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Abstract: Here, we investigate the use of rolling-windowed L-moments (RWLMs) and L-moment
ratio diagrams (LMRDs) combined with a Multiple Linear Regression (MLR) machine learning
algorithm to model non-stationary low-flow hydrological extremes with the potential to simultane-
ously understand time-variant shape, scale, location, and probability distribution (PD) shifts under
climate change. By employing LMRDs, we analyse changes in PDs and their parameters over time,
identifying key environmental predictors such as lagged precipitation for September 5-day low-flows.
Our findings indicate a significant relationship between total August precipitation L-moment ra-
tios (LMRs) and September 5-day low-flow LMRs (τ2-Precipitation and τ2-Discharge: R2 = 0.675,
p-values < 0.001; τ3-Precipitation and τ3-Discharge: R2 = 0.925, p-value for slope < 0.001, intercept
not significant with p = 0.451, assuming α = 0.05 and a 31-year RWLM), which we later refine and use
for prediction within our MLR algorithm. The methodology, applied to the Goat River near Creston,
British Columbia, aids in understanding the implications of climate change on water resources,
particularly for the yaqan nuPkiy First Nation. We find that future low-flows under climate change
will be outside the Natural Range of Variability (NROV) simulated from historical records (assuming
a constant PD). This study provides insights that may help in adaptive water management strategies
necessary to help preserve Indigenous cultural rights and practices and to help sustain fish and fish
habitat into the future.

Keywords: low-flows; hydro-climate extremes; L-moments; non-stationary frameworks; climate
change; machine learning; Indigenous

1. Introduction
1.1. Hydrologic Drought and Its Implications

Understanding hydro-climatic extremes, including hydrologic drought, is crucial
for managing aquatic habitats and has significant implications for society, ecosystems,
and Indigenous people’s cultural rights and practices. In particular, adequate September
low-flows are necessary for the spawning of Kokanee (Oncorhynchus nerka), a culturally
important fish species for the yaqan nuPkiy (Lower Kootenay Band) First Nation [1]
(a member band of the Ktunaxa Nation). The yaqan nuPkiy reside near the unceded
territory of Creston, British Columbia. Fish, particularly Kokanee, have historically been a
sustainable food source for the yaqan nuPkiy. Recently, the yaqan nuPkiy have undertaken
the Goat River South Channel Restoration Project, reopening a historic channel to support
the return of Kokanee populations [1]. This project is vital for the community, aiming
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to help restore fish populations and strengthen their cultural ties to the land and water.
However, there are concerns that low-flows may inhibit the success of this restoration
effort and the health of the Goat River system as a whole [1,2]. Low-flows can impact fish
through a myriad of mechanisms, including increased water temperatures, which lead to
lower dissolved oxygen (DO) levels [3,4] and reduced availability of critical spawning and
rearing habitats [5]. For example, in the Upper Penticton Creek, changes in summer low-
flows reduced modelled usable fish habitat by 20–50% [6]. To assess low-flow conditions,
representative indices, such as the annual minimum average discharge for set periods,
are commonly used (e.g., [7–9]). Similarly, we can define hydrologic droughts as periods
when streamflow falls below a designated threshold (e.g., [10]). Thresholds can be defined
based on socio-ecological indicators. For example, the Province of British Columbia defines
Stage 5 hydrologic drought as “30-day precipitation and 7-day average stream-flows are
below the 2nd percentile relative to historic records” [11]. Summer precipitation can control
hydrolgoic drought: for example, ref. [12] found that accumulated rainfall after snow cover
disappearance was the primary control on summer low-flows in snow-affected catchments
of southern Quebec, while air temperature variability played a lesser role.

Both yaqan nuPkiy and Ktunaxa Nation citizens have observed changes in the Goat
River near Creston, British Columbia over time. On 4 October 2023, we used the “One
Heart Method” [13], a Ktunaxa framework for sharing information and solving problems
with one mind and one heart, to ask citizens and knowledge holders, “how has the Goat
River changed in your lifetime?” Participants shared that the Goat River has undergone
significant changes over time. It used to be much higher and cleaner, resembling a natural
swimming pool where people could jump off bridges and build rafts. There was a marsh
rich with wildlife, including songbirds, muskrats, and coyotes, and a greater diversity of
bird species, like meadowlarks. The land has since been converted to farmland, and partici-
pants cited that this, along with climate change, has significantly impacted the ecosystem
and traditional practices, such as Kokanee fishing. Participants noted that in the past, water
levels were so high that bridges had to be locked during floods. However, participants also
noted that the river’s levels have lowered, and land use practices like logging, coupled with
climate change, have accelerated the drying out of the area, affecting creeks in traditional
berry-picking spots. Caves in the canyon, once hidden, have become visible, marking the
river’s retreat. Participants emphasized that all these waterways are interconnected, with
changes in one part impacting the broader region. Additionally, cultural, and ecological
shifts have occurred: reduced snow levels and changing access routes mean participants
now travel farther for hunting, ceremonial harvesting, and gathering berries. The concerns
about the future of the Goat River and its surrounding lands resonate across the entire
territory.

1.2. Drivers of Low-Flows

Several processes can alter low-flows. In snow-dominated systems, moderate levels of
forest harvesting can influence low-flows via earlier melting of the spring snowpack [14,15],
which can result in decreased streamflow during late summer and early fall [6]. Although
interception loss and transpiration will increase as the forest regenerates, the immediate
reduction in these processes after harvesting can lead to higher summer–autumn base-
flow [16,17]. A recent meta-analysis of low-flow impacts in British Columbia found no
significant difference in low-flow effects a decade after harvest; however, two studies,
including one in a snow-dominated watershed, observed more severe summer low-flows
(i.e., lower flows) about two decades after harvest [17]. Other factors influencing streamflow
response after harvesting include soil disruption and the watershed’s underlying geology,
particularly whether streams have significant baseflow supported by groundwater [18].
Severe topsoil disturbance from harvesting, such as soil compaction or erosion, can reduce
soil infiltration capacity, diminishing recharge to surface and deep groundwater pathways,
impacting low-flows dependent on groundwater-sustained baseflow [19].
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Agricultural withdrawals and practices can also affect low-flows. Increased irrigation
demand can lower groundwater levels, reducing baseflow to streams during dry peri-
ods [20]. This reduction in baseflow can exacerbate low-flow conditions, particularly in
regions where groundwater is a significant source of baseflow [21]. Additionally, land
use changes from agriculture can alter stream temperatures via changes to groundwa-
ter inputs [22]. Furthermore, climate change is expected to reduce groundwater storage,
amplifying mountain streamflow reductions and exacerbating low-flow conditions [23].

In addition to agriculture, groundwater storage, and forestry, hydro-climatic ex-
tremes (including low-flows) are influenced by large-scale, low-frequency climate oscilla-
tions [24–31] and climate change [31–33]. Collectively, these drivers introduce significant
uncertainty into low-flow modelling and prediction: these issues are particularly challeng-
ing within a process-based framework, which assumes a comprehensive understanding of
the system under investigation a priori.

1.3. Non-Stationary Probabilistic Approaches

Applying a process-based understanding of hydrologic drought can introduce sub-
jective modeller bias into model parameters, assumptions, model type, scope, and spatial
scale: “...our [hydrology] community still holds deeply subjective and non-evidence-based
preferences for models based on a certain type of ‘process understanding’ that has histori-
cally not translated into accurate theory, models, or predictions” [34]. Further, “[m]odels are
not ‘value-free’, but uncertain, subjective and a product of the society in which they [are]
shaped”, which can lead to uneven power dynamics between disparate stakeholders [35].
Although no panacea, a probabilistic approach may be more appropriate for estimating the
likelihood of extreme events for both flooding [36] and droughts [37] when compared with
process-based methods.

In extreme-value theory (EVT), theoretical probability distributions (PDs) are usually
fit to the extreme variable time series, and quantiles associated with return periods of
interest are obtained. The selection of the appropriate PD is a key aspect of frequency
analysis [38]. Traditionally, extreme time series are assumed to be independent and identi-
cally distributed. However, this assumption is often not valid in real-world contexts. To
account for climate variability and change, several stochastic non-stationary models have
been developed [30,39–41]. These models typically make PD parameters conditional on
covariates representing climate variability or time. In most non-stationary hydro-climate
models, the probability function’s location and/or scale parameters are dependent on these
covariates. However, the shape parameters and/or the underlying PD are usually assumed
to remain constant (e.g., [42,43]). It has been shown that assumptions about the constancy
of shape parameters and the underlying PD are often invalid: both can change over time,
and L-moment ratio diagrams (LMRDs) can be used to evaluate these changes for several
types of hydro-climate extremes [30].

L-moments (LMs) are statistical measures similar to conventional moments (mean,
variance, skewness, and kurtosis), but are calculated using linear combinations of ordered
data. This makes LMs less sensitive to outliers and more robust for small sample sizes.
LMRDs plot the LMRs (e.g., L-Coefficient of Variation (L-CV), L-skewness) for observed
data and compare them with theoretical PDs. These diagrams help to select the appropriate
PD [44] and evaluate how hydro-climatic extremes’ location, scale, and shape parameters
may evolve through time [30]. Failing to understand how both the PDs and parameters
may evolve under climate change may dramatically over or underestimate extreme-value
risk. By employing time-varying LMs, LMRDs, and LMRs, stationary assumptions can be
tested and corrected if they are found to be violated.

Agriculture and forestry have intensified in the Creston Valley, and understanding
how extreme low-flows may evolve due to climate impacts is crucial for informing future
water allocations and forest management decisions. This is particularly important given
the uncertainty in low-flow responses to forestry and the limited data on groundwater
usage in the region. In response, we developed a non-stationary methodology based
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on the framework in [30] for estimating hydro-climate extremes using rolling-windowed
L-moments (RWLMs) and L-moment ratio diagrams (LMRDs). This approach employs
statistical analysis and predictive modelling to evaluate extreme low-flow hydrologic
data, using forward chaining for model fitting and incorporating LMs and LMRDs for PD
characterization and parameters estimation. These metrics then serve as drivers in Multiple
Linear Regression (MLR) machine learning models/algorithms. We aim to uncover the
relationships between environmental variables, such as lagged precipitation LMs and
extreme 5-day September low-flows. By refining these relationships with MLR models, we
can predict future 5-day low-flow LMs, and subsequently fit them to appropriate PDs for
flow projections over time. Using the estimated PDs and parameters, we simulate flows
for each rolling-window stochastically under two Representative Concentration Pathways
(RCPs), 4.5 and 8.5. By employing time-varying PDs and parameters, we reduce reliance on
subjective assumptions about stationarity, offering a more empirical approach to extreme-
value projection. The results provide valuable insights for water resource management,
particularly in sustaining fish and fish habitats that are crucial to the yaqan nuPkiy and
Ktunaxa people in the face of changing climatic conditions.

2. Materials and Methods
2.1. Data Collection

To assess changes in September 5-day low-flow over time, we examine three primary
data sources: air temperature (◦C), precipitation (mm), and river discharge (m3/s). These
datasets are first assessed to determine if significant relationships exist within L-moment
Ratio (LMR) space, and later used to develop predictive models using L-moments (LMs)
and Multiple Linear Regression (MLR).

2.1.1. Historical Climate Data Online (HCDO)

Data regarding daily, monthly, and historical climate records were obtained from
the Historical Climate Data Online (HCDO) repository, managed by Environment and
Climate Change Canada (ECCC). This database provides detailed observations, including
air temperature and precipitation. We focus on data from the Creston station in British
Columbia, which offers records spanning over a century (1912–2017), allowing for the
analysis of long-term climatic trends and variabilities. However, there are missing years in
the dataset. The Climate ID for this station is 1142160 (Latitude: 49◦05′49′′ N, Longitude:
116◦31′04′′ W).

2.1.2. Pacific Climate Impacts Consortium (PCIC)

We use downscaled climate models available through the Pacific Climate Impacts
Consortium (PCIC) data portal to gather future climate projections under two emission
scenarios, Representative Concentration Pathways (RCP) 4.5 and RCP 8.5. The median
of six models in the Coupled Model Intercomparison Project Phase 5 (CMIP5) series is
considered: “ACCESS1-0”, “CanESM2”, “CCSM4”, “CNRM-CM5”, “HadGEM2-ES”, and
“MPI-ESM-LR”. These six models are the same as those used to generate PCIC’s Gridded
Hydrologic Model Output. PCIC’s single-cell extraction tool extends the record of the
HCDO climate station by selecting the nearest grid cell to the HCDO climate station; these
data are available from 1950 to 2099, although they are only used for the future projections
(2018–2099).

2.1.3. Water Survey of Canada (WSC)

River discharge data are sourced from the Water Survey of Canada (WSC), specifically
from the monitoring station 08NH004 (also known as the Goat River Near Erikson Hydro-
metric Gauge (Latitude: 49◦05′21′′ N, Longitude: 116◦27′20′′ W)). This station is part of a
national network that records daily mean water flow data. These data are available from
1914 to 1995; however, there are missing years in the dataset.
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2.1.4. Methodology of Data Collection

Our data collection process involves accessing databases to download the necessary
datasets for the study period. For both the HCDO and WSC databases, data are filtered by
date range, ensuring comparability, and specific variables of interest—such as total monthly
precipitation, average monthly air temperature, and September 5-day low-flow—are se-
lected. Lagged values for precipitation and air temperature (up to and including September)
are also extracted for later analysis. Both the discharge and climatology datasets contain
missing years, and since the missing years do not overlap, the total length of the matched
dataset is reduced from 82 years to 69 years.

2.2. Rolling-Window Approach

We use a rolling-window approach to estimate the L-moments (LMs) from time-series
data, allowing for dynamic analysis of changing trends over time. In this method, a fixed-
size window moves across the data points, and calculations are performed for the subset
of data within each window position, continuously assessing the probability distribution
(PD) characteristics as they evolve. Given a time series {xt} of length N, a window of size
n is defined, such that n < N. For each window position i, we calculate the LMs using
the data subset {xi, xi+1, . . . , xi+n−1}. This process is repeated by sliding the window one
step forward until it reaches the end of the series. The key LMs calculated within each
window are

L(i)
1 =

1
n

i+n−1

∑
j=i

xj, (1)

L(i)
2 = 2b(i)1 − b(i)0 , (2)

L(i)
3 = 6(b(i)2 − b(i)1 ) + b(i)0 , (3)

L(i)
4 = 20b(i)3 − 30b(i)2 + 12b(i)1 − b(i)0 , (4)

where the b(i)k coefficients are given by

b0 =
1
n

n

∑
i=1

xi, (5)

b1 =
1

n(n − 1)

n

∑
i=1

(n − i)x(i), (6)

b2 =
1

n(n − 1)(n − 2)

n−1

∑
i=1

(n − i)(n − i − 1)x(i), (7)

b3 =
1

n(n − 1)(n − 2)(n − 3)

n−2

∑
i=1

(n − i)(n − i − 1)(n − i − 2)x(i). (8)

Here, x(i) denotes the i-th smallest value in the sample, and n is the sample size.
L-moment ratios (LMRs) provide a standardized way to describe the form of a PD,

and are particularly useful for hydrological analysis. LMRs, including L-Coefficient of
Variation (L-CV), L-skewness, and L-kurtosis, are defined as follows:

τ2 =
L2

L1
, (9)

τ3 =
L3

L2
, (10)

τ4 =
L4

L2
. (11)
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Because L-moment ratio diagrams (LMRDs) can be used to assess changes in hydro-
climate extremes over time [30], we plot lagged precipitation and air temperature LMRDs
to visually compare them to September 5-day low-flow LMRs. A 31-year window size is
selected to balance sample size and fidelity needed for prediction. Air temperature and
precipitation LMRDs are generated from preceding months up to and including September,
and compared alongside September 5-day low-flow LMRDs. Visual analysis reveals a
pronounced trend in total August precipitation compared to discharge, meriting further
investigation (Figure 1).

To test our hypothesis, we conduct an Ordinary Least Squares (OLS) regression be-
tween September 5-day low-flow and total August precipitation LMRs (Figure 2). For τ2,
the analysis indicates a significant relationship between τ2-Precipitation and τ2-Discharge,
with an R2 value of 0.675. Assuming an α of 0.05, the coefficients for both the intercept and
slope are significant (p-values < 0.001). For τ3, the OLS regression reveals a significant rela-
tionship between τ3-Precipitation and τ3-Discharge, with an R2 value of 0.925. Assuming
an α of 0.05, the coefficients for the slope are significant (p-values < 0.001), although the
intercept was not (p-value = 0.451). No such relationships are found with respect to air
temperature; therefore, we focus our analysis on total August precipitation and September
5-day low flow LMRs and LMs.

Figure 1. L-moment ratio diagrams (LMRDs) for: (a) August total precipitation (mm) and (b) Septem-
ber 5-day low-flow (m3/s). Each panel includes the L-Coefficient of Variation (L-CV;τ2) versus
L-skewness (τ3) and L-kurtosis versus L-skewness ratios.

Figure 2. Relationship between L-moment ratios (LMRs) of August total precipitation (mm)
and September 5-day low-flow (m3/s): (a) τ2 and (b) τ3. τ2-Precipitation and τ2-Discharge:
p-values < 0.001; τ3-Precipitation and τ3-Discharge: p-value for slope < 0.001, intercept not significant
with p = 0.451, assuming α = 0.05 and a 31-year rolling-windowed L-moments (RDLMs).

3. Multiple Linear Regression (MLR) and Forward Chaining

To generalize our methodology beyond LMRs and to allow for later parameter estima-
tion for common extreme value PDs via the method of LMs [45], we use MLR to predict
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the September 5-day low-flow LMs from total August precipitation LMs, using a forward
chaining approach to maintain the temporal order of the dataset.

3.1. Target and Predictor Variables

Our target variables are S1, S2, S3, S4, which represent the 5-day September low-flow
LMs. The predictors are the LMs of August total precipitation, denoted by

P = {(i, Lj) | i ̸= 0, Lj ∈ L} (12)

where i indexes different time points or features, and Lj represents the specific precipitation-
related LMs. We generate all possible combinations of these predictors for the analysis.

3.2. Model Training and Evaluation

For each LM Lj of Si:

1. Initialize the lowest Squared Error (SE) to a very large value

SEmin = Large_Number (13)

where Large_Number is a sufficiently large value to ensure that any computed SE will
be smaller.

2. Use forward chaining for training and evaluation:

(a) Define the training set Tt and test set τt

Tt = {D0(k) | k < t}, τt = {D0(t)} (14)

where k indexes time points prior to t in the dataset.
(b) Define the response variable yt for the current training period

yt = Tt[Lj] (15)

(c) For each combination c ∈ C of predictors, extract the predictors for the training set:

Xt = [Tt[Lm] | (i, Lm) ∈ c] (16)

(d) Fit the model using Ordinary Least Squares (OLS):

ŷt = β0 + ∑
(i,Lm)∈c

βi,Lm Xt[Lm] (17)

(e) Evaluate the model on the test set and calculate the SE:

ŷτt = β0 + ∑
(i,Lm)∈c

βi,Lm τt[Lm], SEc = (ŷτt − yτt)
2 (18)

(f) Update the best model if the current model has a lower SE:

if SEc < SEmin,

then set SEmin = SEc,

Best model = {β0, {βi,Lm | (i, Lm) ∈ c}}
(19)

(g) Expand the training set for the next iteration by one time-step:

Tt+1 = Tt ∪ τt (20)
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3. Record the best-fit model and its equation for each LM (in this case, index (time-step)
38 yields the best-fit model; it is also the final iteration in the time series to undergo
training and testing within the forward chaining process):

Si = β0 + ∑
(i,Lm)∈c

βi,Lm(Si, Lm) (21)

The best-fit first four terms of the MLR equations for each LM Si derived from index
38 are as follows:

S1(L1) = 4.617 + 0.003 · P1(L1)− 0.003 · P2(L2) + 0.006 · P3(L3)

− 0.006 · P4(L4) + . . . (22)

S2(L2) = 1.520 − 0.001 · P1(L1)− 0.004 · P2(L2) + 0.001 · P3(L3)

+ 0.009 · P4(L4) + . . . (23)

S3(L3) = 0.727 − 0.001 · P1(L1)− 0.004 · P2(L2) + 0.007 · P3(L3)

− 0.000 · P4(L4) + . . . (24)

S4(L4) = 0.496 − 0.000 · P1(L1)− 0.003 · P2(L2) + 0.005 · P3(L3)

− 0.005 · P4(L4) + . . . (25)

4. Additionally, the algorithm computes the overall Mean Squared Error (MSE) for later
sensitivity analysis of window size as follows:

Overall MSE =
1

T − 1

T−1

∑
t=1

(
ŷτ(t) − yτ(t)

)2
(26)

3.3. Estimation PD Parameters from MLR L-Moments

After obtaining the LMs from the MLR algorithm (Figure 3), we use these LMs to
estimate the parameters of the Generalized Extreme Value (GEV) PD following [45]’s
method (Figure 4). The GEV distribution is selected after comparing common PDs on
the LMRD using Euclidean distance to theoretical distributions, as plotted by [45]. The
majority of the simulated LMRs are best approximated by the GEV distribution, with 55%
of the windows best fitting the GEV line under the RCP 4.5 emissions scenario (Figure 5a).
Time-varying PDs are also estimated for each window, showing how the distribution type
evolves and becomes more volatile, particularly under the RCP 8.5 emissions scenario
(Figure 5b).

Figure 3. Cont.
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Figure 3. Comparison of predicted and observed L-moments (LMs; testing during training) using a
31-year rolling-window. The plots display the predicted (green) and observed (blue) values for the
first (a), second (b), third (c), and fourth (d) LMs. Each subplot includes the Overall Mean Squared
Error (MSE) between the predicted and observed values computed by summing and averaging the
best-fit model Squared Error (SE) for each step in the forward chaining process. The equations plotted
alongside the model are derived from the final (best-fit) iteration (index 38), which demonstrated the
lowest SE.

The five distributions explored, as described by [45], include the Generalized Logistic
(GLO), GEV, Generalized Pareto (GPA), Generalized Normal (GNO), and Pearson Type III
(PE3) distributions. Each distribution is characterized by three parameters: location (µ),
scale (σ), and shape (ξ).

Using the LMs derived from the regression outputs, we estimate these parameters for
each distribution following [45] as implemented in the ‘lmom’ R package [46].

Figure 4. Location, scale, and shape parameters estimated using [45]’s method of L-moments (LMs)
for the Generalized Extreme Value (GEV) probability distribution (PD) for the observed (blue) and
predicted (testing during training; dashed red) LMs under a 31-year rolling-window.RETRACTED
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Figure 5. LMRDs using 31-year windows under two Representative Concentration Pathways (RCP)
scenarios. Panels (a–c) correspond to the RCP 4.5 scenario, while panels (d–f) correspond to the RCP
8.5 scenario. Diagrams show: (a,d) L-CV/L-skewness, (b,e) L-kurtosis/L-skewness, with theoretical
PDs described in [45] (distributions include Generalized Logistic (GLO), Generalized Extreme Value
(GEV), Generalized Pareto (GPA), Generalized Normal (GNO), Pearson Type III (PE3), Wakeby Lower
Bound (WAK_LB), and All Distribution Lower Bound (ALL_LB)). Plots (c,f) show the distribution
count for each window. The observed LMRs for the 5-day September low-flow at the Water Survey of
Canada (WSC) Goat River Near Erikson Hydrometric Gauge Station (08NH004) are plotted alongside
simulated future data derived from Multiple Linear Regression (MLR) driven with total August
precipitation LMs. Future data are generated using a splice of six Coupled Model Intercomparison
Project Phase 5 (CMIP5) series downscaled climate models (median of “ACCESS1-0”, “CanESM2”,
“CCSM4”, “CNRM-CM5”, “HadGEM2-ES”, and “MPI-ESM-LR” from 2018 to 2100) downloaded
using the single cell extraction tool from the Pacific Climate Impacts Consortium (PCIC). Historical
climate data are downloaded from Historical Climate Data Online (HCDO) repository for the Creston
station (Climate ID 1142160; available from 1996 to 2017).

3.4. Estimating Thresholds for Hydrologic Drought

To estimate the risk of the channel failing, we compute the exceedance and cumulative
exceedance probabilities as follows:

1. Generate random data:

for each time window i, generate N data points Xij from the GEV PD with loci, scalei,
and shapei parameters.

2. Count exceedances:

For each simulation, count the number of data points that exceed (fall below) the threshold

exceedancesi =
N

∑
j=1

I(Xij < threshold) (27)

where I(·) is the indicator function, equal to 1 if the condition is true, and 0 otherwise.
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3. Calculate exceedance probability:

The exceedance probability for each window i is calculated as

Pexceed(i) =
exceedancesi

N
(28)

Given the exceedance probabilities Pexceed(i) for each window i:

4. Calculate cumulative exceedance probability:

Pcum_exceed(i) = 1 −
i

∏
j=1

(1 − Pexceed(j)) (29)

4. Results and Discussion
4.1. Generalized Extreme Value (GEV) Parameters: Location, Scale, and Shape

Figure 6a,b displays the modelled estimates for the Generalized Extreme Value (GEV)
location, scale, and shape parameters over 144, 31-year rolling-windowed time units under
Representative Concentration Pathway (RCP) 4.5 and RCP 8.5, respectively. The top plot
shows the GEV location parameter, which represents the central tendency of the PD. For
both RCPs, the location parameter initially increases, peaking around the 40th time window,
and then decreases, stabilizing towards the end of the simulation (Figure 6a,b).

Figure 6. Results of the L-moments (LMs) derived from Multiple Linear Regression (MLR) fit to a
Generalized Extreme Value (GEV) probability distribution (PD) to produce shape, scale, and location
parameters: (a) GEV parameters (shape, scale, and location) over 144 rolling windowed time units
under Representative Concentration Pathway (RCP) 4.5 and (b) RCP 8.5.

The middle plot illustrates the GEV scale parameter, indicating the variability or spread
of the PD. For both RCPs, similar to the location parameter, the scale parameter increases,
peaks around the 40th time window, and then decreases before increasing again around the
65th time window (Figure 6a,b). This suggests that variability in flow is higher within the
middle period (20–80) than in either the earlier (0–20) or later (80–140) periods (these periods
are determined based on noteworthy changes in the data, and do not represent even splits).

The bottom plot shows the GEV shape parameter, which describes the tail behaviour
of the PD. Again, for both RCPs, the shape parameter follows a similar trend, increasing
and peaking around the 40th time window before decreasing and stabilizing and becoming
more left-skewed towards the end of the simulation. The left skew of the shape parameter
through time indicates changes in the tail of the distribution behaviour towards much
lower flow (rather than higher, as observed in the middle period) extreme events.

RETRACTED
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4.2. GEV Flow Simulation

Figure 7a,b present the results of the GEV model simulations under Representative
Concentration Pathway (RCP) 4.5 and RCP 8.5, respectively. Both figures show the median
flows with a 99% confidence interval (CI) estimated using the aforementioned parameters,
assuming 1000 simulations for each of the 144 rolling-windowed time units. The blue
lines represent the median flow values in m3/s, while the vertical red areas illustrate the
99% confidence intervals, computed numerically from percentiles derived from repeat
(n = 1000) simulations.

Figure 7. LMs derived from MLR fit to a GEV PD to produce shape, scale, and location parameters to
derive median flows (m3/s) and confidence intervals (CIs) estimated from percentiles: (a) simulated
September 5-day low-flows driven by MLR regression using August total precipitation LMs over a
31-year rolling time window under (a) RCP 4.5 and (b) RCP 8.5. The dashed red line denotes a flow
of <1 m3/s. Note: each simulation is based on n = 1000 iterations for both panels.

GEV Model Simulation (Median Flows with 99% CI)

Within the early period in the RCP 4.5 scenario, the median flow starts around 4 m3/s
and gradually increases to about 5 m3/s. The CI is relatively narrow, reflecting lower
variability in flow during this period. The lower boundary of the 99% CI is slightly above
1 m3/s, while the upper boundary is approximately 7 m3/s.

RETRACTED
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Within the middle period in both RCP 4.5 and RCP 8.5 scenarios, the median flow
experiences a peak and greater variability. In the RCP 4.5 scenario, the median flow reaches
its maximum value of around 5.5 m3/s. The CIs are wider during this period, indicating
higher variability.

Within the late period in both RCP 4.5 and RCP 8.5 scenarios, the median flow de-
creases and stabilizes around 4 m3/s towards the end simulation period. The CI narrows
again, indicating reduced variability in the flow rates as they stabilize. The lower boundary
of the 99% CI during this period drops to less than 1 m3/s (dashed red lines in Figure 7a,b),
suggesting that there are periods of extremely low-flows outside of the current Natural
Range of Variability (NROV) when compared with simulated flows from the historical
record (i.e., compared to the early or middle periods).

4.3. Challenges in Predicting Low-Frequency Oscillations

Predicting the timing of changes in low-frequency oscillations such as the El Niño-
Southern Oscillation (ENSO) presents a significant challenge for climate models. This
inability may explain why there are large clusters of future L-moment ratios (LMRs) that
change relatively little compared to empirical (historical) data (Figure 5). The Pacific
Climate Impacts Consortium (PCIC) notes that their statistically downscaled Coupled
Model Intercomparison Project Phase 5 (and Phase 6; CMIP6) model simulations are unable
to capture the exact day-by-day, month-by-month, and year-by-year sequencing of values
concerning low-frequency oscillations, including ENSO. This discrepancy arises because
climate models solve a “boundary value problem" and are not constrained to reproduce
the timing of natural climate variability seen in observational records.

4.4. Estimating LMs and PD Changes

Our methodology estimates the first four LMs, theoretically allowing for non-stationary
PD shifts beyond changes in shape, scale, and location parameters. The majority of the data
best fit a GEV PD for the RCP 4.5 emissions scenario; however, we observe that this was
not the case for the RCP 8.5 emissions scenario (Figure 5f). We use [45]’s methodology as
implemented in [46] to fit different PDs based on Euclidean distance in LMR space for each
time window. When we vary PDs for each window, we find distribution changes beyond
shape, scale, and location parameters, which modify the modelled flow estimates moder-
ately for RCP 4.5 (Figure 8a) and considerably for RCP 8.5 (Figure 8b). This is interesting,
as modelling frameworks that assume a stationary PD may be over- or underestimating
future extreme-value risks (for example, compared to the stationary PD approach assuming
a GEV PD) when compared to the time-varying PD approach demonstrated and presented
in Figure 8. In particular, we find little difference in future modelled flows assuming a GEV
PD between RCP 4.5 and 8.5, but substantial differences when the PDs are permitted to
vary for each time window, particularly for windows >85 (Figure 8).

4.5. Relationship between LMs and Window Size

In their analysis of another interior British Columbia watershed that flows into
Shuswap Lake (the Salmon River), ref. [47] found that July to September precipitation was
the strongest correlative predictor of late-summer low-flows: a finding agreeing with the
analysis in [12] of low-flows in Quebec. We find that lagged precipitation is the strongest
predictor of low flows when compared with other climate indices (e.g., temperature ex-
tremes) analysed in rolling-window LMR space. Moreover, we observe that the relationship
between the second LMR (τ2) of lagged precipitation and discharge strengthens with larger
rolling-window sizes while the third LMR (τ3) of lagged precipitation and discharge gener-
ally decreases (Table 1). The predictive accuracy of the Multiple Linear Regression (MLR)
algorithm generally diminishes, as measured by the Overall Mean Squared Error (MSE),
likely due to fewer training data points as window size increases (Table 1, Figure 9) or
inaccurate estimation of L-moments when the window size becomes too small (<30). This
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reduction in accuracy can lead to numerical instabilities in parameter estimation at later
stages of the PD fitting process.

Figure 8. Results of the LMs derived from MLR fit to the best-fit probability distribution (PD)
(distributions described in [45]) to produce shape, scale, and location parameters to derive median
flows (m3/s) and confidence intervals (CIs) estimated numerically from percentiles: (a) simulated
September 5-day low-flows driven by MLR regression using August total precipitation LMs over
a 31-year moving window under RCP 4.5 and (b) RCP 8.5. The dashed red line denotes a flow of
<1 m3/s. Note: each simulation is based on n = 1000 iterations for both panels.

In their assessment of hydro-climate extremes, [30] use a rolling-window size of 40 to
evaluate time-varying LMRs and relate these changes to low-frequency oscillations such
as the Pacific Decadal Oscillation (PDO). However, we recommend experimenting with
window sizes between 25 and 35 for prediction purposes. In our analysis, a 31-year window
was selected because it generated stable parameter estimates at later stages, assuming the
method from [45] for LMs while providing a sufficiently large sample size to accurately
estimate the LMs. Windows > 31 exhibited two problems: (1) unstable parameter estimation
at later stages (assuming [45]’s method), and/or (2) unrealistic future clustering of LMRs
compared with theoretical distributions (i.e., very large deviations and/or directional
changes from historical theoretical distributions). Here, window sizes between 25 and 31
did not exhibit these issues, and displayed relative robustness in PD parameter estimation,
regardless of PD selected (Figure 10).

RETRACTED
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Figure 9. Overall standardized Mean Square Error (MSE) across different window sizes during
model training.

Table 1. Correlation and overall Mean Square Error (MSE) analysis for different window sizes during
model testing during training.

Window Size τ2 − R2 τ3 − R2 L-Moment 1
MSE

L-Moment 2
MSE

L-Moment 3
MSE

L-Moment 4
MSE

25 0.550 0.863 6.64 × 10−2 2.04 × 10−2 9.3 × 10−3 5.4 × 10−3

30 0.643 0.915 7.3 × 10−3 4.0 × 10−3 1.2 × 10−3 6.0 × 10−4

35 0.730 0.910 5.88 × 10−2 8.1 × 10−3 4.1 × 10−3 2.5 × 10−3

40 0.840 0.895 1.96 × 10−2 8.1 × 10−3 7.0 × 10−3 4.8 × 10−3

45 0.864 0.744 2.837 × 10−1 2.5 × 10−2 5.03 × 10−2 3.68 × 10−2

4.6. Additional Sensitivities

Different low-flow metrics affect where the windowed data plots in LMR space. For
example, for this watershed, the 1-day September low-flow typically plots below the GEV
line, while the 7-day low-flow tends to plot above it. These distinctions highlight the
sensitivity of LMRs to the chosen extreme-value metric, further emphasizing the need for a
methodology that can estimate changes and/or differences in the underlying PD.

However, significant changes were observed when the PDs were allowed to vary
over time windows. This suggests that the uncertainties in predicting low-flow conditions
are more influenced by the choice and variability of the PDs than by the differences in
parameters between emission scenarios, assuming a stationary PD. Consequently, further
investigation is warranted to understand the dynamic nature of PDs and their impact on
extreme-value projections.

To generalize the findings, we suggest repeating this methodology for other water-
sheds. Both long-term local climate and discharge data must be available to ensure accurate
and reliable predictions. Expanding this analysis to additional watersheds will provide a
more comprehensive understanding of hydrological responses to climate change across
different regions.

RETRACTED
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Figure 10. Sensitivity of window size on location, scale, and shape parameters for September 5-day
low-flow estimated using the method of LMs described in [45] derived from MLR driven by total
August precipitation LMs for six common distributions described in [45] (Generalized Extreme
Value (GEV; (a–c)), Generalized Logistic (GLO; (d–f)), Generalized Normal (GNO; (g–i)), Pearson
Type III (PE3; (j–l)), and Generalized Pareto (GPA; (m–o)). The solid line displays data under the
Representative Concentration Pathway (RCP) 4.5 emission scenario, while the dashed line displays
the RCP 8.5 emissions scenario.

4.7. LMs Compared with Other Estimators

In a review of probabilistic approaches to assess hydroclimate extremes, ref. [48]
concludes that LMs are generally superior to methods like the Method of Moments (MOM)
and Maximum Likelihood (ML) for parameter estimation for extreme-value PDs, particu-
larly for small sample sizes and heavy-tailed distributions. Moreover, ref. [48] note that
LMs exhibit lower estimation bias, reduced sensitivity to outliers, and less susceptibility to
sampling variability, resulting in more accurate and robust estimates that perform better in
goodness-of-fit tests and offer less uncertainty in flood frequency estimates compared to

RETRACTED
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ML across studies. However, ref. [48] that “[t]here is still no agreement upon a framework
for performing extreme frequency analysis under non-stationary conditions”.

In the context of using L-moments for non-stationary hydrological analysis, study [49].
on fitting non-stationary GEV parameters to Precipitation Maxima Data (PMD) series,
highlights how LMs can be adapted to model changing hydrological extremes under
climate change conditions. In their approach, LMs estimate the initial parameters, which
are then updated using covariants (such as time) and fitted with ML. Ref. [30] apply a
similar approach to estimate the GEV distribution’s shape, scale, and location parameter for
flood flows. Our methodology differs from both approaches by introducing time windows
rather than time explicitly by estimating the LMs for each window. Our approach thereby
allows for distributions to evolve beyond the GEV PD as assessed in LMR space. Because
both [30,49] used ML, our methodology, which employs LMs, may provide a better estimate
of PD parameters as they evolve.

4.8. Concerns for yaqan nuPkiy

We examine changes in low-flow thresholds to evaluate the concerns related to the
yaqan nuPkiy’s recently reopened historical stream, which plays a crucial role in their
cultural and ecological rights and practices [1]. This stream channel was designed to
accommodate a historical minimum September low-flow of 2.7 m3/s. However, there are
significant concerns that the channel might receive insufficient flows to help support fish
populations if the flow rates fall below this threshold.

Figure 11 presents the low-flow exceedance (Equation (28)) and cumulative exceedance
probability (Equation (29)) for the Goat River near Erikson Gauging Station (08NH004),
modelled assuming the GEV RCP 4.5 simulation described earlier. The modelled ex-
ceedance probability (blue line) shows an increasing trend over time, indicating a higher
likelihood of flows falling below 2.7 m3/s moving into the future. The cumulative ex-
ceedance probability (dashed purple line) also shows fluctuations, with a noticeable in-
crease after the 60th time window and increasing to 1.0 near the 100th time window.

The potential for reduced flow rates is particularly alarming for the yaqan nuPkiy,
as fish populations are integral to their subsistence and cultural heritage. The reopened
channel must maintain adequate flow to support fish spawning and other ecological
processes. If the flow falls below the designed minimum, it could impact the fish and fish
habitats for the yaqan nuPkiy community.

Figure 11. Low-flow exceedance and cumulative exceedance probability for the Goat River near
Erikson Gauge Station, showing values less than 2.7 cubic meters per second (m3/s) assuming
n = 1000 simulations and a Generalized Extreme Value (GEV) probability distribution (PD). Future
data assume a Representative Concentration Pathway (RCP) 4.5 emissions scenario.
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5. Conclusions

Several findings emerge from this work:

1. We highlight the use of 31-year rolling-windowed L-moments (RWLMs) and Multiple
Linear Regression (MLR) within a non-stationary methodology for modelling extreme
low-flow hydrologic data, including time-variant shape, scale, and location parame-
ters paired with analysing probability distribution (PD) shifts over time. Our findings
indicate a significant relationship between total August precipitation L-moment ra-
tios (LMRs) and September 5-day low-flow LMRs (τ2-Precipitation and τ2-Discharge:
R2 = 0.675, p-values < 0.001; τ3-Precipitation and τ3-Discharge: R2 = 0.925, p-value for
slope < 0.001, intercept not significant with p = 0.451, assuming α = 0.05 and a 31-year
RWLM). We then refine these relationships to develop an MLR machine learning
algorithm to predict future September 5-day low-flow L-moments (LMs) using total
August precipitation LMs derived from observational records spliced with statisti-
cally downscale Coupled Model Intercomparison Project Phase 5 (CMIP5) climate
model projections (assuming the median of six downscaled Global Climate Models
(GCMs) from the CMIP5 series: “ACCESS1-0”, “CanESM2”, “CCSM4”, “CNRM-CM5”,
“HadGEM2-ES”, and “MPI-ESM-LR”). We find that PD shifts do occur, although the
majority of the estimated LMs plot closest to the Generalized Extreme Value (GEV)
line in L-moment ratio (LMR) space for the Representative Concentration Pathway
(RCP) 4.5 emissions scenario, whereas the RCP 8.5 emissions scenario displays wider
variability in PD changes over time.

2. We find minimal differences in low-flow projections under Representative Concen-
tration Pathway (RCP) 4.5 and RCP 8.5 scenarios assuming a GEV distribution but
substantial differences when PDs are permitted to vary with time window. The 99%
confidence intervals for the majority of scenarios assessed (all except the variable
PD RCP 8.5 scenario) suggest that flows may be lower than 1 m3/s into the future,
which could impact fish populations (e.g., Kokanee) and is outside the Natural Range
of Variability (NROV) compared with modelled flows in the observational period.
These low-flows threaten fish spawning conditions and, consequently, the fish popu-
lations’ sustainability, which are integral to the cultural and subsistence practices of
the yaqan nuPkiy First Nation. The results should be considered conservative because
future agricultural demand and forestry changes were not assessed explicitly (i.e., a
“best-case scenario” for the Creston Valley).

3. To generalize these findings, we suggest that this methodology be applied to other
watersheds with long-term local climate and discharge data. This expansion will
provide a broader understanding of LM and LMR hydrological responses to climate
change across various regions. Future research should focus on applying and refining
this approach in different hydrologic and extreme-value contexts to enhance predictive
capabilities (e.g., different low-flow metrics, floods, precipitation, etc.).
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ries and made publicly available, with Band permission, here https://github.com/isaacdekker/L-
moment_Low_Flow.git (accessed on 30 July 2024).
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