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Abstract: The general theory is developed for the time-dependent transient electrophoresis of a
weakly charged spherical colloidal particle with an electrical double layer of arbitrary thickness in an
uncharged or charged polymer gel medium. The Laplace transform of the transient electrophoretic
mobility of the particle with respect to time is derived by considering the long-range hydrodynamic
interaction between the particle and the polymer gel medium on the basis of the Brinkman-Debye—
Bueche model. According to the obtained Laplace transform of the particle’s transient electrophoretic
mobility, the transient gel electrophoretic mobility approaches the steady gel electrophoretic mobility
as time approaches infinity. The present theory of the transient gel electrophoresis also covers the
transient free-solution electrophoresis as its limiting case. It is shown that the relaxation time for the
transient gel electrophoretic mobility to reach its steady value is shorter than that of the transient free-
solution electrophoretic mobility and becomes shorter as the Brinkman screening length decreases.
Some limiting or approximate expressions are derived for the Laplace transform of the transient gel
electrophoretic mobility.
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1. Introduction

When an external electric field is suddenly applied to a suspension of colloidal par-
ticles, the particle starts to move with a time-dependent transient electrophoretic mobil-
ity, which reaches steady electrophoretic mobility as time goes to infinity. While there
are many theoretical studies on transient free-solution electrokinetics [1-17], including
transient electrophoresis of spherical hard particles [1,4,6,7,9,13,14,17], cylindrical hard
particles [2,11,16] and soft particles (i.e., polyelectrolyte-coated particles) [12,15], and on
steady gel electrophoresis [18-39] including gel electrophoresis of spherical hard parti-
cles [18-25,28,30-32,34,35], soft particles [26,27,29,33,36-38] and liquid droplets [39], there
are only a few theoretical studies on the transient gel electrophoresis by Saad and Faltas [40],
Saad [41,42], and Sherief, et al., [43]. In the present paper, we further develop the theory
of Saad and Faltus [40] and present the general theory of transient gel electrophoresis of a
weakly charged, spherical solid colloidal particle with an electrical double layer of arbitrary
thickness. There are two types of interactions between the particle and the gel medium:
(i) the short-range steric interaction due to the particle-gel friction, and (ii) the long-range
hydrodynamic interaction. For dilute gels, where the particle size is much smaller than
the gel pore size, the long-range hydrodynamic interaction becomes dominant. In this
paper, we treat a dilute gel medium and consider the long-range hydrodynamic interaction
between the particle and the polymer gel medium on the basis of the Brinkman-Debye—
Bueche model [44,45] and derive an expression for the Laplace transform of the transient
electrophoretic mobility of a spherical solid colloidal particle. From the obtained Laplace
transform of the transient gel electrophoretic mobility, the transient gel electrophoretic
mobility can be derived numerically by using the inverse Laplace transformation.
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2. Theory
2.1. Fundamental Electrokinetic Equations

Consider a charged spherical colloidal particle of radius 2 and relative permittivity e,
carrying zeta potential { in a charged polymer gel medium containing an electrolyte solu-
tion of viscosity 77 and relative permittivity ;. The Brinkman-Debye-Bueche continuum
medium [44,45] is employed, in which polymer segments are considered to be resistance
centers, exerting frictional forces on the liquid flowing through the gel medium. The gel
medium is regarded as a uniform continuum medium, which contains fixed charges of
density pgy, free mobile electrolyte ions of density pei(r) at position r, including added
electrolyte ions and gel counterions. Let the electrolyte be composed of N ionic species of
valence z;, bulk concentration (number density) n;° and drag coefficient A; (i=1,2, ...,
N), and the gel counterions be of N + 1-th ionic species of valence zy.1, bulk concentration
(number density) nyy, | and drag coefficient An.1. The electroneutrality condition of the
system is given by
N+1
Z Zien?o + Pfix = 0 (1)
i=1

where ¢ is the elementary electric charge.

We suppose that at time t = 0, a step electric field E(t) is suddenly applied to the

particle, viz.,
0, t=0
B0 ={g 120 @
where E, is a constant. The particle then starts to migrate with an electrophoretic velocity
U(t) (U(t)cosd, —U(t)sinf, 0) in the direction parallel to E,, U(f) being the magnitude of U(#)
(Figure 1).

Figure 1. Spherical colloidal particle of radius a and zeta potential { moving with transient elec-
trophoretic velocity U(t) in a polymer gel medium under an applied step electric field E(t). U(0) is
the magnitude of the static electrophoretic velocity at ¢ = co.

Our model uses a frame of reference fixed at the center of the particle. The origin of
the coordinate system (r, 6, ¢) is held fixed at the particle center, and the polar axis (8 = 0) is
set parallel to E (t). The transient electrophoretic mobility y(t) of the particle is defined by
U(t) = u(t)E(t) = u(t)E,. Our model treats the case in which the following conditions are
fulfilled: (i) the liquid in the gel medium can be considered to be incompressible; (ii) the
applied electric field E(t) is so weak that the particle velocity U(t) is proportional to E(f),
and terms involving the square of the liquid velocity in the Navier-Stokes equation can be
neglected in our model; (iii) the slipping plane, at which the liquid velocity u(r, t) relative
to the particle is zero, is located on the particle surface (at r = a); (iv) electrolyte ions cannot
penetrate the particle surface [46]; and (v) in equilibrium (in the absence of E(t)), the ion
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distribution is assumed to be given by the Boltzmann distribution and the electric potential
follows the Poisson-Boltzmann equation.

Under these conditions (i)-(v), the fundamental electrokinetic equations for the liquid
flow velocity u(r, t) (u,(r, t), ug(r, t), 0) at position r(r, 6, ¢) and time t and the velocity v;(r, t)
of i th ionic species are given by.

pO%{u(r,t) +UB)}+3V XV xu(r,t)+ Vp(rt) +pa(r, V(1 t) + y(u(r,£) + U(t)) =0 3)
V-u(r,t) =0 4)
oi(r, 1) = u(r, 1) — 1 Viu(r,) ©)
D Gt it} = 0 ©
with

N+l
pel(r,t) = Y zini(r,t) @)

i=1
ui(r, t) = i +ziep(r,t) + kTn[n;(r, t)] (8)
ag(r,1) = —LeL2l) ©)

where k is the Boltzmann constant, T is the absolute temperature, ¢, is the permittivity of a
vacuum, p(r, t) is the pressure, p(7, t) is the charge density and y(r, t) is the electric potential.
Equation (3) is the Navier-Stokes equation, and Equation (4) is the equation of continuity
for an incompressible flow (condition (i)). The term involving U (t) in Equation (3) arises
from the fact that the particle has been chosen as the frame of reference for the coordinate
system. Equation (5) means that the flow v;(r, t) of the i th ionic species is caused by u(r, t),
and the gradient of the electrochemical potential y;(r, t), given by Equation (8), in which
1Y is a constant term. Equation (6) is the continuity equation for the i th ionic species.
Equation (9) is the Poisson equation. Note that in the absence of the particle, there exists
a time-dependent transient electroosmotic flow, which is parallel to E(t). The transient
electroosmotic flow velocity upor(t) = (4por(t)cost, —uror(t)sind, 0) obeys

]
Po&uEOF(t) + pixE(t) + yugor(t) =0 (10)

where ugop(t) is the magnitude of ugop(t).
The following initial condition and boundary conditions at the particle surface (at
r = a) and far from the particle (r — oo) must be satisfied:

u(r,t) =0att=0 (11)

u(rt) =0atr=a (12)

u(r,t) — —U(t) + upop(t) atas r — oo (13)
vi(r,t)t=0atr=a (14)

P(r,t) = —E(t)-rasr — o0 (15)
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where 71 is the unit normal outward from the particle surface. Equation (12) is the no-slip
boundary condition at the particle surface (condition (iii)). Equation (14) is derived from
condition (iv). Equation (15) implies that i(r, t) tends to the potential of the applied electric
field E(t) as r —o0.

In addition, the particle velocity U(t) obeys the following equation of motion of the particle:

4ma®  dU(t)

3 PP
where Fyy(t) and Fg(t) are, respectively, the hydrodynamic and electric forces acting on the
particle and are defined by

= Fu(t) + Fe(t) (16)

a0 or

o

a‘f ( a‘f o0s6 — lg%s 0)} { <%lf> + <1 ?;g) }COSH] . 27m251n6d6%z) (18)

Equation (16) serves as a boundary condition for u(r, t).

T
Fy(t) = /0 [( p —1—2178a >cos€ n (1 o + o _ L:e)sine} 27mzsin9d9¥ (17)
r=a

Fg(t) = Srﬁo/on H

2.2. Weak Electric Field Approximation

For a weak electric field E(t), the deviations of n;(r, t), {(r, t) and p;(r, t) from their
equilibrium values due to E(f) are all small so that we may write

ni(r,t) = %) (r) + on;(r, t) (19)
p(rt) = pO(r) + op(nt) (20)
uir,t) = u% + opui(r, ) (21)

(0)

where the quantities with superscript (0) refer to the equilibrium values and p; "’ is a
constant independent of r. The equilibrium concentration ngo) (r) is assumed to be given
by the Boltzmann distribution, and the equilibrium electric potential obeys the Poisson—

Boltzmann equation (condition (v)), viz.,

0 ) Zie¢(0) (1’)
nf )(r) =n; exp<—kT (22)
(0) _
N+1 N+1 (0)
o ziey' ™ (r)
pel Z zien, 121: z;ens exp( o (24)
The boundary conditions for ©)(r) are given by
p ) =¢ (25)
1/1(0) (r) —>0asr — o0 (26)

By substituting Equations (19)—-(21) into Equation (3) and neglecting the products of
the small quantities, we finally obtain
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d N+1 © )
paqu(rt)+17V><V><V><u(rt)+'yV><urt+2Vn (r) x Voui(r) =0 (27)
i=1
and form Equation (6)
%(511,»(1‘,1%) + v.{n§°>(r)u(r,t) - %n?o) (r)Vou;(r, t)} =0 (28)
1
Further, from symmetry, we may write

2 10 .
u(r,t) = (rh(T,t)E(f)COSQ, ;i(rh(r,t))E(t)sm& O) (29)
opi(r, t) = —zjei(r, t)E(t)cosd (30)
op(r,t) = =Y(r,t)E(t)cosb (31)

where E(t) is the magnitude of E(t), and h(r, t), ¢;(r, t) and Y(r, t) are functions of r and ¢.
By substituting Equations (29)—(31) into Equations (27) and (28), we obtain the following

equations for h(r) and ¢;(r), and Y(r):

L\Lh(r,£) — A2h(r, ) — iahgt )] — G(r 1)

L(Pi(r/ t) kT at {(Pl

Ao (r8) —Y(r,0)} = d]l/i(:) {Ziaq)i(r,t) _ 2Aih(r,t)

or e r
LY(r,t) = e N o co—a0) (y(r ) — ai(r. 4
nh= SrgokT g zilti € { (1’, ) 491(7’, )}
with o
_epV(r)
yr = =47

1/2
n

}

(32)

(33)

(34)

(35)

(36)

where the scaled equilibrium electric potential y(r) is introduced, A is the reciprocal of the

Brinkman screening length 1/A,

9109, 9 20 2

T orr2or o2 "ror 2

is a differential operator, and G(r, t) is defined by

dy Y
G(r,t) = —d—zl Qe E (1, t)
and
o
Po

is the kinematic viscosity.

(37)

(38)

(39)
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2.3. General Expression for the Laplace Transform of the Transient Gel Electrophoretic Mobility
The transient electrophoretic mobility y(f) can be obtained from Equation (13), viz.,
u) _ uf)

_ U _u . h(nt)
MO =Fm = E, C2AmT

+u(t) (40)

Here h(r, t) is the solution to Equation (32), which can be most easily solved by using
the Laplace transformation with respect to time ¢. The Laplace transforms h(r, s), figor(s),
G(r,s) and fi(s) of h(r, t), ugor(t), G(r, t) and u(t), respectively, are defined by

h(r,s) = /Oooh(r, t)e Stdt 41)
EoF(s) = /0oo ugor(t)e”*'dt (42)
Y(r,s) = /Ooo Y(r, t)e Stdt (43)
G(r,s) = /Ooo G(r,t)e *dt (44)

Thus, the Laplace transform of Equation (32) yields
L [sz(r,s) — A2h(r,s) — %fz(r,s)} = G(r,s) (45)

which is solved to give

h(r,s) = —3;2/0: <r - ﬁ)é(x,s)dx

_[313[.: { <Ier2 — ﬁlr>cosh[ﬁ(r —x)] — (f — 182172>sinh[,8(r — x)]}é(x,s)dx

C11’ Cz ﬁ 1 _B(r—
_!32_W+C3<1’+1’2>6 pr—a) (46)
with
B= /A2 + ; (47)

where C;—C; are integration constants to be determined.
From the Laplace transform of Equation (10), we obtain

fror(s) = — 5 Fo (48)

Equation (40) for the Laplace transform of the transient gel electrophoretic mobility
u(t) thus becomes

~ _ : fl(]", S) Pfix
‘Z/I(S) o zrlgnc}of o 17[[325

(49)

By determining the integration constants C;—C3 in Equation (46) to satisfy the bound-
ary conditions (Equations (11)-(16)) and using Equation (40), we finally obtain the following
expression for the Laplace transform fi(s) of the transient gel electrophoretic mobility (t)
of a sphere:

i(s) = 3;20/;0 {— (1 + pa+ 2;2> + (14 Brie Blr—a 4 ﬁ;f}@(r,s)dr
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Pfix p*a®>  2p%as.

— 1 —_— = Y 50

71'8205{ +'Bﬂ—|— 3 9 (ZZ,S) ( )
with 22 )

Q=1+pa+ T PR (51)

M= 3320, )

9 90 Vv

3. Results and Discussion

Equation (50) is the required general expression for fi(s), which is applicable for arbitrary
values of the particle zeta potential { and xa. The transient electrophoretic mobility (t) can be
obtained numerically from Equation (50) by the inverse transform method.

Consider the following two limiting cases. In the limit of t — oo, p(t) tends to the
steady gel electrophoretic mobility (o) = ys, which can be obtained from fi(s) by using
the following formula:

ps = p(e0) = lim[s(s)] (52)

s—0

The result is

o0 . 2
2 {— (1 + Aa+ A?) + (14 Ar)e A2 4 W}G(r)dr — Phix [1 - M{ Yi@) _ 1}] (53)

3a A2 902 a
with -
Qs=1+Aa+)‘T” (54)

Equation (53) agrees with the general expression for the steady electrophoretic mobility
m(t) of a sphere in a polymer gel medium [35]. Next, in the limit of pg;y =0and A =0, i.e,,
B = v/s/v), Equation (50) reduces to

fi(s) = ggf/:o {—(1 —i—a\/j—i- L;f) + <1 + \/5r>exp [—\/E(r—a)} + ;Zf/}@(r,s)dr (55)

with ) ) 5
_ s, @5 pas
Qf_1+a\[/+ 5+ 900 v (56)

which agrees with the general expression for the Laplace transform fi(s) of the transient
electrophoretic mobility yu(t) of a sphere in a free solution [14]. It is thus found that in the
above two limiting cases, Equation (50) reduces to the correct limiting forms.

Now consider the case where the particle { potential is low, and the relative permittiv-
ity of ¢p of the particle is much smaller than that of the electrolyte solution & (¢ « &) so
that ¢, is practically equal to zero. In this case, Equations (33) and (34) give

3
a
¢i(r, )y =Y(r,t) =r+ > (57)
and Equation (38) becomes
2 3 (0)
_ &K a” \ dyp'V(r)
G(r,t) = o (1 + 273> P (58)

with

e2 N+1
K = lenfo (59)
=1
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pls) =

where « is the Debye-Hiickel parameter (1/x is the Debye length). The Laplace transform
G(r,s) of G(r, t) is thus given by

A _G(r,t) | ergoK? a®\ dyO(r)
G(r,s) = s s (1+2r3> o (60)

where the equilibrium electric potential ) (r) for low { potential is given by
9O (r) = e (61)

which is obtained from the linearized Poisson-Boltzmann equation Alp(o)(r) = Kzlp(o)(r) (see
Equation (23)). By substituting Equation (58) into Equation (55), we obtain

2ereok? [ 22 p*r3 a®\ dpO(r) Pfix
B(r—a) _ P " el _
3WQWL {O+ﬁa+ 3> (1+ Br)e” &I}O+ﬁﬂ> o e (1) (6

Equation (62) can be rewritten in terms of exponential integrals as

2 2
0= S 1R o (1 ot B )evrsion)
5 2 2
_EZZE(HW {E5((K +B)a) + BaLy((x + p)a) + TE3((K h) )H
S

where E;(xa) is the exponential integral of order n and is defined by

Eu(ka) = (Ka)”_l/ it (64)
Ka
Equations (62) and (63) are the generalization of the result of Saad and Faltas [40] and
are applicable for low zeta potentials and arbitrary values of xa.
Equations (62) and (63) involve integration or exponential integrals, so they are not
very convenient for practical use. To avoid this inconvenience, we approximately replace r
in the factor (1 +a%/2r3) by r=a + 6/, viz.,

3 1
1+ a1y (65)

2r° 2(1+ %)3

In the steady gel electrophoresis [35], we have found that the best approximation can
be achieved if ¢ is chosen to be § = (2.33x + 1.52A)/(x + A), and the maximum relative error
becomes less than 1.6%. We use this choice of 4 in the transient gel electrophoresis problem.
By using this approximation, the integration in Equation (62) can be carried out analytically

to give
. 28r50€< Kpa > 1 Pfix
s) = 1+ + - 1+ Ba (66
16 = gee (1 ep) |14 1 By st (60

We next consider the following two limiting cases.
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(i) In the limit of xa — co (Smoluchowski limit), Equation (66) becomes

ﬁ(s) _ ereof (1 + ﬁa) __ Pfix

e s (1 B0 (67)

(ii) In the limit of xa — 0 (Htickel limit), Equation (66) becomes

Loy 2800 __ Pfix

Figure 2 shows some results of the calculation of the transient gel electrophoretic
mobility y(t) of a sphere of radius a, zeta potential ¢ and mass density p, in an uncharged
gel medium (pg,=0) of the Debye length 1/%, mass density p, and viscosity #. The ratio of
u(t) at time t to its value pi(o0) at t = co, which is the steady gel electrophoretic mobility ps
(p(00) = us), is plotted as a function of the scaled time vt/ a?,v being the kinematic viscosity
(v =1n/po) for xa = 10 and pp/po = 2. The transient gel electrophoretic mobility can be
obtained numerically from /i(s) (Equation (63) or Equation (66) with negligible errors) via
the inverse Laplace transformation method.

LI L e L e R e e R e e

@/
08 |

0.6 |
04 :

02 f

10*  10° 107 100 10° 10" 10°

Figure 2. Transient gel electrophoretic mobility j(t) of a sphere of radius 2 and mass density pp, carrying
zeta potential { in an uncharged gel medium (pg, = 0) of the Debye length 1/x, mass density p, and
viscosity #. The ratio of u(t) at time ¢t to its value p(o0) at t = oo, which is equal to the steady gel
electrophoretic mobility ps (11(c0) = ), is plotted as a function of the scaled time vt/ a2, v being the
kinematic viscosity (v = 77/po) for the case where xa = 10 and pp/po = 2). The dotted curves (Aa = 10,
and 100) are the result calculated in Equation (72) for the large Aa approximate gel electrophoretic mobility.

Figure 2 shows that the relaxation time required for y(t) to reach its steady value s
becomes shorter as Aa increases. An approximate expression for the relaxation time T for
large Aa can be derived as follows. For large Ag, § in Equation (60) can be approximately
replaced with A and Equation (61) reduces to

2erek? [ A242 AZp3 a3 dl/)(o) (r) ;
~ — rc€o . —B(r—a) _ 7+ o _ Pfix
fi(s) 30200 /a { (1 +Aa+ —— ) (1+ Ar)e o } (1 + 2r3> T 205 (1+Aa)  (69)

and we obtain

=== (70)



Gels 2023, 9, 356

10 of 12

References

Morrison, F.A. Transient electrophoresis of a dielectric sphere. |. Colloid Interface Sci. 1969, 29, 687-691. [CrossRef]

Morrison, F.A. Transient electrophoresis of an arbitrarily oriented cylinder. J. Colloid Interface Sci. 1971, 36, 139-145. [CrossRef]
Ivory, C.F. Transient electroosmosis: The momentum transfer coefficient. J. Colloid Interface Sci. 1983, 96, 296—298. [CrossRef]
Ivory, C.F. Transient electroosmosis of a dielectric sphere. J. Colloid Interface Sci. 1984, 100, 239-249. [CrossRef]

Keh, HJ.; Tseng, H.C. Transient electrokinetic flow in fine capillaries. J. Colloid Interface Sci. 2001, 242, 450-459. [CrossRef]

Keh, HJ.; Huang, Y.C. Transient electrophoresis of dielectric spheres. J. Colloid Interface Sci. 2005, 291, 282-291. [CrossRef]

VT N

[PubMed]

From Equation (70), the transient gel electrophoretic mobility p(t) can be derived, viz.,

pt) _ 9poQds vt
w 1—exp 20, 2 (71)
which can be rewritten as
”;) =1—e /T (72)
S
with )
_ 2ppa
9000V 3)

Here T can be regarded as the relaxation time. The relaxation time T for the transient
free-solution electrophoresis is given by

_ 2pp a?

= S (74)

T¢

so that
T 1 1

Tt Qs 14+ Aa+A24a2/9
which shows that the relaxation time T for the transient gel electrophoresis is shorter than
the relaxation time T for the transient free-solution electrophoresis by a factor (s and
becomes shorter as Aa decreases. This is because the steady gel electrophoretic mobility
Us itself becomes smaller as Aa increases [36], and the time required to reach the steady
value becomes smaller as Aa increases. The dotted curves (Aa = 10, and 100) are the results
calculated via Equation (72) for the large Aa approximate gel electrophoretic mobility.

(75)

4. Conclusions

We have derived an approximate expression (Equation (63)) and its approximate form
with negligible errors (Equation (66)) for the Laplace transform fi(s) of the transient gel
electrophoretic mobility p(t) of a sphere in a polymer gel medium. Equations (63) and (66)
are the generalization of the result of Saad and Faltas [40] and are applicable for low zeta
potentials and arbitrary values of xa. Equation (66), in particular, which does not involve
exponential integrals, is convenient for practical use. It is shown that the relaxation time T for
the transient gel electrophoretic mobility y(t) to reach its steady value s is shorter than that
for the transient free-solution electrophoretic mobility, and T becomes shorter as Aa increases.
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