and so instead we apply the sponge layer in the physical space. At each time step
after obtaining Û from Equation (A3), we calculate

u = real
(
F−1(Û · e−ct)) . (A8)
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Then, we apply the sponge layer to zero out the updated solutions near the x-boundaries
by

u(x, y, t + dt) = u(1 − sponge(x, y)). (A9)

Finally, u(x, y, t + dt) is transformed back into the Fourier space again to update Û for the
next time step.

In the Fourier spectral space, formally the global mass is M = û(kx = 0, ky = 0),
and there is no equation for Mt; see Equation (A1). As explained in the discussion of the
mass constraint following Equation (6) in Section 2, when we require that u = 0 on the
boundaries y = ±PY, then M = 0. But, as explained there, if we only require that u is
periodic in y, then M can vary with t.
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