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Abstract: The lattice Boltzmann method (LBM) is a finite element and finite volume method
for studying the reaction rate, mass diffusion and concentration of species. We are used the
LBM to investigate the effect of the Damköhler number (Da) and Reynolds number (Re)
on the laminar flow in a channel with an open square cavity and a reactive bottom wall in
two dimensions in a first-order chemical reaction. The reactant A is transported through
the cavity, where it undergoes a reaction on the reactive surface, resulting in the synthesis
of product B. The effect of Da < 1 on the reaction rate is negligible for all investigated
Re values; the generation of product B is slower because of the effect of the momentum
diffusivity on the velocity inside the cavity. For Re = 5 and 1 < Da ≤ 100, the concentration
of B inside the cavity reaches the maximum for Da = 100, and A is absorbed almost entirely
on the bottom of the cavity. In our simulations, we observed that for all values of Re and
Da > 100, the effect of the momentum diffusivity is negligible in the cavity, and the reaction
on the surface is almost instantaneous.

Keywords: lattice Boltzmann; numerical simulation; surface reaction; Damköhler number;
Reynolds number; computational fluid dynamics

1. Introduction
The lattice Boltzmann method (LBM) has become a powerful alternative to the finite

element and finite volume methods for solving different problems in various engineering
applications [1], including heat and mass transfer problems for single and multiphase
flow, blood flow, compressible flows and magnetodynamics and chemical reaction prob-
lems [2–5]. In the present work, the LBM is used to study the problem of a first-order
chemical reaction in an open cavity with a reaction bottom wall. This geometry represents
a microreactor with a simple reaction flow with a chemical reaction in the bottom of the
cavity. In recent years, the LBM has been used as a solution method for different problems
related to heat and mass transfer processes [6–9].

To validate the applicability of the LBM in two dimensions to certain phenomena
related to mass transfer processes, we conducted two simulations in the steady-state regime
for an incompressible fluid flow: for advection–diffusion, a Gaussian pulse was used to
validate the first case using the single-relaxation-time (SRT) LBM [10] and the multiple-
relaxation-time (MRT) LBM [11,12].

The Gaussian pulse problem refers to the evolution of an initial concentration pulse in-
side a rectangular domain with dimensionless length; the initial Gaussian pulse is advected
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with constant velocity in a diagonal line across the domain [13]. We compared the analytical
solution for the Gaussian pulse with the LBM results for the two different grid sizes and
for the MRT and SRT models [14,15]. A deviation with respect to the analytic solution
was observed, with a larger relative error (ε = 0.86%) observed for a larger resolution grid
when the SRT model was used [16]. An improvement was achieved using the MRT model,
resulting in a substantial improvement in the relative error in the final peak concentration
(ε = 0.10%) compared with that predicted by the SRT model [17].

Another simulation was carried out: the Lévêque problem for mass flux. The Lévêque
problem is a simple case of an analysis of the mass transfer through a reactive surface (plate),
where an engineering application is comparable to a chemical catalysis reaction [18]. This
problem consists of a two-dimensional Poiseuille flow fully developed in a laminar region,
with a constant concentration at the entrance of the channel. In the Lévêque problem,
in the region of the catalytic surface, the reaction is assumed to be infinitely fast. The
Sherwood number Sh as a function of the Péclet number Pe, the reference values reported
by Holzbecher [19] and the COMSOL 5.2 software package were used [20]. The reference
results were compared on the basis of the maximum relative error obtained for numerous
simulations (ε = 1.40%).

Finally, the objective in this work was to investigate the effect of the Damköhler num-
ber (Da) and Reynolds number (Re) on the laminar flow in a channel with an open square
cavity and a reactive bottom wall in two dimensions in a first-order chemical reaction
using the LBM. For the numerical simulations, we developed a custom code in Fortran
90, specifically designed and implemented for the Ph.D. project of Burgos-Vergara [21].
The code was built from the ground up to provide a flexible and efficient framework
for simulating fluid dynamics using the LBM. The code allows for the adjustment and
optimization of key parameters, such as the Reynolds and Damköhler numbers, enabling
detailed and accurate simulations under various conditions [21,22]. The validity of the
code was rigorously assessed through multiple simulation cases, including comparisons
with the results obtained from established commercial software and analytical solutions.
This validation process ensures the robustness and reliability of the approach. Further-
more, the results obtained from the custom code were validated against benchmark data
from the literature, particularly the work by Burgos-Vergara et al. [22], which presents a
numerical study of laminar mixed convection in a square open cavity. The validation also
involved comparisons with results from commercial software solutions to further confirm
the accuracy of the simulations.

2. Materials and Methods
2.1. Numerical Method—Lattice Boltzmann Equation

The LBM is an alternative computational method for simulating fluid flow. It is
a predecessor to the lattice gas automata, which were developed from the lattice gas
automaton in the 1990s to solve the Navier–Stokes equation [1,23,24]. This method is
based on the discretization of the Boltzmann equation in time and space so that the set
of discretized velocity distribution functions fi(x,t) for the momentum and Ai(x,t), Bi(x,t)
for the reaction field of species evolve, propagating from node to node in each time step.
Specifically, the LBM is performed in two main steps: during the propagation step, the
particles are forced to move along prescribed lattice directions, whereas the collision step
imposes thermalization with a characteristic time scale after one mean free path.

2.2. Velocity Discretizations for the LBM

Different velocity discretizations for the LBM have been developed; D2Q9 is the
discretization most commonly used for simulations of two-dimensional momentum trans-
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fer [25,26], whereas D2Q4 and D2Q9 are commonly used for the discretization of the
temperature, chemical reaction and momentum fields [27,28]. In the present work, we used
D2Q9 for both the momentum and the chemical reaction grids. The BGK model with SRT,
which is the model usually applied, is sufficient to ensure the stability of the momentum
transfer for the range of Reynolds numbers and Damköhler numbers in our problem. The
BGK model with SRT is usually applied in such cases [10,15]. The distribution functions for
the SRT LBM on a D2Q9 grid are calculated in the following form to solve the momentum
equation:

fi(x + ci∆t, t + ∆t) = fi(x, t)+
1
τ
[ fi

eq(x, t)− fi(x, t)] (1)

where fi is the momentum distribution function, and ci represents the discretized unitary
velocities of the D2Q9 model, c0(0, 0), c1(1, 0), c2(0, 1), c3(−1, 0), c4(0, −1), c5(1, 1), c6(1, 1),
c7(1, 1) and c8(1, 1), as shown in Figure 1.
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Figure 1. D2Q9 model, lattice velocities.

The parameter τ is the dimensional relaxation time that controls the rate at which
equilibrium for the momentum is approached. The kinematic viscosity v is directly related
to the relaxation time parameter τ. These parameters control the stability of the method and
are defined in terms of their respective relaxation times [29,30]. The macroscopic viscosity
is calculated as follows:

v =

(
τ

1
2

)
c2

s ∆t (2)

where cs = c/√3 is the lattice speed of sound, and c = ∆x/∆t (∆x and ∆t are the lattice
space and the lattice time step size, which are set to unity). The equilibrium distribution
functions for momentum fi

eq are given by the following:

fi
eq = ωiρ

1 + 3
ci.u
c2 +

9
2

(
ci.u)

2

c4 − 3
2

u.u
c2

 (3)

where ρ is the local material density, u is the macroscopic velocity and ωi represents the
weights of the D2Q9 model: 4/9 for i = 0; 1/9 for i = 1, 3, 5, 7; and 1/36 for i = 2, 4, 6,
8 [2]. The distribution functions include information about the macroscopic properties (e.g.,
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density, velocity, temperature and concentration). Therefore, fi(x, t) can be used to compute
all of the macroscopic variables, such as density ρ and velocity u, which are calculated
as follows:

ρ(x, t) =
8

∑
i=0

fi(x, t) ρu(x, t) =
8

∑
i=0

ci fi(x, t) (4)

For the concentration fields, two new distribution functions must be used [29,30]. The
LBM equations for species A and B for the D2Q9 model are then expressed as follows:

Ai(x + ci∆t, t + ∆t) = Ai(x, t)+
1

τA
[Ai

eq(x, t)− Ai(x, t)]− Sy (5)

Bi(x + ci∆t, t + ∆t) = Bi(x, t)+
1
τB

[Bi
eq(x, t)− Bi(x, t) ] + Sy (6)

where Ai and Bi are the distribution function equations for the mass transfer of species
A and B, respectively. The source term Sy in the distribution function of Ai is negative to
express that the consumption of reactant A corresponds to the generation of product B. The
source term is calculated as follows [31]:

Sy = ωi kCA (7)

where k is the reaction constant, and CA and CB are the concentrations of reactant A and
product B, respectively. The macroscopic mass diffusivity Dσ is directly related to the
relaxation time parameters τA and τB for each lattice grid and is calculated as follows:

Dσ =

(
τσ

1
2

)
c2

s ∆t; σ = (A, B) (8)

The index σ refers to the different species, and the equilibrium distribution functions
Ai

eq, Bi
eq are defined by the following:

Ai
eq = ωi CA

[
1 +

ci.u
c2

]
(9)

Bi
eq = ωi CB

[
1 +

ci.u
c2

]
(10)

2.3. Boundary Conditions

For boundary conditions, the velocity is specified at the inlet as a uniform flow field
along the channel direction, and the Dirichlet condition is treated using the Zou–He
approach [32,33]. The outlet open boundary condition is used, and full-way bounce-back
is used for the rest of the solid boundaries (north and south) and the other walls of the
cavity [27]. The concentration of the species can be calculated using the following equations:

CA(x, t) =
8

∑
i=0

Ai(x, t) (11)

CB(x, t) =
8

∑
i=0

Bi(x, t) (12)

3. Results and Discussion
3.1. Physical Problem

During the course of the reaction, reactant A is consumed when it contacts the reaction
at the plate, where product B is generated. We assume isothermal conditions and a reaction–
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diffusion dynamic, where both species are simply advected by an external flow. The
geometry of the problem consists of an open cavity with external flow and with the reaction
at the plate located at the bottom wall of the cavity, as shown in Figure 2.
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Figure 2. A scheme of the open cavity with a reactive bottom plate.

The reaction rate is determined through the measurement of concentration, either
when the concentration of A decreases or the concentration of B increases. The consumption
of reactant A is expressed in the following form:

R = −kCA (13)

where k is the reaction constant, and CA and CB are the concentrations of reactant A and
product B, respectively. The flow field is modeled via the LBM with the D2Q9 model. For
the concentration field of species A and B, two new lattice meshes for the mass transfer pro-
cesses are required, along with two new transport equations for the distribution functions
of both species. Additionally, a term for the chemical reactions

(
Sy

)
is added as a source,

which accounts for the rate of production of species B.

3.2. Dimensionless Parameters

The dimensionless parameter characteristic of the problem is the Damköhler number
Da, which is defined as the ratio between the reaction rate and the diffusion rate:

Da =
kδ

DA
(14)

where δ is the characteristic length of the reaction plate, k is the convective mass transfer
coefficient and DA is the diffusion coefficient of species A. The Péclet number Pe can be
determined through a relation between the Reynolds number Re and the Schmidt number
Sc as Pe = ReSc, where Sc is defined as Sc = v/D. Specifically, the Schmidt number is
the ratio between kinematic viscosity and the mass diffusivity D of the substance in the
medium. For instance, the mass diffusivity of CO2 in air is DCO2 = 19 × 10−6, and the
Schmidt number is Sc = 1.14. The value of Sc was fixed at SCA = SCB = 1. The reaction
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rate k can be determined from Da to obtain the source term Sy in Equation (8); this term is
needed in Equations (6) and (7) for Ai and Bi:

k =
Da. DA

δ
(15)

Subsequently, the diffusion coefficient is determined by the following:

DA =
u. δ

Pe
(16)

where u is the characteristic flow velocity; the Péclet number (Pe) is calculated from
Pe = Re.Sc for species A and B, for Re = 1, 2, 5, 7, 10 and Da = 1. The mass transfer
per unit length is characterized by the Sherwood number Sh, which is a dimensionless pa-
rameter. The Sherwood number appears in many correlations, depending on the geometry,
in combination with other dimensionless parameters (e.g., Re or Sc). Several correlations in
the literature can be used for a quick comparison of the results [34,35]. For example, Sh can
be calculated according to the following correlation:

Sh =
k L
D f

= 0.664Re1/2
L . Sc1/3 (17)

where D f is the diffusion coefficient of the component in the fluid, and L is the characteristic
length of the system. The Reynolds number ReL is based on the length of the flat plate (i.e.,
the catalysis region). Meanwhile, the Sherwood number Sh is analogous to the Nusselt
number Nu for heat transfer processes and can be expressed through the gradient of the
dimensionless concentration on the flat plate. Thus,

Sh =
k L
D f

=
∂C
∂Y

[react − wall] (18)

The average Sherwood number (Sh) is calculated as follows:

Sh =
1
L

∫ L

0
Sh dy. (19)

3.3. The Effect of the Reynolds Number on Concentrations

Figure 3 displays the contours of the dimensionless concentrations of A and B for a
Damköhler number equal to 1 and different Reynolds numbers. The generation of B is
controlled by Da for Equation (15). The effect of the Reynolds number in the cavity is such
that the material diffusion of B into the channel decreases with increasing Re (Figure 3a–e);
the concentration of product B is then reduced.

Figure 4 shows a plot of the concentrations of species A (CA) and B (CB) in the center of
the cavity as a function of time. For Re = 1, the saturation concentration occurs as product
B reaches a value of 0.52, and the remaining reactant A reaches a value of 0.48 (Figure 4a).
For Re = 10, the maximum concentration of product B decreases to 0.37, whereas the
concentration of A saturates at 0.63, as shown in Figure 4e,f.
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3.4. The Effect of the Damköhler Number on Concentrations

Figure 5 displays the results of different simulations conducted using different
Damköhler numbers, Da = 0.1, 1.0, 10, 100. The Reynolds number was fixed at Re = 5
to observe the effect of the Damköhler number in the production of substance B. As evi-
dent in Figure 5a–d, an increase in Da caused the concentration of B to increase (and the
concentration of A to correspondingly decrease) in both the cavity and the channel.
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Combining the results for Da = 0.1 (Figure 5a) with those for Da = 100 (Figure 5d)
reveals that, in the first case, the reaction is much slower, and the production of B reaches
a maximum value of 0.06 in the center of the cavity. In the case of Da = 100, the reaction
is much faster, and reactant A is absorbed almost entirely. Notably, the concentration of
product B (CB) reaches a maximum at 0.66 in the center of the cavity, as shown in Figure 6d,e.
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Consequently, a Damköhler number in the range 0.1 < Da ≤ 100 and a Reynolds number in
the range 1 ≤ Re ≤ 10 control the reaction rate on the reactive wall.
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3.5. Effect of Damköhler Number on Sherwood Number

Finally, Figure 7 displays the value of the average Sherwood number for product B
measured on the reaction plate at the bottom of the cavity for different Damköhler numbers
(Da = 0.1, 1.0, 10, 100). The average Sherwood number increases as a function of the increase
in the Damköhler number, rapidly for Da varying between 0.1 and 10 (Figure 7a–c), and
reaches stability for variations in Da greater than 10 (Figure 7e).
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of the cavity, for Re = 5 and Da = 0.1 (a), Da = 1.0 (b), Da = 10 (c) and Da = 100 (d) and the average
Sherwood number as a function of Da (e).

4. Conclusions
Numerical simulations of a first-order chemical reaction in an open square cavity

were carried out using SRT collision models (D2Q9) to study the effect of variations in
the Reynolds number (Re) and Damköhler number (Da) with a concentration flow in two
dimensions. Study flows were analyzed in the incompressible limit as a function of the
Reynolds and Damköhler numbers. In the first case, the Damköhler number was fixed at
1, and different Reynolds number values were used (Re = 1, 2, 5, 7, 10). We observed that
the generation of product B was controlled for the Damköhler number. The effect of the
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Reynolds number was considerable inside of the cavity, such that the diffusion of product B
in the channel decreased with increasing Re as a result of the concentration of B decreasing
as a consequence of the reaction velocity controlled by Da being low with respect to the
flow velocity. In addition, because reactant A did not achieve a complete reaction in the
bottom of the cavity, some of reactant A was carried away by the channel flow. For Re = 10,
we obtained an increase in the concentration of reactant A, which reached a maximum
value of 0.63 inside of the cavity; the concentration of product B reached a maximum value
of 0.37.
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