Article

Electrophoresis of an Oil Drop in a Charged Polymer Gel
Medium: Coupled Effects of Drop Electrohydrodynamics
and Gel Electroosmosis

Hiroyuki Ohshima

W) Check for updates

Received: 9 March 2026

Revised: 19 March 2026

Accepted: 24 March 2026

Published: 1 April 2026

Copyright: © 2026 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

Research Institute for Science and Technology, Tokyo University of Science, 2641 Yamazaki,
Noda 278-8510, Chiba, Japan; ohshima@rs.noda.tus.ac.jp

Abstract

We develop a theoretical description of the electrophoretic migration of a weakly charged
oil drop dispersed in a dilute polymer gel carrying fixed charges and saturated with
an aqueous electrolyte solution. In contrast to neutral gels, a charged polymer network
generates electroosmotic flow under an applied electric field, which couples with the
electrohydrodynamic motion of the drop. The observed electrophoretic velocity therefore
reflects the combined effects of drop-induced flow and gel-driven electroosmosis. On
the basis of the Baygents—Saville theory, the drop surface charge is assumed to originate
from specific ion adsorption at the oil-water interface, while no mobile ions are present
inside the drop. Working within the Brinkman-Debye-Bueche porous-medium model
for the gel and employing a linearized treatment valid for low zeta potential, we obtain a
simple analytical expression for the electrophoretic mobility. The formulation consistently
incorporates Marangoni stresses arising from spatial variations in interfacial tension, and
hydrodynamic slip at the oil-water interface, which can be significant for hydrophobic
drops in aqueous media. The resulting mobility expression explicitly separates the contri-
bution associated with the intrinsic electrohydrodynamic response of the drop from that
due to electroosmosis of the charged gel matrix. This analytical form enables experimental
mobility data to be used not only to estimate the zeta potential of the drop but also to
evaluate the electroosmotic mobility of the polymer gel medium. The present theory thus
provides a physically transparent and experimentally useful framework for characterizing
electrokinetic transport in charged soft porous media.

Keywords: gel electrophoresis; electrophoretic mobility; oil drop; charged polymer gel
medium; Marangoni effect; hydrodynamic slip

1. Introduction

The electrophoretic behavior of dispersed particles in polymer gels differs fundamen-
tally from that in free electrolyte solutions [1-5], because the gel matrix modifies both
hydrodynamic transport and electrostatic interactions. Over the past decades, a wide range
of theoretical analyses has been developed for various types of dispersed entities in polymer
gels. These include studies on rigid spherical particles [6-20], biopolymers [21], soft col-
loidal particles [22-26], and liquid drops [27-29]. In addition, transient and time-dependent
responses have been investigated in several works [30-35]. More recent studies have ad-
dressed thermophoresis in gels [36] and two-particle electrophoresis in gel media [37]. Most
theoretical treatments describe the polymer matrix using the Brinkman-Debye—Bueche
model [38,39].
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Liquid drops, including oil drops [40-58], exhibit electrokinetic characteristics that
differ from those of rigid particles. Internal circulation within the drop and Marangoni
stresses at the interface can significantly modify the surrounding flow field, as clearly
demonstrated by Baygents and Saville [42].

In our previous study [58], we derived an analytical expression for the electrophoretic
mobility of weakly charged oil drops dispersed in an uncharged dilute polymer gel based
on the Baygents—Saville model [42]. In that formulation, the polymer gel was treated as
a porous medium that influences the motion of the drop solely through hydrodynamic
resistance, without contributing directly to the electrostatic field. This approach allowed us
to capture the essential feature of hydrodynamic screening arising from the presence of
the polymer network, whereby the flow field generated by the moving drop is attenuated
within the gel. The resulting analytical expression provided a clear description of how the
permeability of the gel affects the electrophoretic mobility. However, since the gel was
assumed to be electrically neutral, electrostatic interactions associated with the polymer
matrix itself were not taken into account, and therefore the possible coupling between
electrostatics and hydrodynamics within the gel was neglected.

In contrast, when the polymer gel carries fixed charges, the electrohydrodynamic
behavior becomes qualitatively different and significantly more complex. In such systems,
the applied electric field acts not only on the diffuse ionic layer surrounding the drop but
also on the counterion cloud associated with the fixed charges of the polymer network. This
additional electric body force acting within the gel gives rise to a bulk electroosmotic flow,
which is absent in uncharged systems. The generated electroosmotic flow interacts with
the electrohydrodynamic flow induced by the drop itself, leading to a nontrivial coupling
between these two mechanisms. As a consequence, the observed electrophoretic mobility
can no longer be interpreted solely in terms of the drop properties, but instead reflects a
combined effect involving both drop electrophoresis and gel-driven electroosmosis. This
coupling is expected to play a crucial role in determining the overall transport behavior in
charged soft porous media.

The present work extends our previous theory [58] to the case of charged polymer gels
by explicitly incorporating the effects of fixed gel charges and the resulting electroosmotic
flow into the theoretical framework. In addition to this extension, interfacial physicochem-
ical effects are also taken into account in a consistent manner. In particular, Marangoni
stresses arising from non-uniform ion adsorption along the drop surface are included, as
well as the possibility of hydrodynamic slip at the oil-water interface. These interfacial
effects can modify the stress balance at the drop surface and thereby influence the surround-
ing flow field. They are especially relevant for oil droplets dispersed in aqueous electrolyte
solutions, where the interface may deviate from the classical no-slip boundary condition
due to its physicochemical properties.

By incorporating these elements within a unified theoretical framework, the present
analysis provides a more comprehensive description of electrophoresis in charged porous
media. The theory yields a simple analytical expression for the electrophoretic mobility
in the low—zeta-potential limit, while still capturing the essential coupling between elec-
trostatic, hydrodynamic, and interfacial effects. It therefore offers a physically consistent
and analytically tractable basis for interpreting electrophoretic phenomena in complex soft
matter systems such as charged polymer gels and related porous media.

In addition to the specific system analyzed here, the present theoretical framework
can provide a basis for further extensions to more complex situations. For example, it
may be adapted to describe drops possessing finite internal conductivity, non-uniformly
charged gels, or systems subjected to oscillating electric fields. Although the present
theory is restricted to spherical oil drops, the underlying methodology can be extended
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to other types of dispersed entities, including vesicles, microgels, and biological cells, by
taking into account other physical effects such as deformability, heterogeneous internal
conduction, or spatial variations in interfacial properties. General discussions of the
electrophoresis of soft particles and related theoretical developments can be found in the
review by Ashrafizadeh et al. [59].

The analytical mobility expression obtained in this study may also be relevant to
practical soft-matter systems. Potential applications include electrically driven motion of
drug-encapsulating oil drops through hydrogels, biomimetic separation technologies, and
drop-based microfluidic devices, where precise control of drop transport in applied electric
fields is required (see, e.g., Liu et al. [60]).

2. Results and Discussion
2.1. Governing Equations

The theoretical formulation presented here is based on, and closely related to, that
developed in Refs. [54,58].

2.1.1. Fluid Flow and Ion Transport

We consider a spherical oil drop with radius a4, characterized by a zeta potential 7, and
relative permittivity &4, translating with a constant velocity U in a charged polymer gel of
effectively unbounded extent. The gel contains an electrolyte solution of viscosity 7 and
relative permittivity e,. The drop transport is induced by a uniform external electric field E
(Figure 1).

Figure 1. Electrophoresis of a charged spherical oil drop with velocity U in a charged polymer gel
medium under an applied electric field E. In a charged gel medium, an electroosmotic flow (EOF) is
generated (see Equation (19)).

The interfacial charging mechanism of the drop follows the model proposed by Bay-
gents and Saville [43], where the drop surface charge originates from ionic adsorption. The
surrounding gel is described as a Brinkman-Debye-Bueche type continuum [39,40], in
which polymer segments are uniformly distributed and act as frictional obstacles to the
solvent flow.

The gel phase contains fixed charges with density pgy, mobile electrolyte ions with
number density pe(r), and gel counterions with number density p.(r). In the absence of
fixed charges, both pgx and p.(r) vanish. The electrolyte consists of N ionic species with
valence z;, bulk number density n°, and drag coefficient A; (i =1, 2, ..., N). The counterions
of the gel are regarded as the N+1-th species, having valence zy1, bulk density ny;_ ;, and
drag coefficient An.1. The overall electroneutrality condition reads

N41
Y zien® + pgy =0 1)
i
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where e denotes the elementary electric charge. Here, the N+1-th ionic species represents
the counterions associated with the fixed charges of the gel matrix, which are introduced
to ensure overall electroneutrality of the system. These counterions are mobile within the
gel phase and contribute to the electrostatic screening, and hence to the Debye length, in
the same way as the other ionic species. It should be noted that, in real systems, when
such counterions are chemically identical to electrolyte ions, they cannot be experimentally
distinguished, and the present distinction is therefore conceptual, reflecting their different
physical origins.

A coordinate system (r, 8, ¢) is introduced with its origin fixed at the drop center, and
the polar axis aligned with the applied field E. Because of spherical symmetry, the velocity
U of the drop is parallel to E. In the absence of the external field, the drop carries a zeta
potential { at r =a, wherer = |r|.

The main assumptions are as follows: (i) The Reynolds numbers inside and outside the
drop are sufficiently low so that inertial effects can be neglected; both fluids are regarded as
incompressible. (ii) The applied external electric field E is weak, and all induced quantities
are linear in E. (iii) Surface tension is sufficiently large to preserve the spherical shape of
the drop. (iv) No ions are dissolved inside the drop. (v) Ionic adsorption at the surface
obeys a linear isotherm. (vi) Tangential slip is allowed at the interface. (vii) Ionic species
cannot cross the drop surface.

The electrohydrodynamic problem is formulated in a reference frame moving with
the drop, in which the origin is fixed at the center of the drop and the drop itself is at rest.

In this frame, the fluid at infinity moves with a uniform velocity equal to the negative
of the drop velocity in the laboratory frame. The drop velocity in the laboratory frame is
expressed as U = (Ucosf, —Usind, 0), while E = (Ecosf, —Esin#, 0), where U and E denote
the signed magnitudes of the velocity and electric field, respectively.

The governing equations for the velocities u(r) = (u,(r), ug(r), 0) and uy(r) = (uy(r),
ugg(r), 0) of the fluid outside and inside the drop, respectively, as well as the velocity field
vi(r) = (vir(r),vip(r),0) of the i-th ionic species (i =1, 2, ..., N + 1) are given as follows.
Because of the symmetry about the polar (6 = 0) axis, all variables depend only on the radial
coordinate r and the polar angle 6 owing to axial symmetry.

NV XV x u(r,0) + Vp(r,0) + pe(r) Vp(r, 0) + 7(u(r,0) + U) = 0 @
14V X V x ui(r,0) + Vpi(r,8) = 0 3)

Veu(r,0) =0 4)

Veuy(r,0) =0 6)

0(1,0) = u(r,6) = 3-Vp(r,) ©)

ui(r,0) = pio + ziep(r,0) + kTlnn;(r, ) (7)

V- (ni(r, 0)v,(r, 6)) = ®)

ap(r,0) = ~£) ©)

pe(r,0) = El zien;(r,0) (10)

Alpl(rl, 91) =0 (11)

Here, p(r, 0) and pj(r, 0) represent the pressures outside and inside the drop, respectively.
The charge density pe(r, ) is given by Equation (10). The electric potentials outside and
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inside the drop are given by ¥(r, 8) and y(r, 8), respectively. For the i-th ionic species
at position r, y;(r, ) and n;(r, ) denote its electrochemical potential and number density
(concentration). The term p; g is a constant part of y;(, §). Boltzmann’s constant is given by
k, the absolute temperature by T, and ¢y is the vacuum permittivity. Here, the subscript
capital I denotes quantities inside the oil drop, namely, the fluid velocity u(r, 8), pressure
pi(r, 0), and the electric potential yy(r, 6).

Equations (2)—(5) are the Navier-Stokes equations and the continuity equation describ-
ing steady incompressible flow (assumption (i)). According to the Brinkman-Debye-Bueche
model [39,40], the frictional force exerted on polymer segments in the gel medium by the
liquid flow u(r, 6) is expressed by the term y(u(r, 6) +U) in Equation (2), where 7 denotes
the friction coefficient. Equation (6) indicates that the velocity v;(r, 8) of the i-th ionic species
is caused by both u(r, §) and the gradient of u;(r, 8), as expressed in Equation (7). The
continuity equation for the i-th ionic species is given by Equation (8). Equation (9) denotes
the Poisson equation for the region outside the drop (r > a), while Equation (11) is the
Laplace equation for the region inside the drop (0 < r <a).

2.1.2. Ion Adsorption at the Drop Surface

Consider the ions adsorbed on the drop surface (r = a). Let n3(0), 3 (6), v3(0), and A3
be the surface number density (concentration), electrochemical potential, velocity, and drag
coefficient of the i-th adsorbed ions, respectively. These quantities, which are functions of 6
only, are governed by:

03(60) = u(a,0) — 1 V)i(0) (12)
1#5(0) = uip + ziey(a, 0) + kTlnns (6) (13)
Vs (n3(0)v5(0)) + ni(a,0)vj(a,0) =0 (14)
n(0) = Kin;(a,0) (15)
N+1 N+1
o(0) =Y zen$(0) = Y Kizjen;(a,0) (16)
i=1 i=1
N+1 N+1
v(0) =0 —kT ) n3(0) = yo —kT )_ Kin;(a,0) (17)
i=1 i=1

where 15 is a constant term independent of 7. Equation (12) describes the surface velocity
v3(0) of the i-th ionic species adsorbed on the drop surface, arising from the liquid velocity
at the drop surface, u(a, §), and the tangential gradient of 1$(6), given by Equation (13).
Equation (14) denotes the surface continuity condition for the i-th ionic species, Vs being
the surface divergence operator. Equation (15) states that adsorption of the i-th ionic species
on the drop surface obeys a linear isotherm (assumption (iv)) with adsorption constant
K;. This ion adsorption results in a non-uniform surface charge distribution ¢(6) given by
Equation (16). The adsorption constant K; takes a nonzero value solely for ions that can
adsorb to the drop surface, while it is zero for non-adsorbing ionic species, including those
from the supporting electrolyte. The surface tension () of the drop surface is given by
Equation (17), where 7 is the surface tension in the absence of the ion adsorption. The
second term in Equation (17) corresponds to the reduction in surface tension caused by the
adsorption of ionic species onto the drop surface.

2.1.3. Boundary Conditions

The liquid velocities, u(r, 6) and u;(r, 8), must obey the following boundary conditions
at the drop surface (v = a) and far from the drop (r — o0). The normal components of
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u(r, 0) and u;(r, ) must vanish at the drop surface (r = a) and u(r, 8) must tend to —U as
r —> 00, Viz.,

uy(a,0) =ug(a,0) =0 (18)
u(r,9)—>—ll—pf%Easr—>oo (19)

Here the term (—pgy /v)E in Equation (19) corresponds to the electroosmotic flow (EOF) far
from the drop due to the fixed charges of density pgy.

In addition, the net force acting on the drop, i.e., the sum of the hydrodynamic force Fy
and the electric force Fg, must vanish in the stationary state. These forces are obtained by
integrating the hydrodynamic stress tensor o'1(r, 6) and the Maxwell stress tensor o™ (r, 6),
respectively, over the drop surface. Therefore, we have

The forces Fy and Ff are given by
T
Fy = / |14 (r,0)cos0 — ot (1, 0)sin6 | dSE/ E 1)
0
T
Fp— / (o (r, 6)cosd — o (1, 0)sin6| dSE/ E (22)
0
where dS = 27ta?sinfdf. The components of the hydrodynamic stress tensor o*i(r, §) are
given by
H ouy
Oy (7,9) = —p+27/]W (23)
10u, du u
H Y AT )
oro(r,8) = 17<r 0 o r > @)
and the components of the Maxwell stress tensor oM(r, 0) are
1 ap\?  [13yp\?
M _ 2 9%y _ (2%
oy (r,0) = 2ereo{ ( 8r> (r 30 (25)
oY (19y
M — i et &
o (1,0) = €reg 3 <r 89> (26)
Finally, the boundary condition for the ionic flow v;(r, 8) is given by
vi(r,0) =0atr=a(i=12,...,N+1) (27)

which follows from assumption (vii) that no electrolyte ions can penetrate the drop surface.

The product of the sliding friction coefficient 8 and the difference between the tangen-
tial velocity components uy(r, 6) — upg(r, 8) across the drop surface (r = a) must be equal to
the tangential component 0'1(a, 0) of the hydrodynamic stress o(r, 6):

Blug(a,0) — u(a,0)} = ty(a,6) (28)

Using Equation (24), Equation (28) can be rewritten as

0 Ug
Ug (ﬂ, 9) — Upg (ﬂ, 9) - Ar§ 7 r—a (29)

where

>
|

(30)

==
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is the slip length, which characterizes the hydrophobicity of the drop surface. Note that
A =0 (or B = c0) corresponds to a no-slip surface (hydrophilic surface), A # 0 (8 # 0) to a
hydrophobic surface, and A = oo (or § = 0) to a completely hydrophobic surface.
The tangential stress balance at the drop surface is given by
1dvy(0)

{ag(a, 0) + O'%I(Q, 9)} — {O'II;IQ(EI, 0) + a%(a, 9)} PR 0 (31)
Here o1 (r,0) and o} (7, 0) respectively, represent the tangential components of hydrody-
namic and Maxwell stresses inside the drop.

10u Ju u
H _ 1ouyy 19 Uig
Ulre(rr 0) - T]d(,, 69 + ar r ) (32)
d 10
od(r,0) = edso% (rgpel) (33)

When the Marangoni stress is absent, Equation (31) reduces to the usual continuity condition
for the tangential component of the total stress (i.e., the sum of the hydrodynamic and
Maxwell stresses) across the drop surface.

The electric potentials 1 (r, 6) and ¢;(r, 0) together with the concentration 7;(r, 0) of the
i-th ionic species must satisfy the following boundary conditions:

¥1(a,0) = ¢(a,0) (34)
d 19 d ,9 0 1 N+1
€d%) o — €& lpg; ) . — O;EO> = % 1221 Kizienl-(a, 9) (35)

Because the disturbances in 1(r, 8) and in n;(r, ) arising from the presence of the drop
become negligible at sufficiently large distances from the drop, we obtain

¢(r,0) — —Ercosh asr — oo (36)

ni(r,0) — n3°

;asr — oo (37)

2.1.4. Equilibrium Distributions

If the equilibrium ionic concentration 1n;0(r) follows the Boltzmann distribution, the
equilibrium charge density p.?)(r), and equilibrium electric potential y©)(r) satisfy

0 0 2‘64’(0) (1’)
”z( '(r) = n; exp (_sz (38)
(0)
apO(r) = £ (39)
ErEp
N+1 N+1 )
0) (. _ 0N 00 _ziepV(r)
pe (1) = ; zien; (r) = 1; ziens exp( o (40)
Combining Equations (38)—(40), we obtain the following Poisson-Boltzmann equation:
1 N+l ziep(©) (r)
O () = — on® _zi
A (r) eren 1; z;en; exp< T (41)

The boundary conditions for $©(r) are (V) (a) = ¢ and p(O)(r) = 0asr — oo.
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The equilibrium number density (concentration) of the i-th ionic species adsorbed

5,(0)

onto the drop surface is denoted by n;"" and is given by

n?’(o) = Kingo) (a) = Kjnj°exp (—ZIZ?> (42)

By use of Equation (42), the equilibrium surface charge density, denoted by ¢(?, can be
written as

0 N+1 5(0) N+1 ) N+1 zieg
= 2 zien Z Kiz; en Z Kjzien{’exp T (43)

i=1

Here, lpl(o) and n?’(o) are constants independent of r. This is because, in the absence of the
electric field E, there are no electrolyte ions inside the drop, and the adsorbed ions are
uniformly distributed over the drop surface. Under these conditions, the electric potential
inside the drop, which is obtained as the solution to the Laplace equation (Equation (11)),
becomes constant throughout the interior. We thus obtain

dp0 (r) oo N ziel
dr | _ . T e Ergp ZZ Kizier exP( ) *)

For the case of low potentials, Equation (41) may be linearized as

Ap© (r) = k) (r) (45)
where
N+1 1/2
Z z
| S o

is the Debye-Hiickel parameter, and 1/« represents the Debye length. Solving Equation (45) gives

IP(O)(,,) — ggefx(rfu) 47)
with o "
aoc +
= e F Ka) ereol 1 ) ; Kizien:? (48)
N+1
o =Y Kizien? (49)

i=1

Equations (47)—(49) describe the potential distribution ¥©)(r) around a weakly charged
oil drop, together with its zeta potential { and the equilibrium surface charged density
c©, respectively.

2.2. Weak Electric Field Approximation

For a weak applied electric field E, the deviations én;(r, 6), 511?(0), oYP(r, 0), oyi(r, 9),
3pe(r, 6), 6pi(r, 6), 615 (8), and 60(6) of ny(r, 6), nS(6), (r, 6), Yi(r, 6), pe(r, 6), jui(r, 6), 13(6),
and () respectively, from their equilibrium values (i.e., those in the absence of E) due
to the applied electric field E are small. Under this condition, each quantities may be
written as

ni(r,0) = ngo)(r) + on;i(r,0) (50)
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n(6) = 3% + on3 (9) (51)
¢(r,0) = 90 (r) + 5y (r,0) (52)
1(r,0) = 9 + 51 (r,0) (53)
pe(r,0) = oL (r) + &0(,6) (54)
uilr,0) = 1® + opi(r,0) (55)
w(0) = 1Y + op3 () (56)
a(0) = o + 60(0) (57)

Here quantitates with superscript (0) denote the equilibrium values, i.e., in the absence of
E. By substituting Equations (51)—(56) into Equations (7), (9), (10), (11), (13), and (15), we
find the following relations between the small quantities:

S, 8) = ziedp(r,0) + %ﬁe) (58)
n; o (r)
ny(r,0) = 2pelr:0) (59)
Er€Q
N+1
60a(r,0) = Y zjedn;(r,0) (60)
i=1
Asyi(r,0) =0 (61)
kTéns(0
093 (0) = zietp(a,0) + “Lonil®) ©
1
on$(0) = Kion;(a,0) (63)
N+1 N+1
= Z z;jeon$ (0) = Z Kiz;edn;(a,0) (64)
i=1 i=1
A comparison between Equations (58) and (62) yields
oy (0) = opi(a,0) (65)

By substituting Equations (52), (53), (57), and (64) into Equations (34) and (35), which
are the boundary conditions for the electric potentials i(r, 8) and ¢;(r, 6) across the drop
surface, we find

opy(a,0) = oy(a,0) (66)
Aoy, (r,0) 95 (r,0) 50(9 1 NAL 1 NAL
— g—" = Z; e&n = — K;z;edén;(a,0 67
d ar - ar - 80 IZ SO 1221 =1 l( ) ( )
With the help of Equation (58), Equation (67) can be transformed into
a3y(r,0) 95 (r,0) 1 M zieg
o | e kT 2 Kizienexp T {0ui(a,0) — z;edp(a,0)} (68)

Similarly, by substituting Equations (17), (52), (53), (56), (63), and (65) into Equation (31),
which represents the tangential stress balance on the drop surface, we obtain

Lou, , oug up o (L2, Ot tie
17(1’80+8r 1’),_,1+ ”d(r 80+8r T

r=a
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¥(r,0) — —Ercost, 0 (r) =0, sy(r) — —Ercos, n;(r,0) — ng, nt? (r) = n®

N+l zieC\1 0
-y K»n“exp(— ’ )(5;1 (a,6) =0 (69)
= T )Jaodd ",

By using Equations (6), (12), and (69), the surface continuity conditions (Equation (14)) can
be rewritten as

r=a+t

ﬁ% (sin@ug(a,G) - /C%l;eéyi(a,ﬁ)) - ):ﬂaar&yi(r,@) =0 (70)
Since
, on(r,0) >0asr —o0 (71)
we obtain from Equation (58),
ou;(r,0) — —zjeErcosf asr — oo (72)

The Navier-Stokes Equations (2) and (3) can be rewritten as follows. By taking the curl
of Equation (22) to eliminate the pressure term and neglecting the products of the small
quantities, we finally obtain

N+1
NV XV XV xu(r,0) +9V x u(r,0) + ¥ Val (r) x Vou(r,0) = 0 (73)
i=1

and
NV xV xV xu(r,)=0 (74)

Similarly, from Equation (8), we obtain
V. (nfo) (r)u(r,0) — ;ngo)(r)Vin(r,6)> =0 (75)
i

Now, by symmetry, the liquid velocities u(r, 6) and uyr, 0), the deviation éy;(r, 0) of
the electrochemical potential y;(, ) of the i-th ionic species, and the deviations dy(r, 6) and
Sy(r, ) of the electric potentials y(r, 6) and y(r, 8), respectively, may be written as

u(r,0) = (3h(r)EcosH, %%(rh(r))lfsin@, 0) (76)
w(r,0) = (—ihl(r)Ecose, %%(rhl(r))EsinQ, 0) 77)
Oui(r,0) = —z;ed;(r)Ecosh (78)

SoY(r,0) = =Y (r)Ecost (79)

oyy(r,0) = —Yi(r)Ecosb (80)

where h(r), ¢i(r), and Y(r) are functions of r only. It can be demonstrated that, similarly to
the case of the free-solution electrophoresis of an ion-adsorbed oil drop [55], the governing
equations (Equations (2)—(11)) reduce to the following set of equations for hy(r), h(r), ¢i(7),
Y(r) and Yi(r):

c (Ch - Azh) —G(r) 81)
L(Lh(r) =0 (52)
Lo; = gi(r) (83)
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LY = L 2 (r) (Y —¢;) (84)
ereokT = 717 ¢
LY; =0 (85)
with Nt
_ e dy - 2,00 ,—ZiY 1.
G(r) = _%E 1; zinTe “Y;(r) (86)
' o dy d¢1 _ 2A; h
gi(r) = d?’(ZldV er) (87)
1/2
Y
A== (88)
(7)

Here y(r) = etp(o)(r) /kT represents the scaled equilibrium electric potential, A is Brinkman
parameter, 1/A is the Brinkman screening length, and

d , d> 24 2
=gt = (89)

d 1 2d
2 ar2  rdr  r?

ES
is a differential operator.

The boundary conditions (18), (29), (31), and (19) for u(r, 8) and u;(r, ) reduce to

h(at) =0 (90)

h(a~) =0 (91)

w L g

1d % T 227? T _ii—i Kiz;eni"exp (— Z,ifirg) ¢i(a) (93)
h(r) — ir%—O(i)asr — 00 (94)

A solution of Equation (85) which satisfies Equation (85) is

r

h(r) = A (r - 3) (95)

a2

where A is a constant. By using Equation (95), we may combine Equations (92) and (93) to
give the boundary condition involving only h(r) and ¢;(r),

d%h
— Lleff W

dh
dr

N ,
__1 Y Kizien{ exp (— ZZ?) ¢i(a) (%6)

r=at 377d i=1

r=at

The boundary conditions for dy;(r) (Equations (70) and (72)) can be rewritten in terms of
¢;(r) as follows.

de;(r) A dh(r) g
“dr . + 2Kl{ziea ar | A o } =0 (97)
¢i(r) > rasr — o (98)

It can be shown that the force-free condition (Equation (20)) may be expressed as
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d>h _ 5d%h 18 5 305 ()
e R (uz +A ) an 2/ (1 - ) (r)ir = B (@) - ) (99)
with a
Netf = A+ 3q (100)

where A my be regarded as an effective slip length. Note that Equation (99) corresponds
to Equation (48) in our previous paper [57] for an uncharged gel medium. However,
Equation (48) in Ref. [58] contains an error: the term — (18/ a% + )\2) dh/dr|,_,+ should be
added to the right-hand side of Equation (48) in Ref. [57].
The boundary conditions for y(r, ) and dy(r, 0) can be expressed in terms of Y(r)
and Y7(r) as follows.
Yi(a) = Y(a) (101)

1 N1
K;
sokTZ Z;en; exp(

A solution of Equation (80) which satisfies Equation (73) is

. ay(r)
- Yodr

r=a

avi(r)
td dr

—at eTg){fPi(a) —zeY(a)} (102)
Yi(r) = Br (103)

where B is a constant. By using Equation (103), we may combine Equations (101) and (102)
to give the boundary condition involving only h(r) and ¢;(r),

Y(a) ay(r) 1 M 2 zieg
&d P £r ir sOkTZ:Kzen exp

){m )Y@} (104

r=a+t

2.3. General Mobility Expression

It follows from Equation (19) that the gel electrophoretic mobility u of an oil drop,
which is defined by U = uE, is given by

u . 2h (1’) _ DPfix

'u:f:rlglgo r 17A2

(105)

The second term, —pg, /72, represents the electroosmotic flow (EOF) through the gel
phase induced by the gel counterions p.(r) of the N+1-th ionic species; this flow is in the
same direction as the drop velocity U for pg, < 0, increasing the magnitude of U relative to
the case pgx = 0, whereas for pg, > 0 it decreases.

By solving Equation (40) subject to the boundary conditions given in Equations (46)-(48),
and substituting the result into Equation (52), we obtain

p= sl [ ANe X0 — (14 a) — B2 {0} (1 2) ] G(r)ar

106)
2a(1+Aa)  NE! e Dt oAd [ Y(a) a4 Aot (3+A0) (
 9q(a+2Ae)) iz Kizien;® exp( )4)’( )~ nﬁ\z {1 96 { a _1}{ u-&-fEAeff }]
with
a -+ Aeff(3 + Aﬂ) )\2ﬂ2
QO=1+4+A 107
+ a+{ a -+ 2Nq 9 (107)

Here Q) represents the modification factor for the Stokes drag on an oil drop with a slip
surface moving through a gel medium.
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Similarly, by solving Equation (41) subject to the boundary conditions given in
Equations (50) and (51), we obtain

- Asa—2K;A;
pilr) =7 = 57 si(0)dx = 5 [ Pair)dr — g (e ) Jo” sitr

a3 ((Aa—2K;A; B KiAfA 1 dh
Tz \ Narn ) T \arkn ) ze @

By evaluating ¢;(r) at ¥ = a using Equation (68) and substituting the resulting value ¢;(a)

(108)

r=at

together with the value of Y(a) obtained by solving Equation (84) into Equation (66), the elec-
trophoretic mobility u of an oil drop in a charged polymer gel medium can be calculated.

Equation (106) is the required general expression for the electrophoretic mobility u
of a charged spherical oil drop of radius a carrying zeta potential { in a charged polymer
gel medium.

2.4. Results and Discussion
2.4.1. Low-Potential Approximation

Let us derive an approximate expression for the electrophoretic mobility y, correct to
first order in the zeta potential {. For the low-zeta-potential case, the equilibrium potential
distribution ¥©)(r) outside the drop is given by Equation (47). In addition, we assume that
the drag coefficient A? of ions adsorbed on the drop surface is significantly larger than that
of freely moving ions in the gel medium, denoted by A;. This assumption is justified in
most practical cases.

For the low potential case, under this assumption, Equation (108) reduces to

P
¢i(r) =1+ 53 (109)
and Equation (86) becomes
eregk’al a® \1+«r —x(r—a)
G(r) = = T+55)—5 ¢ (110)

By solving Equation (84) subject to Equation (104), we find that for the low potential case

3a €4
()= |1~ . (111)
£q + &K+ SO% '21 KizZe'n,
1=
with 1
K—1+Ka+7 (112)

1+«
As seen in Equation (111), unlike the case of the free-solution electrophoresis of a rigid
sphere [35] or an oil drop [36], and the electrophoresis of a rigid sphere [34] or an oil drop in
an uncharged gel [37], the electrophoresis of an oil drop in a charged polymer gel depends
on the relative permittivity g4 of the drop.
We now treat the case where the relative permittivity e4 of the drop is much smaller
than that of the electrolyte solution ¢;. This condition holds for most practical situations,

and Equation (110) reduces to

Y(a) = 37” (113)

By substituting Equations (109), (110), and (113) into Equation (106), we finally obtain the
following expression for the gel electrophoretic mobility y of the oil drop:
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= Zet [ [+ Ar)e N0 = (14 pa) - B2 oG (1 2) ] (14 £) Lige-gy

371200
_ etgla(lixa) (14Aa) © _pix 4 4 ) (114)
3T]d0(ﬂ+2Aeff) }’]/\ZQ
Equation (114) can be rewritten in terms of the exponential integrals, that is,
2¢er€o +Aest(3+Aa) A ka\egt(14+Aa) AZ 2 [ a+Aegs(3+Aa)
]/l - §7]€Q€ |:a Llﬂ*féAeﬁ + 7?“1’7?\ + ﬂ“vfszeff + 2/\2 {1 + /\ + ( ﬂﬁél\eff )}eKﬂES (Kﬂ) (115)
reofa(1+xa) (1A ”
— 256l t ) LES (1 + A)a) + AaEa((x + A)a) + 242 Ea((x + A)a) H — anelia(iae) — ooy Lids
where
£ ( B w1 [® e*Kt
n(ka) = (xa) i dt (116)
Ka

is the exponential integral of order 7.
Equation (115) is the required approximate expression for the electrophoretic mobility
u of a weakly charged oil drop with a slip length A in a charged polymer gel medium.

2.4.2. Limiting Cases

Consider several limiting cases.

(i) Inthelimit of A — 0, Equation (115) reduces to

2eren( | 31g+31+1Aa A 17(1+Aa)(3+xa) A2a2 ( 3yq-H3n-+nAa
K= it [ Sotmt + = M+ 3 {1 A+ 08 (AR ) feEs (ka) (117)
2,2 /
— 36 eletA)e {Es((K + A)a) + AaEy((x+ A)a) + AT‘ZE:J,((K—}—)\)Q)}} — by T
with .
3’7d+317+77)\a))\ a
Qp=1+Aa 118
’ A < 314 + 27 9 (118)

Equation (117) agrees with the gel electrophoretic mobility u# of a weakly charged oil drop
with a no-slip surface. In the further limit of pg, = 0, Equation (117) tends to

2¢ereol | 3ng+31+nAa A 7(1+Aa)(3+xa) A2a2 (3nq+31+yAa
W= ;IEO [ d377d+277 + e~ " 2(31ma+2y) +2A2{1+)‘“+ 3 ( dsqd+2¢7 f }EK”ES(W) (119)

— 35t LEs (4 A)a) + AaEa((c+ A)a) + 252 Es ((x+ A)a) |
which agrees with the gel electrophoretic mobility i of a weakly charged oil drop with a
no-slip surface in an uncharged gel medium [59].

(ii) In the limit of Aa — 0 and pgy = 0, Equation (115) reduces to

el [KAa+A+a <a 5a
= + 2¢""E5(ka) — ————
n { a—+ 2Aeff 5( ) a—+ 2Aeff

which agrees with the free-solution electrophoretic mobility y of a weakly charged oil drop
with a slip length A [57]. In the further limit of #73/%# — oo, Equation (120) tends to

er E7(Kﬂ)} (120)

B srsog{KAa+A+a

5
) 20 Es (k) — +”2Ae’<“157(m)} (121)

which agrees with the electrophoretic mobility of a rigid sphere with a slip length A in a
free electrolyte solution [38]. In the further limit of A — 0, Equation (120) tends to the
following Henry’s mobility expression of a rigid sphere with a no-slip surface [33]:

_ £r€0Q

{1+ 2¢"E5(ka) —5¢""Ey(xa)} (122)

(iii) In the limit of ka — oo (Smoluchowski limit), Equation (61) becomes
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ereol(1+ Aa) (kAa+ A+a prix 1+ Aa
§= - Phix (123)
nQ a—+ 2Aq A (@]
In the further limit of A — 0, Equation (123) tends to
8r80€<1 + }\Ll) ( 314 ) Pfix
= — 1+Aa) (124)
g U g +21) e
(iv) In the limit of xa — 0 (Hiickel limit), Equation (115) tends to
2ereol U prix 1+ Aa
=—7 Neit(3+ Aa) — 1+A — 125
7 30000 + 2Ae) {a+ att(3 +24) 2’7d( +A9) nAz Q (129
In the further limit of A = 0, Equation (125) becomes
_ &réol {6’7d +1(3—Aa) } _ pix 1+ Aa (126)
310y 314+ 21 Az O
We now define the scaled gel electrophoretic mobility y* as
- frfogy* (127)
n
where
* +Aegr(3+A A + Aggr (14X 2 A2a2 [ a+Aeg(3+A
= % [” 04-f§(1\eff . + % +° a—&-fé(/\eff . ™ %{1 +Aa+ S5 (a u-&-fé(/\e“ a)) }eKaES(Ka) (128)

2 2,2 1 14+A ]
356N LB (4 A)a) + AaEa((k + A)a) + S Es((x + A)a) || - GETIEA — b, Lpa

In the limit Aa — 0, 4/% — o0, and pg, = 0, Equation (128) reduces to the Henry function
of a spherical rigid particle in a free-electrolyte solution [33]:

f(ka) =1+ 2e"Es(xa) — 5¢""E; (xa) (129)

2.4.3. Dependence of the Electrophoretic Mobility on Various Parameters

Figure 2 shows the scaled gel electrophoretic mobility u* of an o0il drop of viscosity
114 with a no-slip surface (A = 0) in an uncharged gel medium (pg, = 0) of viscosity 77 and
Brinkman screening length 1/A, plotted as a function of xa for four values of Aa (0, 0.1, 1,
and 10) at nq/n = 2.

w* n/ns2
A=0
[ P~ Y

oo

0.1

04 /

1
0.2 / —
10

0 e
107 1072 107! 10° 10t 102 108
Ka

0.8

Figure 2. Scaled gel electrophoretic mobility #* of an oil drop of radius a with a no-slip surface (A = 0)
as a function of xa for four values of Aa (0, 0,1, 1, 10) at #74/# = 2 in an uncharged gel (o« = 0). The
curve with Aa = 0 corresponds to the result for the free-solution electrophoresis.
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The parameter Aa characterizes the strength of the hydrodynamic interaction between
the oil drop and the polymer gel medium. The limiting case Aa = 0 corresponds to the
free-solution electrophoresis of an oil drop in the absence of the gel matrix.

As seen in Figure 2, the magnitude of the scaled mobility u* decreases as Aa increases
over the entire range of xa considered. This behavior reflects the increasing hydrodynamic
resistance exerted by the polymer gel network on the flow field around the drop. In other
words, as Aa becomes larger, the interaction between the oil drop and the surrounding gel
medium becomes stronger, leading to a suppression of the electrophoretic motion of the
drop. For sufficiently large values of Aa, the mobility is significantly reduced compared
with the free-solution case (Aa = 0), demonstrating the important role of the gel matrix in
modifying the electrophoretic behavior of the drop.

Figure 3 shows the scaled gel electrophoretic mobility y* as a function of «xa for five
values of the dimensionless slip length A/a (0, 107%,2 x 1074, 5 x 1074, and 1073) at
74/ =2 and Aa = 1 in an uncharged gel medium (pg, = 0). The case A/a = 0 corresponds
to an oil drop with a no-slip surface.

1.2

S
a
~
i
|
(38

H*
1L

0.8

0.6

/

0.2

0 il

107 1072 107! 10° 10t 1072 103
Ka

Figure 3. Scaled gel electrophoretic mobility u* of an oil drop of radius a with a slip length A as a
function of xa for five values of A/a (0,1074,2 x 107%,5 x 1074, and 1073) at nqg/1=2and Ada=1in
an uncharged gel (pgy = 0). The curve with A/a = 0 corresponds to a drop with a no-slip surface.

As can be seen from Figure 3, the magnitude of the scaled mobility y* increases
as the dimensionless slip length A/a increases. However, this effect is negligible for
small and moderate values of xa, and becomes pronounced only for sufficiently large xa
(typically. xa 2 100). This behavior can be understood as follows. For large values of xa, the
electric double layer is thin compared with the drop radius, and the drop surface locally
behaves like a planar interface. In this limit, the influence of hydrodynamic slip at the drop
surface becomes significant, because the reduction in tangential hydrodynamic resistance
directly enhances the fluid motion near the interface. As a result, the increase in | y*| with
increasing A /a becomes more pronounced.

Figure 4 shows the dependence of the scaled gel electrophoretic mobility u* on the
contribution of the gel-fixed charge of density pgy, which induces electroosmotic flow (EOF)
in the gel medium. To characterize the effect of the gel-fixed charge, we introduce the
dimensionless parameter R, defined by

aZPfix

K= et 1o
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The parameter R represents the ratio of the gel-fixed volume charge density pg, to the
surface charge density ¢ of the oil drop. Note that R > 0 when pg;, and ¢ have the same
sign, whereas R < 0 when they have opposite signs.

4

Il
]

17d/1;
Aa=1
A =0

u*
3

-2
107 1072 107! 10° 10t 102 108
Ka

Figure 4. Scaled gel electrophoretic mobility #* of an oil drop of radius a with a no-slip surface (A = 0)
as a function of xa for five values of R (=2, —1,0, 1, and 2) at 73/# = 2 and Aa =1 in an uncharged
gel (ofix = 0). The case R = 0 corresponds to an uncharged gel, for which no electroosmotic flow
(EOF) occurs.

As seen in Figure 4, the scaled gel electrophoretic mobility y* increases in magnitude
for R < 0 and decreases for R > 0. This behavior arises from the electroosmotic flow
generated by the gel-fixed charge. When R < 0, the electroosmotic flow is in the same
direction as the electrophoretic motion of the drop, thereby enhancing the magnitude of
the mobility. In contrast, when R > 0, the electroosmotic flow is in the opposite direction,
leading to a reduction in the electrophoretic mobility. These results demonstrate that the
presence of gel-fixed charges can significantly modify the electrophoretic behavior of the
oil drop through the induced electroosmotic flow in the gel medium.

To further elucidate the combined effects of multiple parameters on the electrophoretic
mobility, three-dimensional plots are presented in Figures 5 and 6. These figures comple-
ment the two-dimensional results shown in Figures 2—4 by providing a more comprehensive
view of the parameter dependence.

Figure 5. Three-dimensional plot of the scaled electrophoretic mobility p* of an oil drop with a no-slip
surface (A = 0) as a function of xa and 714/1, for four values of Aa (0.1, 1, 2, and 5) in an uncharged

gel (pﬁx =0).
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Figure 6. Three-dimensional plot of the scaled electrophoretic mobility y* as a function of xa and 174/,
for five values of the scaled slip length A/a (107%4,2 x 107%,5 x 107%,and 10~3) in an uncharged gel

(Pﬁx =0).

Figure 5 shows the scaled electrophoretic mobility p* as a function of xa and the
viscosity ratio #4/# for several values of the permeability parameter Aa in the absence of
hydrodynamic slip. It can be seen that the mobility depends sensitively on both parameters,
and that their effects are not simply additive. In particular, the influence of the viscosity
ratio becomes more pronounced at large ka, where the electric double layer is thin and
interfacial hydrodynamics dominate the response.

Figure 6 presents the corresponding three-dimensional plot illustrating the effect of
the scaled slip length A/a. The results show that the impact of hydrodynamic slip is
strongly coupled with both xa and #4/7. In particular, the enhancement of the mobility
due to slip becomes significant only in the regime of large xa, consistent with the trends
observed in Figure 3. The three-dimensional representation clearly demonstrates how the
interplay between interfacial slip and bulk hydrodynamic properties governs the overall
electrophoretic behavior.

These results highlight the importance of considering multiple parameters simultane-
ously when analyzing electrophoresis in polymer gels, and demonstrate the usefulness of
the present theoretical framework for capturing such coupled effects.

These results show that the gel electrophoretic mobility of an oil drop is strongly
influenced by the hydrodynamic interaction with the polymer gel medium, the hydrody-
namic slip at the drop surface, and the electroosmotic flow induced by gel-fixed charges. In
particular, the mobility decreases with increasing gel resistance (larger Aa), increases with
increasing slip length A/a, and is either enhanced or reduced by the electroosmotic flow
depending on the sign of the parameter R. These effects demonstrate the important roles
of both hydrodynamic and electrokinetic interactions in determining the electrophoretic
behavior of an oil drop in a polymer gel medium.

3. Conclusions

In this study, we have developed an analytical theory for the electrophoresis of weakly
charged oil drops dispersed in a dilute polymer gel carrying fixed charges. By accounting
for both the electrohydrodynamic response of the drop and the electroosmotic flow gener-
ated by the charged gel matrix, we derived a closed-form expression for the electrophoretic
mobility in the low—zeta-potential regime (Equation (115)).

In contrast to uncharged gels, where the polymer network contributes only hydrody-
namic resistance, a charged gel actively participates in electrokinetic transport through bulk
electroosmosis. The measured mobility therefore reflects the superposition of two distinct
mechanisms: the intrinsic electrophoretic motion of the drop and the background electroos-
motic flow of the gel. The present formulation provides an explicit analytical represen-
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tation of this coupling within a Brinkman-Debye-Bueche type porous-medium descrip-
tion [39,40].

Following the Baygents and Saville theory [43], the present theory assumes that the
drop acquires charge through specific ion adsorption at the oil-water interface and neglects
ion penetration into the drop interior. The analysis consistently incorporates interfacial
tension gradients (Marangoni stresses) as well as hydrodynamic slip at the oil-water
interface, which may be significant for hydrophobic drops in aqueous environments. These
interfacial effects modify the stress balance at the drop surface and thereby influence the
overall mobility.

The oil drop is assumed to be impermeable to ions, which is a reasonable approxima-
tion for typical oil-water systems where ions are not soluble in the oil phase. As a result,
ionic transport is confined to the surrounding electrolyte solution, and the droplet interior
does not contribute directly to charge transport.

In the present analysis, the drop is assumed to remain spherical. This assumption is
justified when the interfacial tension is sufficiently large so that deformation due to electric
stresses is negligible. Unlike soft particles, that is, polyelectrolyte-coated particles, where
deformation can significantly affect electrophoretic mobility [61], oil droplets possess a
well-defined interface that is impermeable to ions and fluid. As a result, deformation effects
are generally less significant, although they may become important under conditions of
low interfacial tension or strong electric fields.

Here, a linear isotherm is assumed for the surface charge, following the formulation
of Baygents and Saville [42]. This corresponds to the limit of low surface coverage, where
the surface charge density varies linearly with the local ionic concentration and saturation
effects can be neglected. In more general situations, surface adsorption is described by
nonlinear isotherms such as the Langmuir isotherm, and the present approximation is
therefore expected to be valid primarily in the dilute or weak adsorption regime.

An important consequence of the derived mobility expression (Equation (115)) is that
experimental measurements in charged gels can, in principle, be used to characterize both
the drop and the gel. In particular, the formula provides a method for estimating the drop’s
zeta potential and evaluating the electroosmotic mobility of the polymer network.

However, it should be noted that a single measurement of electrophoretic mobility
under fixed conditions is generally not sufficient to uniquely determine both quantities,
since different combinations of parameters may yield the same mobility. Reliable de-
termination therefore requires measurements under varying conditions (e.g., electrolyte
concentration or drop size) or additional independent information. The present theory
thus provides a physically consistent and potentially useful framework for analyzing cou-
pled electrophoresis—electroosmosis phenomena in charged polymer gels and related soft
porous media.

4. Materials and Methods

The present work develops an analytical framework based on the fundamental equa-
tions describing electrokinetic transport in porous media. The treatment is restricted to
the low—zeta-potential regime, allowing a linearized solution. The paper does not in-
volve experimental procedures or computational simulations. All theoretical assumptions,
governing equations, and derivations are presented in Section 2.
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