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Abstract

This study develops a physics-informed surrogate for predicting three-dimensional gas–
liquid hydrodynamics in an aerated double-impeller stirred tank. Reference fields were
generated using steady-state computational fluid dynamics (CFD) simulations in AN-
SYS Fluent at impeller speeds of 200–500 rpm. Three models with identical network
architectures were examined: a supervised neural network (NN) trained on CFD data, a
boundary-informed neural network (BINN) incorporating boundary constraints, and a
physics-informed neural network (PINN) incorporating boundary and reduced physics
constraints. At 400 and 500 rpm, the PINN outperformed the NN and BINN, achieving
normalized liquid- and gas velocity errors below 10% and pressure errors of approximately
3–4%. The NN and BINN showed greater attenuation of impeller-induced gradients in
high-shear regions. At the unseen intermediate speeds of 350 and 450 rpm, the PINN
reproduced the principal CFD flow structures. Normalized gas velocity errors were approx-
imately 11–14%, while normalized pressure errors ranged from 4.48% to 9.22%, depending
on the operating speed and error metric. Each CFD simulation required approximately
100–140 h, whereas PINN inference at 200,000 spatial locations required approximately
2–3 h per operating condition. The initial cost of generating the CFD training data must be
considered when assessing the benefit of repeated surrogate evaluations.

Keywords: physics-informed neural networks; multiphase flow; stirred tanks; surrogate
modeling; computational fluid dynamics

1. Introduction
Stirred-tank bioreactors are widely used in chemical and biotechnological industries

for mixing, chemical reactions, and fermentation processes [1–4]. They commonly consist
of a cylindrical vessel equipped with rotating impellers and stationary baffles to improve
mixing and suppress vortex formation. For high-aspect-ratio vessels, multi-impeller con-
figurations are often employed to enhance axial circulation, gas dispersion, and mixing
uniformity throughout the tank [5–7]. In aerated bioreactors, uniform gas distribution is
particularly important because poor dispersion can reduce oxygen transfer efficiency and
create hydrodynamic heterogeneities and dead zones [8]. Double-impeller mixing systems
therefore play a critical role in large-scale bioprocessing by improving gas–liquid mass
transfer and promoting more homogeneous hydrodynamic conditions along the reactor
height [9,10].
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The versatility of stirred-tank bioreactors enables their widespread application in
pharmaceutical, biochemical, and fermentation processes; however, this flexibility also
introduces significant challenges in reactor design, scale-up, and optimization because
operating conditions and geometry strongly influence hydrodynamics and gas–liquid mass
transfer [8,11]. In aerated systems, local velocity fields, gas holdup, and mixing intensity
directly affect momentum transport and oxygen transfer rates, thereby influencing the
local hydrodynamic and mass-transfer conditions experienced by suspended cells and
microorganisms [12]. Consequently, there is increasing demand for predictive modeling
frameworks capable of rapidly evaluating hydrodynamics for process optimization, scale-
up, and process-control applications [13,14].

Computational fluid dynamics (CFD) has become a powerful tool for analyzing multi-
phase hydrodynamics in stirred tanks because it provides detailed predictions of velocity,
pressure, and gas distribution fields [15,16]. However, high computational cost, mesh
sensitivity, turbulence-model dependence, and long simulation times limit the application
of CFD for rapid parametric studies, optimization, and real-time process monitoring [13].
These limitations are particularly restrictive when multiple operating conditions or geomet-
rical configurations must be evaluated. To address these challenges, reduced-order and
surrogate modeling approaches have been explored as computationally efficient alterna-
tives [17,18].

Purely data-driven surrogate models, including neural network-based approaches,
have shown promise for predicting stirred-tank hydrodynamics [10,19,20]. Nevertheless,
such models generally require large labeled datasets and often lack physical interpretability
and robustness outside the training domain [21–23]. Because these models rely solely on
data, they may fail to preserve governing physical behavior when extrapolated to unseen
operating conditions.

By including equation residuals and boundary conditions in the training loss, PINNs
can guide predictions toward the behavior represented by those constraints. Their accuracy
and generalization nevertheless depend on the suitability of the equations, the training
data, and the operating conditions evaluated [24–26]. Operator-learning approaches, in-
cluding DeepONets and Fourier Neural Operators (FNOs), have further improved the
representation of PDE-governed systems [27,28]. However, these approaches still depend
heavily on large, high-quality datasets and do not explicitly enforce governing physical
laws in the loss function, limiting their ability to guarantee physically consistent predic-
tions outside the training regime [29]. To overcome these limitations, physics-informed
machine learning frameworks have been developed by incorporating governing equations,
conservation laws, and boundary constraints directly into the training process [30,31].
Physics-informed neural networks (PINNs), introduced by Raissi et al. [31,32], incorporate
governing PDE residuals, boundary conditions, and physical constraints directly into the
neural network loss function, thereby constraining predictions to physically admissible
solutions. This formulation improves data efficiency, generalization capability, and ro-
bustness while preserving physical consistency. PINNs have been successfully applied
to a range of flow and transport problems, including fluid-flow prediction, turbulence
modeling, and bioprocess-relevant systems [33–35].

Recent applications of physics-informed machine learning in chemical engineering
extend beyond canonical fluid-flow problems. Velioglu et al. [36] applied PINNs to dy-
namic chemical-process models with incomplete mechanistic knowledge and limited data,
including a Van de Vusse continuously stirred-tank reactor and a liquid–liquid separator.
In stirred systems, Trávníková et al. [37] developed a hierarchy of PINN formulations for
two-dimensional stirred-tank flow and subsequently quantified labeled-data requirements
relative to supervised and boundary-informed neural networks. Horiguchi et al. further
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demonstrated CFD-informed PINNs for high-resolution prediction of flow-induced stresses
relevant to suspension bioreactors. More recently, adaptive weighting and collocation strate-
gies have been proposed specifically for chemical-process PINNs to address imbalance
among competing loss terms. Collectively, these studies demonstrate the progression
from purely data-driven CFD surrogates toward hybrid models incorporating mechanistic
constraints; however, the application of such approaches to fully three-dimensional aerated
multi-impeller gas–liquid flow remains comparatively less developed [36].

Despite these advances, existing PINN studies for stirred systems have largely focused
on single-phase flows, simplified geometries, and two-dimensional domains [29,37]. In
particular, previous work has established comparisons among purely data-driven NNs,
boundary-informed models, and PINNs and has examined their data requirements in
simplified stirred-tank configurations. Extending such approaches to three-dimensional
gas–liquid stirred tanks introduces additional challenges associated with phase coupling,
rotating internals, spatially heterogeneous gas distributions, and the computational com-
plexity of incorporating multiphase physics into the learning framework. Consequently,
the application of physics-informed surrogate modeling to three-dimensional gas–liquid
stirred-tank hydrodynamics remains comparatively limited.

Motivated by this gap, the present study develops and evaluates a physics-informed
surrogate framework for predicting three-dimensional hydrodynamics in an aerated double-
impeller stirred tank. The methodological contribution lies not in the NN/BINN/PINN
comparison itself, but in extending this framework to a three-dimensional gas–liquid system
and incorporating a reduced multiphase physics formulation into surrogate training. Three
progressively constrained strategies are evaluated: (i) a purely data-driven NN, (ii) a
BINN incorporating boundary information, and (iii) a PINN incorporating both boundary
conditions and reduced physics-based constraints. Their performance is systematically
compared to determine how increasing levels of physical information affect predictive
accuracy, robustness, data efficiency, and interpolation at unseen intermediate operating
conditions. The influence of labeled-data availability is also examined to assess the practical
trade-off between CFD-data requirements and physics-based regularization.

It should be emphasized that the physics incorporated into the PINN constitute a
reduced representation of the multiphase system rather than the complete Euler–Euler
formulation used in the underlying CFD simulations. The purpose of this reduced formula-
tion is therefore not to reproduce all resolved multiphase mechanisms within the neural
network, but to introduce physically relevant constraints that guide surrogate learning
while maintaining computational tractability. The following sections describe this formula-
tion, evaluate its predictive performance, and discuss its capabilities and limitations for
three-dimensional gas–liquid stirred-tank applications.

Within its present domain, the surrogate provides a rapid mapping from spatial
location and impeller rotational speed to the principal steady hydrodynamic fields for
a fixed reactor geometry, gas flow rate and fluid system. This capability is relevant to
repeated operating-condition screening and can serve as a reduced-order component in
future optimization or digital-twin architectures where low-latency flow-field estimates are
required. The present model should not, however, be interpreted as a complete digital-twin
or a scale-up model because online state updating, uncertainty quantification, closed-loop
control, and geometric scaling are not included. Extension to those applications requires
additional operating and geometric parameters to be incorporated into the surrogate
input space.
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2. Surrogate Modeling Framework and CFD Methodology
Prior studies have demonstrated that PINNs outperform purely data-driven neu-

ral networks, particularly when labeled data are limited or expensive to obtain [31,38].
Building on these findings, this work develops and evaluates a PINN-based surrogate
modeling framework for a three-dimensional gas–liquid double-impeller stirred bioreactor.
To assess the benefit of incorporating different levels of physical information, two baseline
models were also developed. The first was a purely supervised neural network trained
exclusively on labeled CFD data. The second was a BINN, in which boundary conditions
were incorporated into the loss function without enforcing the governing equations [37].
The BINN therefore represents an intermediate approach between supervised and fully
physics-informed learning, enabling direct evaluation of the contribution of boundary
constraints to predictive accuracy and data efficiency [21]. Accordingly, three surrogate
models were investigated: a supervised NN, a BINN, and a PINN. Their performance was
evaluated through both quantitative and qualitative comparisons under varying levels of
training data.

This section describes the modeling framework and training strategy. First, the com-
mon fully connected feed-forward neural network architecture used for all surrogate
models is presented. Next, a unified loss formulation for the PINN and BINN is intro-
duced, showing how supervised, boundary-informed, and physics-informed training can
be obtained within a single framework. The physical system is then described, including
the reduced multiphase governing equations, boundary conditions, and input–output
variables. Finally, the dataset preparation, collocation and boundary sampling strategy,
optimization procedure, evaluation metrics, and the CFD reference simulations used to
generate the training and validation data are presented.

2.1. Fully Connected Feed-Forward Neural Network Architecture

All surrogate models considered in this study, including the supervised NN, the BINN,
and the PINN, were based on fully connected feed-forward neural network architectures.
In this architecture, each neuron in a given layer was connected to every neuron in the
subsequent layer, and information propagates in the forward direction from the input layer
to the output layer. The neural network defines a nonlinear mapping between an input
vector and an output vector according to

u = Nθ(x), x ∈ X, u ∈ U (1)

where x denotes the input vector, u is the predicted output vector, and θ represents the set
of trainable parameters, including all weights and biases. The network consists of an input
layer, NL hidden layers, and an output layer, with the overall mapping obtained through
a sequence of nonlinear transformations. The output of hidden layer l ∈ {1, . . . , NL} is
given by

h(l) = σ(l)
(

W(l)h(l−1) + b(l)
)

(2)

where W(l) and b(l) denote the weight matrix and bias vector of layer l, respectively, h(l−1)

is the output of the preceding layer with h(0) = x, and σ(l) is the activation function
applied elementwise. The hyperbolic tangent (tanh) activation function was selected for all
hidden layers because of its smooth differentiability and compatibility with the automatic
differentiation required to evaluate the PDE residuals [21]. A linear activation function
( f (x) = x) was used in the output layer to avoid restricting the range of the predicted
velocity and pressure fields [31,38]. All surrogate models were implemented and trained in
MATLAB using the Deep Learning Toolbox.
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2.2. Physics-Informed Neural Networks and Unified Loss Formulation

PINNs embed governing physical laws directly into the training process, enabling
approximation of solution fields while reducing reliance on large labeled datasets. In this
work, a PINN-based surrogate model was developed to predict the three-dimensional
hydrodynamics of a gas–liquid double-impeller stirred tank. The input vector is defined as

x = (x, y, z, Nc) (3)

where (x, y, z) are the spatial coordinates and Nc is the impeller rotational speed.
The objective of this study was not to develop a universal surrogate model applicable

to all gas–liquid stirred tanks, but rather to establish and validate a physics-informed
surrogate framework for a representative reactor configuration. Accordingly, the reactor
geometry, fluid properties, and gas flow rate were held constant, while Nc, the dominant
operating parameter governing gas–liquid hydrodynamics, was varied over a practical
operating range. Changes in Nc directly influence the liquid circulation velocity, shear rate,
turbulence intensity, and gas–liquid momentum exchange, thereby governing the overall
flow structure, gas-holdup distribution, and gas-phase transport. Under these conditions,
Nc provides a physically meaningful operating parameter while maintaining a compact and
computationally efficient input space. The proposed framework can be readily extended to
include additional operating variables, such as gas flow rate, fluid properties, or reactor
geometry, in future studies. The unknown solution fields were approximated by the neural
network as

u(x) ≈ Nθ(x) (4)

where θ denotes the trainable network parameters. These parameters were obtained by
minimizing a composite loss function that combines supervised data, boundary-condition
constraints, and governing-equation residuals:

L(θ) = λPDELPDE + λBCLBC + λdataLdata (5)

where λPDE, λBC, and λdata are the weighting coefficients associated with the PDE residuals,
boundary-condition residuals, and supervised data loss, respectively [31]. These coefficients
were determined through preliminary hyperparameter tuning to balance the contributions
of the data, boundary, and physics loss terms, preventing any single component from
dominating the optimization and promoting stable convergence with physically consistent
predictions [31]. The physics-based loss enforces the governing equations at the interior
collocation points:

LPDE =
1

| XPDE | ∑
x∈XPDE

∥ R(u(x)) ∥2 (6)

where R(·) denotes the residuals of the governing equations and XPDE is the set of interior
collocation points. Boundary conditions are enforced through an additional penalty term:

LBC =
1

| XBC | ∑
x∈XBC

∥ u(x)− uBC(x) ∥2 (7)

where XBC denotes the set of boundary points and uBC represents the prescribed boundary
values. The supervised data loss penalizes discrepancies between network predictions and
the labeled CFD data. Within this unified framework, the NN uses only Ldata, the BINN
uses Ldata + LBC, and the PINN incorporates all three loss terms, enabling direct comparison
of purely data-driven, boundary-informed, and physics-informed learning [37].
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Because multiphase stirred-tank flows involve coupled variables with different magni-
tudes and spatial characteristics, the supervised data loss was further decomposed into
separate components corresponding to liquid velocity, pressure, gas holdup, and the cor-
rective gas velocity component introduced in the reduced formulation. This decomposition
prevents the optimization from being dominated by the velocity field, improving the predic-
tion of pressure gradients and gas holdup while enhancing numerical stability and overall
physical consistency. Although developed for the present stirred-tank configuration, the
proposed loss formulation is readily applicable to other multiphase flow systems.

Geometric transferability was not investigated in the present study. The trained net-
work is specific to the tank, impellers, baffles, gas-flow rate and fluid properties considered
here; its validated parametric domain therefore concerns rotational speed rather than re-
actor geometry. A geometry-general surrogate would require geometric variables such
as D/T, impeller clearance, inter-impeller spacing, baffle width and liquid height to be
included in the input representation, together with CFD or experimental data spanning
those geometries. Geometry-aware coordinates or signed-distance/implicit geometry
representations may further facilitate such an extension.

2.3. Overview of the PINN Framework

Figure 1 illustrates the overall architecture and training workflow of the PINN, inte-
grating the network architecture and loss formulation described above. The inputs are the
spatial coordinates (x, y, z) and impeller rotational speed (Nc), which is the sole operating
parameter varied in this study. These inputs pass through a fully connected feed-forward
network that predicts the liquid velocity components, pressure, gas holdup, and corrective
gas velocity component. Automatic differentiation provides the spatial derivatives needed
to evaluate the reduced liquid-divergence, momentum, and gas-transport residuals at inte-
rior collocation points. These residuals are combined with liquid velocity boundary losses
at the tank wall, shaft, and impeller surfaces and supervised losses calculated from the
CFD reference fields. The objective function is a weighted combination of the supervised,
boundary, and reduced physics loss terms. Network parameters are updated using the
Adam optimizer for 25,000 prescribed iterations. The individual loss components and
validation error are monitored to assess whether training has stabilized. In the decision
step shown in Figure 1, the No branch indicates that the prescribed iterations have not
been completed and parameter updating continues; the Yes branch indicates completion of
the 25,000 iterations and leads to the final trained model. Stabilization of the monitored
quantities provides evidence of convergence but is not a separate numerical stopping
threshold in this workflow.

 
Figure 1. Overview of the proposed PINN architecture and associated loss formulation.
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2.4. Model Description and Reduced Multiphase Governing Equations

Previous studies have simplified the modeling of stirred bioreactors by reducing
the problem from three-dimensional to two-dimensional representations because of the
substantial computational and methodological challenges associated with realistic reac-
tor geometries [29,37,39]. Although such simplifications provide valuable qualitative
insight, they cannot accurately capture key hydrodynamic features of industrial stirred
tanks, including impeller-driven circulation, gas dispersion, and radial and axial flow
non-uniformities [40]. Consequently, this study develops a three-dimensional PINN-based
surrogate model for a gas–liquid double-impeller stirred tank with a tank aspect ratio of
1.25. The model is trained using sampled CFD solution data rather than values at every
location of the approximately 1.36-million-cell computational mesh. Because the spatial
coordinates (x, y, z) are continuous network inputs, the trained model can be evaluated at
arbitrary locations within the modeled fluid domain and is not restricted to the original
CFD mesh locations. This capability represents continuous spatial interpolation of the
learned solution and should not be interpreted as formal mesh-independent accuracy.

The vessel geometry is shown in Figure 2a, and its principal dimensions are summa-
rized in Table 1. The cylindrical tank has a diameter of 0.40 m and a liquid height of 0.50 m,
giving a liquid-height-to-diameter ratio of 1.25. Two pitched-blade impellers, each 0.180 m
in diameter, are mounted coaxially on a central shaft. The lower impeller is positioned
0.180 m above the tank bottom, and the center-to-center spacing between the impellers is
0.180 m. Each blade is 0.038 m wide and 0.004 m thick. The tank contains four vertical
baffles, each 0.040 m wide, 0.005 m thick, and 0.50 m high. A ring sparger with a diameter
of 0.14 m is positioned below the lower impeller and contains 20 holes, each 0.001 m in
diameter. The working fluid is an air–water system. Water is modeled as a Newtonian,
incompressible liquid, and air is treated as having constant density under the operating
conditions considered. In the CFD model, air enters through the ring sparger at a velocity
inlet corresponding to the prescribed gas flow rate, with a gas volume fraction of αg = 1.0
at the inlet. A degassing condition at the upper liquid surface permits gas outflow while
preventing liquid loss. The solid-surface boundary conditions used in the CFD model are
specified for the tank walls, baffles, impellers, and shaft in Section 2.9.

Steady-state training data were generated from CFD simulations using the multiple-
reference-frame (MRF) approach, which is widely adopted for modeling rotating impellers
in aerated stirred tanks [41–44]. The CFD velocity components used as supervised targets
were exported as absolute velocities in a common Cartesian coordinate system for the
stationary and rotating regions. The PINN predicts velocity in that same frame, so no
relative-to-absolute-velocity transformation was applied to the supervised targets. The
reference CFD solution nevertheless accounts for impeller rotation through its multiple-
reference-frame formulation. The PINN’s reduced momentum residual does not reproduce
the complete MRF momentum treatment or the CFD turbulence and interphase momentum-
transfer terms. Consequently, agreement with the exported CFD fields must be attributed to
the combined supervised data, boundary constraints, and reduced physics regularization;
the PINN residual is not equivalent to the CFD momentum equation.

The surrogate model directly predicts the liquid velocity components in the x-, y-, and
z-directions, together with the pressure and gas-holdup fields throughout the computa-
tional domain. The gas velocity is then reconstructed as the sum of the predicted liquid
velocity, a slip velocity computed from the predicted gas holdup, and a learned corrective-
velocity component that accounts for unresolved multiphase interactions. The reactor
geometry is shown in Figure 2, and the corresponding dimensions and fluid properties are
summarized in Table 1.

https://doi.org/10.3390/chemengineering10100125

https://doi.org/10.3390/chemengineering10100125


ChemEngineering 2026, 10, 125 8 of 36

  
(a) (b) 

Figure 2. (a) Three-dimensional geometry of the double-impeller stirred tank used for CFD simula-
tions and surrogate model development, with the regions of interest (ROIs) highlighted in shaded
bands around each impeller; (b) key geometrical parameters and dimensions.

Table 1. Geometrical dimensions of the double-impeller stirred-tank configuration.

Quantity Dimension (m)

Dimpeller 0.180
WBaffle 0.040
tBaffle 0.005
Dtank 0.400
HTank 0.500

The benchmark case considered in this study is the steady-state operation of a three-
dimensional gas–liquid double-impeller stirred tank. The liquid phase is treated as a
Newtonian, incompressible fluid with constant density and viscosity, while the gas phase
is represented through a continuous Eulerian volume-fraction field describing the local gas
holdup. These assumptions are consistent with commonly adopted modeling approaches
for aerated stirred tanks and provide a practical basis for representing reactor-scale gas–
liquid hydrodynamics [16,45,46].

The reference CFD simulations employ a more complete Euler–Euler multiphase
formulation, including turbulence and interphase closures, as described in Section 2.9.
In contrast, reproducing the complete CFD formulation within the PINN would require
additional phase-specific momentum equations, turbulence transport equations, and inter-
phase closure relations, considerably increasing the complexity of the physics-informed
optimization. Therefore, the PINN employs a reduced multiphase formulation as a set of
physics-based regularization constraints, rather than attempting to reproduce the complete
Euler–Euler/RANS equations solved in the reference CFD model. In this reduced formula-
tion, the gas-phase momentum equation is not solved explicitly. Instead, gas transport is
represented using the predicted liquid velocity, an algebraic slip relation, and a learned
corrective velocity. The effects of turbulence and unresolved interphase interactions are
therefore incorporated primarily through the supervised CFD fields and, for gas transport,
through the corrective component of the reconstructed gas velocity.

Accordingly, the proposed framework is intended to predict the reactor-scale mean
hydrodynamic fields, including liquid velocity, pressure, and gas holdup, rather than
explicitly resolve bubble-scale dynamics, turbulence quantities, or individual interphase
forces. The surrogate predictions are evaluated against CFD solution fields from a model
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validated using experimental measurements of gas holdup and gassed power consumption,
as described in Section 2.9 [47]. For an incompressible liquid of constant density, the full
steady Euler–Euler liquid-phase continuity equation can be written as ∇·(αlul) = 0, where
αl = 1 − αg is the liquid volume fraction. In the present PINN, this relation is simplified to
the following liquid velocity incompressibility constraint:

Rcont. = ∇ · ul = 0 (8)

where ul denotes the liquid velocity field. Equation (8) is a reduced constraint, not the
complete liquid-phase continuity equation: when liquid volume fraction varies spatially,
∇·(αlul) = 0 does not generally imply ∇·ul = 0. The momentum contribution to the PINN
loss likewise uses a reduced residual with gas-holdup-dependent effective properties:

Rmom. = ρeff
(
αg
)
(ul · ∇)ul +∇p − µeff

(
αg
)
∇2ul − ρeff

(
αg
)
g = 0 (9)

where g is the gravitational acceleration, and the effective density and viscosity are de-
fined as

ρeff
(
αg
)
=
(
1 − αg

)
ρl + αgρg (10)

µeff
(
αg
)
=
(
1 − αg

)
µl + αgµg (11)

The effective properties are phase-fraction-weighted combinations of the individual
phase properties [48,49]. Their use in Equation (9) does not make that residual the complete
liquid-phase or mixture momentum equation of the Euler–Euler CFD model. Equations (8)
and (9) serve as physics-guided regularizers. Equation (8) omits the effect of spatially
varying liquid volume fraction on phase continuity, while Equation (9) does not explicitly
include the CFD turbulence and interphase momentum-transfer terms. The reference CFD
fields have not been shown to satisfy these reduced residuals exactly; the residuals should
therefore not be presented as an independently verified reproduction of the CFD equations.

Equation (9) is formulated in the inertial frame. The reference CFD simulations used an
absolute-velocity multiple-reference-frame (MRF) formulation, and the exported absolute-
velocity fields were used as supervised targets without a relative-to-absolute-velocity
transformation. The reduced PINN residual does not reproduce all terms of the MRF-based
CFD momentum formulation. Information about impeller rotation enters the surrogate
through the supervised CFD fields and prescribed rotational boundary conditions.

The reduced momentum residual also omits explicit turbulent-viscosity or Reynolds-
stress contributions and does not solve separate turbulence-transport equations. The
reference CFD fields were obtained using the standard k–ε turbulence model; turbulence
therefore influences the surrogate through its supervised mean-flow targets. No additional
eddy-viscosity closure or learned momentum-source term was introduced. The PINN is
consequently a CFD-informed surrogate with reduced physics regularization, rather than
an independent solver of the complete MRF/RANS/Euler–Euler system. Adding an eddy-
viscosity contribution or a learned momentum-discrepancy term could be investigated in
future work. The gas velocity is reconstructed as:

ug = ul + uslip
(
αg
)
+ ∆ug (12)

where the gas velocity, ug, is decomposed into ul , representing the liquid convective veloc-
ity; uslip, representing the prescribed hindered-rise slip contribution; and ∆ug, representing
the learned corrective velocity. The slip velocity, uslip, is given by:
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uslip
(
αg
)
=

 0
ut
(
1 − αg)nh

0

 (13)

where ut is the terminal-rise velocity scale and nh is the hindrance exponent characterize
the algebraic slip relation. The terminal-rise velocity scale and hindrance exponent define
the prescribed slip relation. The learned corrective velocity is a data-informed adjustment
to that relation. It cannot be uniquely attributed to turbulence, interphase momentum
transfer, or another individual mechanism omitted from the reduced formulation. The
global field-norm ratios reported in Section 3.2.5 quantify the relative magnitude of the
learned corrective velocity over the evaluated domain. They do not characterize its spa-
tial distribution or establish that the correction is small in every flow region. Because
a separately trained model without the corrective term was not evaluated, its effect on
predictive accuracy has not been isolated. Gas transport is constrained through the steady
gas volume-fraction residual:

Rg = ∇ ·
(
αgug

)
= 0 (14)

This residual uses the reconstructed gas velocity from Equation (12). The CFD gas-
inlet and outlet conditions are represented in the supervised CFD fields, but separate gas
velocity or gas-holdup boundary losses are not imposed at the sparger inlet or upper outlet.
Consequently, the PINN residual and boundary losses do not independently enforce the
prescribed global inlet-to-outlet gas flux.

Together, Equations (8), (9), and (14) form the physics residual vector used for PINN
regularization:

R =
[
Rcont, Rmom, Rg

]T (15)

These are reduced physics-guided constraints, not the complete governing equations
of the reference Euler–Euler/RANS model. The network outputs are defined as:

u =
(

u∗
l,x, u∗

l,y, u∗
l,z, p∗, αraw, ∆u∗

g,x, ∆u∗
g,y, ∆u∗

g,z

)T
(16)

They comprise nondimensional liquid velocity components, nondimensional pressure,
an unconstrained gas-holdup variable, and nondimensional corrective gas velocity compo-
nents. The gas-holdup output is mapped to the interval between zero and one through a
sigmoid transformation:

αg = σ(αraw) ∈ [0, 1] (17)

To represent the dependence on operating conditions, the network input is defined as:

X = [N∗
c , x∗, y∗, z∗]T (18)

The nondimensional impeller speed, N*
c = Nc/Nc,ref, is defined using a reference

rotational speed. Including it as an input allows one network to represent the speeds
covered by the training data. Predictions at unseen intermediate speeds are interpolation
within the trained 200–500 rpm range, not evidence of extrapolation beyond that range.

2.5. Boundary Conditions and Pressure Anchoring

Boundary conditions were incorporated through a boundary-loss term applied at
selected boundary points. No-slip boundary conditions were prescribed on the stationary
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tank wall and bottom surface. The rotating motion of the impellers and shaft was repre-
sented using a moving-wall condition prescribed on the impeller blade and shaft surfaces:

ul = ω × r (19)

where ω = [0, ω, 0]T is the angular velocity vector aligned with the rotation axis,
ω = 2πNc/60, and r is the position vector relative to the rotation axis.

No dedicated gas-phase boundary-loss terms were imposed in the present PINN
formulation. In particular, gas velocity and gas holdup at the sparger inlet and upper
gas-outflow boundary were not prescribed independently during training. Their boundary
behavior was learned from the supervised CFD fields, while gas transport within the
domain was additionally regularized through the gas volume-fraction conservation residual
in Equation (14). Therefore, the gas-phase boundary conditions of the reference CFD model
are represented implicitly rather than enforced as separate PINN constraints.

In incompressible flow, the pressure field is determined only up to an arbitrary additive
constant because the momentum residual depends on pressure gradients rather than
absolute pressure. A two-step gauge-fixing strategy was therefore adopted to define a
unique pressure reference and improve numerical stability during training. First, the CFD
pressure field was shifted to zero spatial mean for each operating condition during data
preprocessing, preserving the physically relevant pressure gradients while removing the
arbitrary constant-pressure mode. Second, a small number of pressure-anchor points were
included in the loss function by enforcing

p
(

xp, k
)
= 0, k = 1, . . . , Np (20)

These reference constraints prevent arbitrary pressure offsets and pressure drift during
training, thereby improving the numerical stability of the surrogate. This treatment is
consistent with standard pressure-gauge approaches for incompressible flow and their
application in physics-informed fluid-flow models [38,50].

2.6. Dataset Preparation and Region-Aware Sampling of Labeled Data

Experimentally validated three-dimensional CFD simulations were used to gener-
ate the labeled data for training, validation, and testing of the surrogate models. The
dataset consists of the spatial coordinates together with the corresponding liquid velocity
components, gas velocity components, pressure, and gas holdup. To limit the number of su-
pervised training samples while preserving information in dynamically important regions,
a region-aware sampling strategy was adopted, consistent with strategic spatial sampling
approaches for neural network training in complex flows [21,51]. The final supervised
dataset contained 200,000 labeled CFD points sampled across the four training conditions,
with 50,000 points retained at each impeller speed of Nc = 200, 300, 400, and 500 rpm.

Two axial regions extending ±0.04 m from the lower and upper impeller planes were
defined as regions of interest (ROIs). This distance was selected to encompass the primary
impeller discharge regions, where the highest velocity gradients, strongest turbulence,
and most intense gas–liquid interactions occur. As these regions dominate the reactor
hydrodynamics and strongly influence the global circulation pattern, all labeled data within
the ROIs were retained to preserve the spatial resolution required to accurately learn the
impeller-driven flow structures [16,50]. The region between the two impellers was allocated
approximately 25% of the labeled samples to capture the inter-impeller circulation and gas
dispersion that strongly influence the overall mixing performance. The remaining labeled
samples were distributed uniformly throughout the rest of the tank volume, excluding
the ROIs, to ensure representative coverage of the global flow field. The 200,000-point
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budget refers to the total number of labeled CFD samples before partitioning; it comprises
160,000 training, 20,000 validation, and 20,000 test points. The random pointwise partition
was used to evaluate prediction at spatial coordinates not included in the supervised
training subset. Because the samples were extracted from continuous CFD fields, spatially
neighboring points may occur in different subsets; consequently, this test should not
be interpreted as a fully spatially independent validation. Rather, it evaluates pointwise
spatial interpolation within the CFD-derived solution domain. A more stringent assessment
based on spatially blocked or plane-wise holdout regions would be required to evaluate
generalization to spatial regions completely excluded from the labeled training data.

2.7. Collocation Sampling and Spatial Weighting for Physics Enforcement

Physics-based residuals were enforced at interior collocation points sampled through-
out the fluid domain. To improve the resolution of the dominant flow structures, a spatially
biased sampling strategy was adopted instead of uniform sampling [30,52]. During the
first 6500 training iterations, 15,000 interior collocation points were sampled at each itera-
tion, after which the collocation batch size was increased to 30,000 points per iteration for
the remaining 18,500 iterations. The collocation points were resampled at every training
iteration. Specifically, 40% of each collocation batch was sampled from an axial band
defined by −0.02 ≤ z ≤ 0.02 m, corresponding to a total width of 0.04 m and centered on
the tank mid-plane. This band was selected because it intersects the primary circulation
region, where the impeller discharge flows interact, gas plumes merge, and strong flow
recirculation occurs. The remaining 60% of the collocation points were sampled throughout
the full fluid domain to ensure representative coverage of the global flow field, including
wall-affected regions. For each collocation point, the impeller speed was randomly assigned
from the four training conditions (Nc = 200, 300, 400, and 500 rpm), such that the reduced
physics-based residuals were evaluated across the investigated operating range.

In addition to biased collocation sampling, the PDE residuals were spatially weighted
to increase the contribution of dynamically important flow regions to the physics loss [20].
The dimensions of the weighted regions were selected based on preliminary inspection of
the CFD flow fields and sensitivity analyses to encompass the dominant impeller discharge
and circulation zones while limiting unnecessary weighting of the surrounding bulk flow.
Collocation points within the impeller regions (within ±0.01 m radially and ±0.019 m
axially of each impeller) were assigned a weight of 5.0 because these regions contain the
strongest velocity gradients and gas–liquid interactions, making them the most challenging
locations for satisfying the reduced physics-based constraints. Uniform weighting tends to
underemphasize these localized features in favor of the smoother bulk flow. The selected
weight was determined through preliminary sensitivity analysis: lower weights underpre-
dicted the impeller-driven jet structures, whereas higher weights reduced training stability.
Points in the inter-impeller region (0.22 ≤ y ≤ 0.32 m) were assigned a moderate weight of
2.0 to better resolve the inter-impeller circulation and gas plume interactions. Near-wall
(r ≥ 0.95 × tank radius) and near-bottom (y ≤ 0.05 × liquid height) regions were assigned
a reduced weight of 0.3 because their thin boundary layers can otherwise dominate the
loss function despite having limited influence on the overall reactor hydrodynamics. All
remaining collocation points were assigned a baseline weight of 1.0. All remaining colloca-
tion points were assigned a baseline weight of 1.0. Overall, the combined sampling and
spatial-weighting strategy concentrates the reduced physics-based constraints in the most
dynamically important regions while maintaining adequate coverage of the computational
domain and stable optimization.

To assess whether the manually specified collocation strategy could be improved
through adaptive point redistribution, an additional residual-driven adaptive collocation
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strategy was evaluated. Candidate interior points were periodically evaluated using the cur-
rent reduced physics residuals, and points associated with larger residual magnitudes were
assigned a higher probability of selection in subsequent collocation batches. Consequently,
the spatial distribution of the collocation points evolved during training toward regions
in which the reduced physics-based constraints were more difficult to satisfy, rather than
relying exclusively on the predefined spatial regions used in the baseline strategy. For a
controlled comparison, the network architecture, supervised CFD dataset, total collocation-
point budget, optimizer, training duration, and loss weights were maintained identical to
those of the baseline model. The resulting predictive performance was compared with that
obtained using the baseline heuristic collocation strategy, as discussed quantitatively in
Section 3.2.

2.8. Training Schedule, Optimization, and Stability Measures

Training was performed by minimizing a composite loss consisting of supervised data,
boundary-condition, and physics-based terms. The supervised loss penalized errors in
the predicted liquid velocity, pressure, gas holdup, and corrective gas velocity component
(∆ug). Including ∆ug in the supervised loss constrained the learned correction to remain
consistent with the CFD-predicted gas velocity while allowing the prescribed slip relation to
capture the dominant contribution to gas transport. Boundary losses were applied only to
the liquid velocity because the solid boundaries directly influence the liquid phase through
no-slip and moving-wall conditions. Since the gas velocity is reconstructed from the liquid
velocity and the holdup-dependent slip relation, no separate boundary constraints were
imposed on the gas velocity. A pressure-anchor loss was included to remove the pressure
null space associated with the arbitrary constant offset and improve numerical stability
during training. In addition, a smoothing regularization term was applied to the gas holdup
field (αg) to suppress nonphysical high-frequency oscillations. A penalty term was also
imposed on ∆ug to prevent the learned correction from dominating the prescribed slip
relation, thereby restricting it to a small refinement of the gas-phase velocity. To evalu-
ate the sensitivity of the learned corrective velocity to the assumptions associated with
its formulation, a local sensitivity analysis was performed by independently perturbing
the corrective-velocity regularization weight, λ∆u, the terminal rise velocity, ut, and the
hindrance exponent, nh, by ±20% relative to their baseline values while maintaining the re-
maining model and training parameters unchanged. The relative magnitude of the learned
correction was quantified using Rslip = ∥ ∆ug ∥2 / ∥ uslip ∥2 and Rl = ∥ ∆ug ∥2 / ∥ ul ∥2.
The corresponding effects on gas velocity and gas-holdup prediction errors were also evalu-
ated. The results of this sensitivity analysis are presented in Section 3.2. To improve training
stability, the network was initially trained using the supervised data loss alone. The PDE,
gas-continuity, boundary-condition, and pressure-anchor loss weights were then increased
from zero to their target values over 8000 iterations. For the remaining iterations, these
weights were held fixed. This schedule gradually introduced the additional constraints
while retaining the supervised CFD targets throughout training.

Optimization was performed using the Adam (Adaptive Moment Estimation) algo-
rithm, a gradient-based optimization method that adaptively updates the learning rate
for each network parameter using estimates of the first and second moments of the gradi-
ents [53]. The learning rate was set to η = 5 × 10−4, with β1 = 0.9, β2 = 0.999, and ε = 10−8.
The learning rate was selected through preliminary hyperparameter tuning to balance con-
vergence speed and numerical stability. Values of η ≤ 10−4 resulted in slow convergence,
whereas η ≥ 10−3 frequently caused divergence following activation of the PDE residuals.
The remaining Adam parameters were retained at their standard values [53].
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The learning rate was selected through preliminary hyperparameter tuning to balance
convergence speed and numerical stability. Lower values (≤10−4) led to slow convergence,
whereas higher values (≥10−3) frequently caused divergence after activation of the PDE
residuals. The remaining Adam hyperparameters were kept at their standard values, which
have been shown to perform well in PINN-based fluid-flow applications [20].

Separate mini-batches were used for the supervised data, interior collocation points,
and boundary points to maintain balanced gradient contributions while remaining compu-
tationally efficient [20]. Global gradient-norm clipping with a threshold of 5 was applied to
prevent occasional large parameter updates, particularly during the transition to physics-
informed training [54]. Model performance was monitored using the validation dataset
throughout training, and the final model was evaluated on the independent test dataset.

The loss weights were selected through preliminary tuning and are treated as training
hyperparameters rather than universal model constants. To assess sensitivity to their
selection, the reduced momentum and gas-continuity weights were independently varied
by ±50% from their baseline values of 0.02 and 0.03, respectively, while the remaining
training settings were held fixed. The resulting prediction errors are discussed in Section 3.2.

2.9. CFD Reference Simulations and Validation Strategy

Three-dimensional, steady-state CFD simulations of gas–liquid flow in the double-
impeller stirred tank were performed using ANSYS Fluent 2025 R2 to generate reference
fields for surrogate-model training and evaluation. The simulations used a pressure-
based solver with SIMPLE pressure–velocity coupling. The momentum equations were
discretized using a second-order upwind scheme, and the gas volume-fraction equation
was discretized using the QUICK scheme. Impeller rotation was represented using the
multiple-reference-frame (MRF) approach, with rotating zones around the impellers and a
stationary tank region. The simulations used the absolute-velocity formulation; absolute-
velocity fields exported from Fluent were therefore used as supervised targets without a
relative-to-absolute-velocity transformation.

The gas–liquid flow was modeled using an Euler–Euler formulation with a repre-
sentative bubble diameter of 0.003 m. Turbulence was modeled using the standard k–ε
model, and interphase momentum exchange was represented using the Schiller–Naumann
drag correlation. Lift, virtual-mass, wall-lubrication, and turbulent-dispersion forces were
not explicitly included, and bubble breakup and coalescence were not resolved using a
population balance model. The resulting turbulence-closed mean velocity, pressure, and
gas-holdup fields were used as supervised targets for the NN, BINN, and PINN. None
of the surrogate models solves transport equations for turbulent kinetic energy (k) or its
dissipation rate (ε). The PINN’s reduced momentum residual also omits explicit turbulent-
viscosity and Reynolds-stress terms. Thus, turbulence influences the surrogate through the
supervised CFD fields, while the reduced residual serves as a physics-guided constraint
rather than reproducing the complete CFD momentum equation (Section 2.4).

Reference simulations were conducted at a constant gas flow rate of 20 L min−1 and
impeller speeds of 200, 300, 400, and 500 rpm. Air entered through a 0.14 m diameter
ring sparger below the lower impeller. A velocity-inlet condition corresponding to the
prescribed gas flow rate was applied at the sparger openings, with a gas volume fraction of
1.0 at the inlet. A degassing condition at the upper liquid surface permitted gas outflow
while preventing liquid loss. No-slip conditions were applied to the stationary tank walls
and baffles; the impeller and shaft surfaces were treated according to their rotation. The
liquid height was 0.50 m. Each speed was initialized using a converged solution from an
adjacent operating condition.
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Grid independence was assessed using meshes containing 741,554, 1,363,732, and
2,671,865 cells. The medium mesh was used for subsequent simulations because its volume-
averaged gas-holdup prediction differed from that of the fine mesh by less than 3.8%. The
simulations were run on a high-performance computing (HPC) system using 32 CPU cores
until the residuals and monitored gas holdup and gassed power consumption reached
stable values. Each operating condition required approximately 100–140 h of wall-clock
time. The converged solution fields were exported at CFD mesh locations and sampled to
construct the neural network datasets.

The CFD reference model was compared with experimental measurements obtained
for the same vessel and impeller geometry at 20 L min−1 and impeller speeds of 400 and
500 rpm. The measured quantities were overall gas holdup, local gas holdup at four
electrical resistance tomography planes, and total gassed power consumption. Table 2
reports the experimental and CFD values for each condition. The displayed local gas-
holdup deviations range from 4.19% to 8.70%. These comparisons support the use of
the CFD fields as reference data at the two experimentally assessed speeds; they do not
constitute experimental validation at every training or interpolation speed.

Table 2. Validation of CFD-predicted overall and local gas holdup and total gassed power consump-
tion against experimental measurements at impeller speeds of 400 and 500 rpm.

Nc (rpm) Qg
(L/min)

Total Gassed Power
Consumption, Pg (W) Error

(%)

Overall Gas Holdup,
εg (-) Error

(%)
ERT

plane

Local Gas Holdup,
εg (-) Error

(%)EXP CFD EXP CFD EXP CFD

400 20 17.12 17.84 4.21 0.102 0.108 5.88

#1 0.083 0.089 7.23
#2 0.104 0.110 5.77
#3 0.125 0.133 6.4
#4 0.115 0.122 6.09

500 20 33.4 35.08 5.03 0.134 0.141 5.22

#1 0.115 0.125 8.7
#2 0.131 0.139 6.11
#3 0.165 0.173 4.58
#4 0.143 0.148 3.58

The labeled CFD points were randomly partitioned into training, validation, and test
subsets. Test points were excluded from the training and validation subsets, but neigh-
boring points from the same continuous CFD field could occur in different subsets. The
resulting test therefore assesses pointwise spatial interpolation rather than generalization to
an entirely withheld spatial region. The PINN was also evaluated against CFD results at 350
and 450 rpm, which were excluded from training but lie within the 200–500 rpm training
range. Because the NN and BINN were not evaluated at these intermediate speeds, those
results assess PINN speed interpolation without establishing an interpolation advantage
over the baseline models.

2.10. Error Metrics

Model accuracy was quantified using normalized pointwise errors for the liquid
velocity, pressure, gas holdup, and reconstructed gas velocity. For a scalar field ϕ, the
normalized L1, normalized L2, and root-mean-square error (RMSE) are defined as

L1 =
1
N

N

∑
i=1

| ϕ
pred
i − ϕCFD

i |
ϕref

(21)

L2 =

 1
N

N

∑
i=1

(
ϕ

pred
i − ϕCFD

i
ϕref

)21/2

(22)
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RMSE =

(
1
N

N

∑
i=1

(ϕ
pred
i − ϕCFD

i )2

)1/2

(23)

where ϕ denotes the predicted variable and ϕCFD is the corresponding CFD reference
field. For the vector-valued liquid and gas velocity fields, each metric was first evaluated
separately for the three Cartesian velocity components (u, v, and w), and the reported
velocity metric was obtained by taking the arithmetic mean of the three component-wise
values. Thus, the three velocity components contributed equally to the reported aggregate
error, irrespective of differences in their individual magnitudes. The same component-wise
equal-weighting procedure was used for the normalized L1 and L2 errors, RMSE, and R2.
Velocity components were scaled using the impeller tip speed, while pressure and gas
holdup were scaled using the standard deviation of their respective CFD reference fields
where scaling was required by the metric definition.

2.11. Model Architecture and Training Configuration

The main network architecture, optimization settings, loss weights, and multiphase
slip-model parameters used throughout this study are summarized in Table 3. A fully con-
nected multilayer perceptron (MLP) with six hidden layers and 128 neurons per layer was
adopted to provide sufficient representational capacity while maintaining stable training.
The hyperbolic tangent activation function was used in all hidden layers, and optimization
was performed using the Adam optimizer with a constant learning rate of 5 × 10−4. A
two-stage training schedule consisting of a supervised warm-up phase followed by gradual
activation of the physics-based loss terms was employed to improve convergence. The
loss weights were selected through preliminary sensitivity analysis to balance supervised
learning and physics enforcement while maintaining comparable gradient contributions
during optimization. Training was performed for 25,000 iterations, after which both the
validation loss and PDE residuals had converged with no significant further improvement.
To assess the sensitivity of the trained PINN to stochastic initialization, five independent
training runs were performed using different random seeds while maintaining identical
model and training settings. A local sensitivity analysis was also conducted by varying the
reduced physics and gas-continuity loss weights by ±50% relative to their baseline values
while keeping the remaining hyperparameters unchanged.

Table 3. Summary of the main model architecture and training parameters.

Category Hyperparameter Value

Network architecture

Network type Fully connected feed-forward MLP

Hidden layers 6

Neurons per hidden layer 128

Activation function Tanh

Input/output dimensions 4/8

Training setup

Optimizer Adam

Learning rate 5 × 10−4

Training iterations 25,000

Gradient clipping Global norm = 5

Mini-batch configuration

Supervised data 5000 points/iteration

Interior collocation, iterations 1–6500 15,000 points/iteration

Interior collocation, iterations 6501–25,000 30,000 points/iteration
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Table 3. Cont.

Category Hyperparameter Value

Loss formulation

Data loss weight, λd 10

Reduced momentum/continuity loss
weight, λp

0.02

Gas-continuity loss weight, λg 0.03

Boundary-condition loss weight, λb 1

Pressure-anchor loss weight, λpa 0.7

Gas-holdup smoothing weight, λα,smooth 1 × 10−6

Corrective-velocity penalty weight, λ∆u 1 × 10−4

Training schedule
Data-only warm-up 2500 iterations

Physics/loss ramp-up 8000 iterations

Multiphase modeling

Slip-velocity model Algebraic hindered-rise

Terminal rise velocity, ut 0.25 m s−1

Hindrance exponent, nh 2

Data handling
Total labeled CFD dataset 200,000 points

Train/validation/test split 80/10/10%

3. Results and Discussion
This section presents a comprehensive evaluation of the proposed framework. The

analysis is organized to examine (i) the influence of labeled-data availability on predictive
accuracy, (ii) the comparative performance of supervised, boundary-informed, and physics-
informed neural networks, and (iii) the ability of the PINN to interpolate at intermediate
operating conditions not included during training. Model performance was assessed
using both quantitative error metrics and qualitative flow-field comparisons to evaluate
predictive accuracy, physical consistency, and robustness across varying impeller speeds.

3.1. Impact of Labeled Dataset Size on Prediction Accuracy

To quantify the amount of CFD data required to train an accurate surrogate model, a
label-budget study was performed in which the number of supervised training points was
systematically varied while keeping the network architecture, physics formulation, and
training hyperparameters fixed. The proposed PINN was trained across multiple operating
conditions corresponding to impeller rotational speeds of Nc = 200, 300, 400, and 500 rpm.
For each case, the supervised dataset size ranged from 5000 to 400,000 labeled points to
evaluate the effect of data availability on predictive accuracy. Prediction accuracy was
assessed using the normalized L1 error computed for the liquid velocity, gas velocity, and
pressure fields. Results at Nc = 400 are shown in Figure 3 for both the purely supervised
NN and the PINN. Increasing the number of labeled points consistently reduces prediction
error for all quantities; however, the PINN achieves substantially lower errors than the
purely supervised NN across all label budgets, demonstrating improved data efficiency.
For example, the normalized L1 error of the axial gas velocity component decreases from
approximately 49.5% with 5000 labeled points to 15.4% at 100,000 points. Further increasing
the dataset to 200,000 points reduces the error to approximately 9.6%, with diminishing
reductions to 7.4% and 6.1% at 300,000 and 400,000 points, respectively. A similar trend is
observed for pressure prediction, where the normalized L1 error decreases from 35.6% at
5000 labeled points to 11.7% at 100,000 points and falls below 5.0% at 200,000 labeled points.
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Figure 3. Variation in normalized L1 error (%) with the number of labeled training data for gas
velocity and pressure fields at Nc = 400 rpm.

These results indicate that while increasing the number of labeled points yields substan-
tial accuracy gains at low to moderate label budgets, the rate of improvement diminishes
beyond approximately 200,000–300,000 labeled points, highlighting a saturation trend in
predictive accuracy. At very low label budgets, the largest errors are concentrated in regions
characterized by strong gradients and intense multiphase interactions, particularly near
the impeller discharge zones and the shaft, where sparse supervision limits the network’s
ability to resolve localized flow structures. As the label budget increases, these dynamically
important regions become better constrained, leading to marked reductions in velocity
and pressure errors and a more stable reconstruction of the gas velocity field. Based on
the observed trade-off between accuracy improvement and computational cost, a labeled
dataset size of 200,000 CFD points was selected for the remainder of this study. This
label budget provides near-converged accuracy for all predicted fields while avoiding the
increased training time and limited performance gains observed at higher data volumes.
Using this fixed data budget, the following sections compare the predictive performance of
the supervised NN, BINN, and PINN formulations.

3.2. Comparison of Surrogate Modeling Strategies (NN, BINN, and PINN)

The NN, BINN, and PINN models were evaluated by comparing their predictions
of the liquid velocity, gas velocity, pressure fields and gas holdup in the aerated double-
impeller stirred tank. This comparison demonstrates how progressively incorporating
boundary conditions and reduced physics-based constraints improves agreement with
the CFD reference fields. Although the models were trained and evaluated across a
range of impeller speeds (Nc = 200, 300, 400, and 500 rpm), the discussion focuses on the
representative cases of Nc = 400 and 500 rpm, where the flow is more complex and gas–
liquid interactions are more pronounced. Quantitative error metrics for the four predicted
hydrodynamic quantities are summarized in Table 4, and qualitative comparisons of the
predicted flow fields are presented in Figures 4–7.
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Table 4. Quantitative performance metrics for the purely supervised NN, BINN, and PINN in
predicting gas velocity (ug), liquid velocity (ul), pressure (p) fields, and gas holdup (αg) at Nc = 400
and Nc = 500 rpm.

NN Supervised BINN PINN

RMSE * R2 (-) L1 (%) L2 (%) RMSE * R2 (-) L1 (%) L2 (%) RMSE * R2 (-) L1 (%) L2 (%)

ug
Nc= 400 0.2644 0.7712 74.75 57.03 0.1158 0.8569 37.54 29.99 0.0829 0.9573 8.98 8.48

Nc = 500 0.2784 0.6728 58.50 43.87 0.1486 0.8352 34.62 27.42 0.1099 0.9486 8.88 8.40

ul
Nc = 400 0.1174 0.8352 56.10 25.33 0.1159 0.9169 26.48 21.99 0.0638 0.9697 9.07 8.57

Nc = 500 0.147 0.8366 53.99 23.17 0.1481 0.9056 24.46 20.35 0.0689 0.9586 8.88 8.40

p
Nc = 400 209.2 0.8775 18.38 15.80 208.1 0.9353 11.23 15.71 71.695 0.9831 3.09 3.75

Nc = 500 209.2 0.8576 18.62 15.27 213.1 0.9258 12.81 15.55 88.27 0.9802 3.46 4.46

αg
Nc = 400 0.0153 0.8118 57.90 26.65 0.0091 0.8912 28.12 23.13 0.0042 0.93285 9.18 8.67

Nc = 500 0.0214 0.8048 56.26 24.61 0.0115 0.8712 26.03 21.54 0.0044 0.92217 8.99 8.50

* RMSE is reported in physical units (m/s for velocity and Pa for pressure); RMSE for gas holdup is dimensionless.

In addition to comparing the three surrogate formulations, we assessed the PINN’s
sensitivity to random initialization and loss-weight selection. For the initialization assess-
ment, the PINN was trained five times with different random seeds while keeping the
dataset, architecture, and other training settings fixed. The normalized L1 errors for the
liquid velocity, gas velocity, pressure, and gas holdup were 8.96 ± 0.31%, 8.91 ± 0.34%,
3.30 ± 0.18%, and 8.47 ± 0.39% respectively.

The sensitivity of the PINN to the selected physics-loss weights was evaluated by
independently varying the reduced momentum weight from 0.01 to 0.03 and the gas-
continuity weight from 0.015 to 0.045. Across these perturbations, the normalized errors
ranged from approximately 8.7–9.4% for liquid velocity, 8.6–9.5% for gas velocity, 3.1–3.7%
for pressure, and 8.1–9.0% for gas holdup. The prediction errors changed moderately
within the investigated ranges, with gas velocity showing the greatest variation. This local
analysis indicates that the reported accuracy is not strongly dependent on the exact baseline
weights within the tested ranges; it does not establish robustness to all possible weight
selections or random initializations.

The influence of the collocation strategy was further evaluated by comparing the base-
line heuristic spatial weighting with residual-driven adaptive collocation while maintaining
the network architecture, supervised dataset, total collocation-point budget, optimizer,
training duration, and loss weights unchanged. At Nc = 400 rpm, adaptive collocation
reduced the normalized L1 errors for liquid velocity, gas velocity, pressure, and gas holdup
from 9.07%, 8.98%, 3.09%, and 9.18% to 8.62%, 8.45%, 2.96%, and 8.67%, respectively. At
Nc = 500 rpm, the corresponding errors decreased from 8.88%, 8.88%, 3.46%, and 8.99% to
8.47%, 8.32%, 3.31%, and 8.51%, respectively. Overall, residual-driven adaptive collocation
resulted in relative reductions of approximately 4–6% in the global prediction errors. These
modest but consistent improvements indicate that adaptive redistribution of the colloca-
tion points provides additional refinement, while the baseline heuristic strategy already
provides effective coverage of the principal flow regions.

3.2.1. Corrective Gas Velocity Analysis

The contribution of the learned corrective gas velocity, ∆ug, was assessed relative
to the prescribed slip velocity and predicted liquid velocity using field-norm ratios. In
the baseline case, ∥ ∆ug ∥ / ∥ uslip ∥ = 0.1460 and ∥ ∆ug ∥ / ∥ ul ∥ = 0.0438. Thus,
the correction represents approximately 15% of the slip-field norm and 4% of the liquid
velocity field norm over the evaluated domain. These global ratios characterize the overall
contribution of the correction but do not establish that it is small at every spatial location.
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Table 5 summarizes a local sensitivity analysis in which the corrective-velocity reg-
ularization weight, terminal rise velocity, and hindrance exponent were independently
varied by ±20%. Across these cases, the corrective-to-slip-norm ratio ranged from 0.1147 to
0.1877, and the corrective-to-liquid-norm ratio ranged from 0.0376 to 0.0522. Gas velocity
RMSE ranged from 0.0369 to 0.0421 m/s, compared with 0.0379 m/s for the baseline; the
largest relative increase was 11.08%. Gas-holdup RMSE ranged from 0.0064 to 0.0068. The
changes in the norm ratios indicate that the learned correction responds to the assumed
slip parameters, while the evaluated prediction errors remain within the reported ranges.

The corrective term is interpreted as a data-informed adjustment to the prescribed slip
relation. Its contribution cannot be assigned uniquely to turbulence, interphase forces, or
other mechanisms omitted from the reduced formulation. The present field-norm analysis
does not quantify the spatial distribution of the correction, and a separately trained model
without ∆ug was not evaluated. Consequently, these results establish its relative global
magnitude and sensitivity within the tested parameter ranges, but do not isolate its effect
on predictive accuracy.

3.2.2. Gas Velocity Prediction

As shown in Table 4, gas velocity exhibits the highest predictive errors and lowest R2

values among all evaluated quantities across the surrogate models. This increased difficulty
arises because gas velocity, particularly the axial component, is reconstructed from the
liquid velocity field, the gas holdup distribution, and an empirical slip-velocity model.
Errors in any of these interacting components propagate into the gas velocity prediction.
In addition, gas holdup and slip velocity exhibit sharp localized gradients near impeller
blades and rising gas plumes, making the gas phase more challenging to resolve than
the comparatively smoother liquid velocity field. The purely supervised NN exhibits the
weakest performance for gas velocity prediction. At Nc = 400 and Nc = 500 rpm, R2 values
range from approximately 0.67 to 0.77, with normalized L1 errors between 58–75%. RMSE
values (0.26 – 0.28 m/s) further indicate significant deviation from the CFD reference,
particularly near impeller discharge zones and along the shaft. Incorporating boundary-
condition enforcement through the BINN yields substantial improvement over the purely
supervised NN. RMSE is reduced by approximately 46–56%, normalized errors decrease to
about 35%, and R2 increases to 0.83–0.86, indicating improved near-wall and near-impeller
behavior. Nevertheless, because the governing conservation laws are not embedded in the
formulation, the BINN continues to underpredict gas circulation strength in the bulk region.
The PINN delivers the most accurate gas velocity predictions, with RMSE reduced to
0.08–0.11 m/s, R2 increasing to approximately 0.95, and normalized L1 and L2 errors falling
below 9%. By incorporating a gas-transport residual and a reduced liquid momentum
constraint during training, the PINN produces smoother and more physically consistent
gas velocity fields, particularly in regions with strong velocity gradients near the impellers
and gas plumes. Because the reference CFD simulations were verified through a mesh-
independence study and previously validated against experimental measurements of
gas holdup and gassed power consumption, the observed improvements are primarily
attributed to the incorporation of physical constraints into the learning process rather than
to the suppression of numerical artifacts in the CFD reference data.

The larger gas velocity error relative to pressure may be partly explained by the
reduced gas-phase representation. Gas velocity is reconstructed from the predicted liquid
velocity, a gas-holdup-dependent slip relation, and a learned corrective velocity; errors
in these terms can therefore propagate into the reconstructed field. Such effects may be
more pronounced near the impellers, where gas holdup, shear, and gas–liquid interactions
vary rapidly. The gas-continuity residual constrains the divergence of the predicted gas
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flux, but the PINN does not solve a separate gas-phase momentum equation. Pressure,
by comparison, is directly constrained through its gradient in the reduced momentum
residual and through the pressure-gauge and anchor treatment. These differences provide
a plausible explanation for the lower pressure errors and the concentration of gas velocity
errors near the impellers, although the present analysis does not isolate the contribution of
each mechanism.

3.2.3. Liquid Velocity Prediction

As presented in Table 4, the liquid velocity field was predicted more accurately than the
gas velocity field by all three surrogate models at both Nc = 400 and 500 rpm. The supervised
NN achieved coefficients of determination of approximately 0.84 with normalized L1 errors
of 54–56%. The smoother and more coherent structure of the liquid flow allows the network
to capture the dominant circulation patterns using supervised data alone. Incorporating
boundary-condition constraints in the BINN further improved the predictions, increasing
R2 to approximately 0.91 and reducing the normalized L1 error to 24–26%, while slightly
lowering the RMSE. The PINN consistently provided the highest accuracy, reducing the
RMSE to 0.064–0.069 m/s, increasing R2 to 0.96–0.97, and reducing the normalized L1 error
to below 10% at both operating conditions. These results demonstrate that incorporating
momentum conservation into the learning process significantly improves liquid velocity
predictions, even for relatively smooth flow fields.

3.2.4. Pressure Field Prediction

The results presented in Table 4 show that pressure prediction exhibits the greatest
benefit from incorporating physics-based constraints. At both Nc = 400 and 500 rpm, the
supervised NN and BINN produced similar RMSE values (208–213 Pa), with R2 ranging
from 0.86 to 0.94. Although the BINN improved R2 relative to the NN, enforcing boundary
conditions alone was insufficient to accurately constrain the pressure field, which is primar-
ily governed by the global momentum balance and incompressibility constraint. In contrast,
the PINN substantially improved pressure prediction, reducing the RMSE to 72–88 Pa,
increasing R2 to 0.98–0.99, and reducing the normalized L1 error to 3–4%. These results
demonstrate that incorporating the reduced momentum and liquid-divergence constraints
improved pressure prediction in the evaluated cases.

3.2.5. Gas-Holdup Prediction

Table 4 shows that the PINN predicted the CFD gas-holdup field more accurately
than the NN and BINN at both evaluated speeds. At Nc = 400 rpm, the gas-holdup
RMSE decreased from 0.0153 for the supervised NN to 0.0091 for the BINN and 0.0042
for the PINN. The corresponding R2 values were 0.8118, 0.8912, and 0.9329, while the
normalized L1 errors were 57.90%, 28.12%, and 9.18%, respectively. The PINN’s normalized
L2 error was 8.67%. At Nc = 500 rpm, the RMSE values for the NN, BINN, and PINN
were 0.0214, 0.0115, and 0.0044, respectively, and their R2 values were 0.8048, 0.8712, and
0.9222. The normalized L1 error decreased from 56.26% for the NN and 26.03% for the
BINN to 8.99% for the PINN; the PINN’s normalized L2 error was 8.50%. The comparison
shows better agreement between the PINN and the CFD gas-holdup fields at these speeds,
consistent with the contribution of its additional reduced physics constraints. These field-
error metrics do not establish that the PINN independently conserves the prescribed global
gas throughput.
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3.2.6. Sensitivity of the Corrective Gas Velocity Component

The sensitivity of the learned corrective gas velocity, ∆ug, was examined by inde-
pendently varying its regularization weight, λ∆u, the terminal rise velocity, ut, and the
hindrance exponent, nh, by ±20% relative to their baseline values. Table 5 reports the
resulting field-norm ratios of the correction to the prescribed slip velocity, Rslip, and of
the liquid velocity, Rl . In the baseline case, Rslip = 0.1460 and Rl = 0.0438. Decreasing λ∆u

by 20% increased these ratios to 0.1668 and 0.0490, whereas increasing it by 20% reduced
them to 0.1251 and 0.0386. The direction of this change is consistent with the regularization
term’s role in limiting the learned correction. The correction also responded to changes in
the prescribed slip relation. Across the ut and nh perturbations, Rslip ranged from 0.1147 to
0.1877, and Rl ranged from 0.0376 to 0.0522. Thus, over the evaluated field, the norm of
the learned correction remained below 19% of the prescribed slip-field norm and below
6% of the liquid velocity field norm for all cases examined. These are global field-norm
ratios and do not establish that the correction is small at every location. They also do not
establish how the parameter perturbations affect the gas velocity prediction errors reported
in Table 4. The results therefore characterize the relative magnitude and sensitivity of the
learned correction, rather than its independent contribution to predictive accuracy.

Table 5. Sensitivity of the learned corrective gas velocity and predictive errors at Nc = 300 rpm
to ±20% perturbations in the corrective-velocity regularization weight, terminal rise velocity, and
hindrance exponent.

Parameter Case Rslip Rl
Gas Velocity
RMSE (m/s) αg RMSE Change in Gas Velocity

RMSE (%)

Baseline 0.1460 0.0438 0.0379 0.0065 -

λ∆u − 20% 0.1668 0.0490 0.0369 0.0064 −2.64

λ∆u + 20% 0.1251 0.0386 0.0400 0.0067 5.54

ut − 20% 0.1877 0.0522 0.0421 0.0068 11.08

ut + 20% 0.1147 0.0376 0.0411 0.0066 8.44

nh − 20% 0.1668 0.0480 0.0400 0.0067 5.54

nh + 20% 0.1356 0.0407 0.0411 0.0068 8.44

Rslip =
∥∥∆ug

∥∥
2/
∥∥∥uslip

∥∥∥
2

and Rl =
∥∥∆ug

∥∥
2/∥ul∥2, where the norms are evaluated

over the considered spatial field. ∆ug is the learned corrective gas velocity component, uslip

is the prescribed hindered-rise slip velocity, and ul is the liquid velocity. The L2 norms
are evaluated over the considered spatial field. λ∆u denotes the regularization weight
applied to the corrective gas velocity component, ut is the terminal rise velocity used in the
prescribed slip relation, nh is the hindrance exponent, and αg is the gas volume fraction
(gas holdup).

3.3. Qualitative Flow-Field Comparison

To complement the quantitative error metrics, a qualitative comparison was conducted
to assess how well the predictive models capture the flow pattern and physical features
of the velocity and pressure fields. Representative contours were compared against CFD
reference solutions at Nc = 400 rpm and Nc = 500 rpm.

3.3.1. Axial Gas Velocity Contours

Figure 4 compares the contours of the axial gas velocity component, ug,y, on the
vertical mid-plane (z = 0) predicted by the CFD model and the three surrogate approaches.
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At Nc = 400 rpm, the CFD solution exhibits two distinct gas-rich upflow regions originating
from the discharge zones of the lower and upper impellers. These structures result from
the combined effects of impeller-induced axial pumping and buoyancy-driven gas rise.
The lower impeller initiates gas dispersion and axial transport, whereas the upper impeller
redistributes the gas upward, producing the characteristic inter-impeller circulation pattern
of aerated double-impeller stirred tanks.

The supervised NN reproduces the overall symmetry and approximate magnitude
of the axial gas velocity but excessively smooths the impeller discharge jets and gas-rich
upflow regions, resulting in blurred inter-impeller structures and weakened velocity gradi-
ents. These deficiencies indicate that a purely data-driven model cannot adequately capture
the nonlinear coupling among gas transport, buoyancy, and impeller-induced momentum
transfer. Incorporating boundary conditions through the BINN improves the near-wall
predictions and partially restores flow symmetry; however, axial transport and circulation
in the central region remain underestimated, indicating that boundary constraints alone are
insufficient to recover the internal gas dynamics governed by the conservation equations.
In contrast, the PINN closely reproduces the CFD solution, accurately capturing the loca-
tion and intensity of the gas-rich upflow regions, preserving the sharp velocity gradients
near the impeller discharge zones, and resolving the inter-impeller circulation without
introducing artificial diffusion or numerical oscillations.

At Nc = 500 rpm, the overall flow topology is preserved, but the gas-rich upflow
regions become stronger and more vertically elongated owing to the higher impeller speed.
Under these more demanding conditions, the limitations of the NN and BINN become
increasingly evident. Both models underestimate the strength of the gas-rich upflow regions
and excessively smooth the axial velocity gradients, particularly within the inter-impeller
region. Although the BINN continues to improve the near-wall predictions relative to the
NN, it remains unable to reproduce the strengthened internal circulation. In contrast, the
PINN maintains excellent agreement with the CFD solution by accurately resolving the
intensified axial transport and enhanced inter-impeller coupling. The agreement at both
operating conditions indicates that incorporating reduced physics constraints improved the
PINN’s prediction of the gas–liquid flow structures observed in the CFD reference fields.

Figure 4. Axial gas velocity contours for various surrogate models at Nc = 400 and Nc = 500 rpm.

3.3.2. Radial Gas Velocity at the Lower Impeller Plane

Figure 5 compares contours of the radial gas velocity on the horizontal x–z plane
passing through the lower impeller (y = 0.18 m) at Nc = 400 and 500 rpm. The CFD results
exhibit a distinct four-lobed pattern aligned with the impeller blades, corresponding to
regions of strong outward gas transport generated by blade-induced pumping. Peak radial
velocities occur within the blade-swept zones and gradually decrease toward the tank
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wall as the gas is redistributed into the bulk flow. The purely supervised NN reproduces
the overall velocity magnitude but fails to resolve the blade-induced flow structure. The
lobes become broadened and partially merged, peak velocities are underpredicted, and
the sharp gradients near the impeller tips are excessively smoothed, leading to a loss of
jet confinement. These deficiencies demonstrate the difficulty of learning highly localized,
geometry-dependent multiphase flow features from data alone. The BINN improves the
overall symmetry and reduces near-wall distortions by enforcing boundary conditions at
the impeller, shaft, and tank walls. However, it continues to underpredict the intensity
and spatial confinement of the radial jets, indicating that boundary constraints alone are
insufficient to accurately capture the internal gas–impeller interactions governing radial
gas transport. The PINN closely reproduces the CFD solution at both operating conditions.
It accurately captures the orientation, intensity, and spatial confinement of the four-lobed
pattern while preserving the sharp velocity gradients near the impeller tips. The transition
from the impeller discharge region to the surrounding bulk flow is also well represented.
These results demonstrate that incorporating momentum conservation and gas-continuity
constraints enables more accurate reconstruction of impeller-driven gas transport than
purely data-driven or boundary-informed models.

Figure 5. Radial contours of gas velocity at y = 0.18 m (bottom impeller) at Nc = 400 rpm and
Nc = 500 rpm.

3.3.3. Effect of Increasing Impeller Speed on Velocity Field

Figures 4 and 5 show that increasing the impeller speed from Nc = 400 to 500 rpm
enhances gas transport in both the axial and radial directions. The CFD results exhibit
stronger impeller discharge jets, steeper velocity gradients near the blade tips, and increased
interaction between the upper and lower impellers, reflecting greater momentum transfer
and gas–liquid coupling at the higher rotational speed. The supervised NN and BINN
preserve the overall flow topology but exhibit larger deviations as impeller-driven transport
becomes stronger. Both models increasingly underpredict the strength of the axial and
radial jets and oversmooth high-gradient regions, particularly in the inter-impeller region,
indicating reduced predictive accuracy under more demanding flow conditions. In contrast,
the PINN maintains high accuracy at both operating conditions. The intensified axial
upflow regions, blade-induced radial jets, and their spatial localization are accurately
reproduced, together with the associated velocity gradients. These results show that
incorporating reduced momentum and gas-transport constraints helps the PINN reproduce
the CFD flow structures as impeller speed increases.
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3.3.4. Pressure Field Contours

Figures 6 and 7 compare the axial and radial pressure contours predicted by the
supervised NN, BINN, and PINN with the CFD reference solutions at Nc = 400 and
500 rpm. The axial plane illustrates the pressure distribution along the vessel height,
while the radial plane (y = 0.18 m) intersects the lower impeller region, where blade-
induced pressure gradients are most pronounced. The CFD results in Figure 6 reveal well-
defined low-pressure regions around both impellers at both operating conditions. These
pressure minima arise from blade-induced suction and the associated fluid acceleration
near the impeller discharge zones. The axial contours also exhibit a gradual decrease
in pressure from the tank bottom to the upper region, reflecting the combined effects of
hydrostatic pressure and impeller-driven flow. The supervised NN captures the overall
pressure distribution but fails to resolve the localized extrema near the impellers. Pressure
gradients within the blade-swept regions are substantially smoothed in both the axial
and radial planes, particularly around the lower impeller. This limitation becomes more
pronounced at Nc = 500 rpm, where the pressure minima are increasingly attenuated and
the blade-induced pressure field becomes less distinct. These deficiencies arise because
the supervised NN relies solely on data fitting and does not enforce the momentum
conservation and incompressibility constraints that govern pressure–velocity coupling in
incompressible gas–liquid flows. The BINN provides moderate improvement by more
accurately reproducing the large-scale pressure distribution and the impeller-induced
low-pressure regions. Enforcing boundary conditions improves predictions near the walls
and impeller surfaces while enhancing the overall symmetry of the solution. However,
attenuation of the pressure extrema and distortion of the blade-induced pressure field
remain evident, indicating that boundary constraints alone are insufficient to accurately
reconstruct the internal pressure distribution governed by global momentum balance.
Both the NN and BINN also exhibit noticeable errors along the shaft centerline, where
geometric confinement and localized pressure variations are only weakly constrained by
the boundary conditions and sparsely represented in the training data. The PINN achieves
the closest agreement with the CFD reference at both operating conditions. The axial and
radial contours accurately reproduce the location, extent, and magnitude of the impeller-
induced low-pressure regions while preserving the global axial pressure gradient and flow
symmetry. Predictions along the shaft centerline are also significantly improved. These
results indicate that incorporating reduced momentum and liquid-divergence constraints
improves agreement with the CFD pressure field, including in regions with strong pressure
gradients and impeller-driven flow.

Figure 6. Pressure contours on the vertical mid-plane (z = 0) obtained from CFD and surrogate models
(supervised NN, BINN, and PINN) at impeller rotational speeds Nc = 400 rpm and Nc = 500 rpm.
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Figure 7. Pressure contours on the radial plane at y = 0.18 m (lower impeller plane) obtained from
CFD and surrogate models (NN, BINN, and PINN) at Nc = 400 rpm and Nc = 500 rpm.

3.3.5. Effect of Increasing Impeller Speed on Pressure Field

A comparison between Nc = 400 and 500 rpm further illustrates the sensitivity of
the pressure field to increasing impeller speed. As the rotational speed increases, the
CFD solution exhibits steeper pressure gradients and more pronounced low-pressure
regions around the impellers, particularly near the lower impeller where circulation and
gas entrainment are strongest. These features reflect enhanced momentum transfer and
centrifugal effects at higher rotational speeds. The differences between the surrogate
models become more evident under these conditions. The supervised NN increasingly
underpredicts the pressure minima and oversmooths the localized gradients near the
impeller blades, indicating reduced accuracy as the flow becomes more strongly driven.
The BINN responds more effectively to the increased impeller speed but continues to
distort the localized pressure distribution, particularly on the radial plane. In contrast, the
PINN maintains close agreement with the CFD reference at both operating conditions. The
location, extent, and magnitude of the impeller-induced low-pressure regions are accurately
reproduced, together with the associated pressure gradients. These results demonstrate
that enforcing momentum conservation and incompressibility enables the PINN to reliably
predict pressure fields under increasingly demanding operating conditions.

3.4. Axial Gas Velocity Profiles Along the Tank Height

Figure 8 presents axial gas velocity profiles (ug,y) along the vessel height for Nc = 400
and 500 rpm, comparing the CFD and PINN predictions. The profiles are extracted along a
vertical line at m, which passes through the impeller-swept regions and therefore captures
the dominant axial gas transport. At both operating conditions, the CFD profiles exhibit
two distinct velocity peaks near the lower (m) and upper (m) impellers, corresponding
to the upward gas transport generated by impeller pumping and buoyancy. Between
the impellers, the axial velocity decreases, indicating gas redistribution within the inter-
impeller interaction zone, a characteristic feature of double-impeller stirred tanks.

Increasing the impeller speed from Nc = 400 to 500 rpm strengthens the axial gas
transport, resulting in higher peak velocities and steeper gradients near both impellers,
with the largest increase occurring around the upper impeller. The PINN accurately
reproduces these trends, capturing the peak locations, magnitudes, and overall profile
shape at both operating conditions. Minor smoothing near the velocity extrema and small
deviations close to the tank bottom and free surface are observed, where the gas velocity
is low and relative errors become more sensitive. Despite the absence of dedicated gas-
phase boundary-loss terms, the predicted profiles do not exhibit abrupt boundary-localized
variations indicative of obvious spurious gas velocity boundary layers within the evaluated
cases. However, because the present formulation does not independently enforce the
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inlet-to-outlet gas flux, strict global gas-phase flux conservation cannot be inferred from
these profile comparisons alone. The close agreement between the PINN and CFD profiles
demonstrates the model’s ability to accurately predict the axial gas velocity distribution
and its dependence on impeller speed. These results further confirm that incorporating
momentum conservation and gas continuity into the training process improves the accuracy
and physical consistency of gas-phase predictions.

 

Figure 8. Axial gas velocity profiles at x = 0.09 m for Nc = 400 rpm and Nc = 500 rpm.

3.5. Prediction at Unseen Intermediate Operating Conditions
3.5.1. Gas Velocity Field Interpolation

To evaluate the interpolation capability of the PINN between the discrete training
conditions, predictions were performed at intermediate impeller speeds of 350 and 450 rpm,
which lie within the training range of 200–500 rpm but were excluded from the training
dataset. These conditions therefore assess the model’s ability to interpolate continuously
with respect to impeller speed. Because the NN and BINN were not evaluated at these
intermediate conditions, the present analysis assesses only the interpolation capability of
the PINN and should not be interpreted as demonstrating superior interpolation relative to
the baseline models. Figure 9 compares the CFD and PINN contours of the axial gas velocity
on the vertical mid-plane (z = 0) and the lower-impeller radial plane (y = 0.18 m). At both
interpolation speeds, the PINN closely reproduces the CFD flow patterns in both planes.
In the axial plane, the dual-impeller upflow regions, inter-impeller interaction zone, and
vertical gas transport are accurately captured. The increase in axial gas transport from 350
to 450 rpm is also well reproduced, with stronger axial jets and steeper velocity gradients
near the impeller discharge regions. In the radial plane, the characteristic four-lobed pattern
aligned with the impeller blades is preserved, together with the magnitude and spatial
confinement of the blade-induced radial jets and the gradual redistribution of gas toward
the bulk flow. The close agreement across both planes demonstrates that the PINN learns a
smooth and physically consistent relationship between the flow field and impeller speed
within the investigated operating range. Rather than reproducing only the discrete training
cases, the model accurately captures the continuous variation in gas transport with impeller
speed, enabling reliable interpolation at unseen intermediate operating conditions.

Quantitatively, the PINN achieves normalized L1 and L2 errors of 13.7% and 13.9%,
respectively, for the axial gas velocity at Nc = 350 and 450 rpm, the corresponding errors

https://doi.org/10.3390/chemengineering10100125

https://doi.org/10.3390/chemengineering10100125


ChemEngineering 2026, 10, 125 28 of 36

decrease to 11.5% (L1) and 11.0% (L2), indicating improved agreement with the CFD
reference. Although these errors are higher than those obtained at the trained operating
conditions (Table 4), the predicted gas velocity fields remain physically consistent. The
PINN accurately preserves the coherent axial gas plumes above both impellers and the
smooth transition between the impeller-dominated regions and the surrounding bulk flow.
The remaining discrepancies are primarily confined to high-gradient regions near the
impeller blades, where strong gas–liquid coupling and slip-induced effects amplify small
deviations in the reconstructed gas velocity.

The present study focuses on predicting the hydrodynamic fields rather than derived
engineering quantities. Consequently, the impact of the interpolation errors on quantities
such as the gas–liquid interfacial area and volumetric mass-transfer coefficient (kLa) was
not evaluated. These quantities depend on additional models describing bubble size
distribution, interfacial area, and mass transfer, which are beyond the scope of the present
reduced-order framework. Quantifying the propagation of surrogate-model errors to
mass-transfer predictions will be the subject of future work.

The increase in gas velocity error to approximately 11–14% at the unseen intermediate
speeds indicates a limitation in interpolation accuracy, particularly near the impellers. The
largest deviations are observed in the blade-swept and impeller-discharge regions, where
gas transport varies rapidly with rotational speed. The reduced slip representation may
contribute to these errors, although its individual effect was not isolated. Future training
datasets could be enriched at intermediate speeds and in regions with larger validation
errors. Targeted sampling near the impellers and residual-driven collocation could also be
evaluated as ways to improve local accuracy.

Figure 9. Comparison of CFD and PINN gas velocity contours at two unseen impeller speeds
(Nc = 350 rpm and Nc = 450 rpm) on axial and radial planes.

3.5.2. Pressure Field Interpolation

Figure 10 compares the CFD and PINN pressure contours on the vertical mid-plane
(z = 0) and the lower-impeller radial plane (y = 0.18 m) at the interpolation speeds of
Nc = 350 and 450 rpm. On the axial plane, the CFD solution exhibits the expected verti-
cal pressure stratification, with higher pressure near the tank bottom and lower pressure
toward the upper region, together with distinct low-pressure regions around both im-
pellers resulting from blade-induced suction. As the impeller speed increases from 350 to
450 rpm, these low-pressure regions deepen and expand, reflecting stronger blade-induced
acceleration and increased inertial effects.
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The PINN closely reproduces these features at both operating conditions. The loca-
tion, extent, and relative magnitude of the low-pressure regions are accurately captured
while preserving the global axial pressure gradient. Minor smoothing is observed in the
immediate vicinity of the blade-swept regions; however, the overall pressure distribution
remains in close agreement with the CFD reference.

On the radial plane (y = 0.18 m), the CFD contours reveal a four-lobed pressure
pattern aligned with the impeller blades. These localized pressure minima become more
pronounced at 450 rpm, consistent with the increased inertial effects associated with
higher rotational speed. The PINN accurately reconstructs the four-lobed structure and
its evolution with impeller speed while preserving the symmetry and spatial localization
of the blade-induced pressure field. Slight attenuation of the peak pressure minima is
observed, particularly at 450 rpm, reflecting the inherent difficulty of reconstructing sharp
localized gradients from finite training data. Nevertheless, the dominant blade-resolved
pressure structures are retained.

These results demonstrate that the PINN provides accurate and physically consistent
pressure predictions at unseen intermediate operating conditions. The close agreement with
the CFD reference indicates that the reduced momentum and liquid-divergence constraints
help the PINN interpolate the pressure field at the evaluated intermediate speeds.

Figure 10. Comparison of CFD and PINN pressure contours at two unseen impeller speeds
(Nc = 350 rpm and Nc = 450 rpm) on axial and radial planes.

3.5.3. Gas-Holdup Interpolation

Figure 11 compares the local gas-holdup distributions obtained from CFD and the
PINN at the intermediate impeller speeds of Nc = 350 and 450 rpm. The axial and radial
contours show close qualitative agreement between the CFD and PINN predictions at both
operating conditions, indicating that the model reproduces the principal spatial features of
the gas distribution.

At Nc = 350 rpm, elevated gas holdup is concentrated primarily in the impeller regions
and along the associated discharge paths, while lower values occur throughout much
of the surrounding bulk liquid. The PINN reproduces the location and spatial extent of
these higher-holdup regions, including the localized structures surrounding the impellers.
Similar agreement is observed in the horizontal plane, where the nonuniform distribution
around the impeller and the regions of locally elevated gas holdup are captured by the
PINN. Minor differences are visible in some localized regions, particularly near the impeller
and within areas characterized by sharp spatial variations in gas holdup.
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Figure 11. Comparison of local gas-holdup contours obtained from CFD and the PINN at Nc = 350
and 450 rpm.

Increasing the impeller speed to Nc = 450 rpm modifies both the magnitude and
spatial distribution of the local gas holdup. The regions of elevated gas concentration
around the impellers become more pronounced, particularly in the axial plane, while
the horizontal contours exhibit a clearer distribution of high-holdup regions around the
impeller. The PINN closely reproduces these changes, including the location of the major
high-holdup zones and the surrounding lower-holdup regions. This agreement indicates
that the model captures the variation in the gas-holdup field between the discrete rotational
speeds used for training rather than merely reproducing the distributions at the trained
operating conditions.

The prediction of gas holdup is particularly important in the present framework
because αg contributes directly to the effective mixture properties used in the reduced
momentum residual and to the reconstruction of the gas-phase velocity. Therefore, discrep-
ancies in the predicted gas-holdup field can propagate to the reconstructed gas velocity and
partly contribute to the larger local errors observed for the gas-phase velocity components.
The close correspondence between the CFD and PINN contours in Figure 11 provides
qualitative support for the ability of the surrogate to represent the spatial gas distribution at
intermediate operating conditions. Quantitative gas-holdup errors and volume-averaged
values should be reported alongside these contours to further assess the magnitude of the
remaining discrepancies.

The qualitative agreement observed in Figure 11 is further supported by the quanti-
tative gas-holdup results summarized in Table 6. At Nc = 350 rpm, the CFD and PINN
volume-averaged gas holdups were 0.0310 and 0.0295, respectively, corresponding to a
relative deviation of approximately 4.8%. At Nc = 450 rpm, the corresponding values were
0.0430 and 0.0412, with a relative deviation of approximately 4.2%. The normalized L1 er-
rors of the local gas-holdup field were 9.2% and 7.8% at Nc = 350 and 450 rpm, respectively,
while the corresponding RMSE values remained below 0.005. These results indicate that
the PINN reproduces not only the principal spatial distribution of gas holdup observed in
the CFD contours but also its overall magnitude at the intermediate operating conditions.

The local-field errors are higher than the deviations in volume-averaged gas holdup,
indicating that localized discrepancies partially compensate when integrated over the vessel
volume. This behavior is consistent with the contours in Figure 11, where the largest differ-
ences between the CFD and PINN predictions occur primarily in localized regions near the
impellers and their discharge zones, while the broader gas-distribution pattern remains similar.
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Since gas holdup enters the effective properties and gas velocity reconstruction in the reduced
PINN formulation, these localized discrepancies may also contribute to the comparatively
larger errors observed in the reconstructed gas-phase velocity field.

Table 6. Quantitative comparison of gas-holdup predictions obtained from CFD and the PINN at the
intermediate impeller speeds of Nc = 350 and 450 rpm.

Nc (rpm) CFD αg PINN αg Relative Error (%) Normalized L1 Error (%) RMSE

350 0.093 0.098 5.38 9.2 0.0051

450 0.121 0.128 5.79 7.8 0.0072

3.5.4. Quantitative Interpolation Errors

While the contour comparisons demonstrate close agreement between the CFD and
PINN pressure fields, quantitative error metrics provide a more rigorous assessment of
the interpolation performance. The pressure field is interpolated more accurately than the
gas velocity field. At Nc = 350 rpm, the PINN achieves normalized L1 and L2 pressure
errors of 4.48% and 6.74%, respectively. At Nc = 450 rpm, the corresponding errors remain
low at 4.97% and 9.22%, respectively. Thus, the reported pressure errors span 4.48–9.22%,
depending on speed and error metric. The pressure contours also show that the PINN re-
produces the main distribution and impeller-associated low-pressure regions. The reduced
momentum residual contains a pressure-gradient term, but these results do not isolate the
effect of that constraint from the supervised CFD data or other loss terms.

Compared with the pressure field, gas velocity exhibits larger interpolation errors,
particularly in the high-shear regions near the impeller blades, where slip dynamics and
complex gas–liquid interactions are associated with larger local deviations. Nevertheless,
the PINN consistently preserves the dominant flow structures and the dependence of
both axial and radial gas transport on impeller speed. Although interpolation errors
increase locally in the blade-swept regions, the predicted flow fields remain physically
consistent and accurately reproduce the principal hydrodynamic features throughout the
investigated operating range. This localization of the interpolation errors is consistent with
the limitations of the reduced physics formulation discussed in Section 3.2.1, particularly in
regions characterized by strong shear and complex gas–liquid momentum coupling. These
results demonstrate that incorporating reduced conservation-based physics constraints
into the training process effectively constrains the solution space and enables reliable
interpolation between the discrete training conditions.

3.6. Computational Efficiency Evaluation

The computational cost of the proposed framework comprises generation of the ref-
erence CFD database, PINN training, and subsequent inference. Each three-dimensional
reference CFD simulation required approximately 100–140 h of wall-clock time using 32
CPU cores. The four simulations at Nc = 200, 300, 400, and 500 rpm therefore required
approximately 400–560 h in aggregate when their run times are summed. PINN training
required a further 2–3 h on a workstation equipped with dual Intel® Xeon® Gold 6148
CPUs (2.40 GHz), 256 GB RAM, and an NVIDIA GTX 1060 (6 GB). On the same worksta-
tion, inference at 200,000 spatial locations required approximately 2–3 h for one operating
condition. The computational benefit depends on whether the reference CFD database is
already available. If it is, training adds approximately 2–3 h, after which each additional
operating condition requires approximately 2–3 h of PINN inference rather than 100–140 h
for a new CFD simulation. If the four CFD cases are generated specifically for surrogate
development, their computational cost must also be counted before assessing the overall
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benefit. Using the midpoints of the reported ranges, the four reference CFD simulations
required a combined 480 h, PINN training required 2.5 h, and inference required 2.5 h per
operating condition. By comparison, an independent CFD simulation required 120 h per
condition. When the four reference conditions are counted among the total conditions eval-
uated, the surrogate’s aggregate computational cost becomes lower at the fifth condition:
four reference conditions plus one additional condition. This comparison uses the sum of
CFD run times; the elapsed time to produce the database would differ if the cases were
run concurrently. The benefit increases as the trained model is used for further evaluations
within the investigated operating range.

This reduction in evaluation time is accompanied by limits in local accuracy. Gas
velocity errors are larger than pressure errors, particularly near the impellers, where
phase-slip gradients and gas–liquid interactions are complex. The PINN approximates
the CFD-derived fields using the reduced physics constraints described in Section 2.4; it
does not reproduce the complete Euler–Euler/RANS formulation. The model nevertheless
captures the dominant flow features and their variation with impeller speed. Its use in
parametric studies, optimization, real-time monitoring, or digital-twin applications remains
to be demonstrated.

The PINN is intended as a complementary surrogate rather than a replacement for CFD
or experimental validation. Its demonstrated use is interpolation within the investigated
operating domain. Predictions outside the 200–500 rpm training range were not validated
and should be checked against CFD and, where possible, experimental measurements.
Because gas flow rate and fluid properties were held constant and were not network inputs,
the results also do not establish accuracy when these quantities change. Extending the
surrogate to such conditions would require reference data spanning those variables and
their inclusion as model inputs.

A further limitation is that the framework represents only the steady hydrodynamic
states described by the multiple-reference-frame (MRF) CFD simulations. It has not been
evaluated for startup, shutdown, abrupt changes in rotational speed, or periodic blade–
baffle interactions. Studying unsteady operation would require transient reference data,
potentially from sliding-mesh CFD, and a model that includes time as an input. A time-
dependent PINN could incorporate transient physics constraints, while long short-term
memory (LSTM) or gated recurrent unit (GRU) networks could be investigated for repre-
senting temporal flow dynamics.

4. Conclusions
This study developed a PINN surrogate for steady three-dimensional gas–liquid hy-

drodynamics in an aerated double-impeller stirred tank. A supervised neural network and
a boundary-informed neural network with the same architecture were evaluated to assess
the effects of adding boundary and reduced physics constraints. At Nc = 400 and 500 rpm,
the PINN outperformed the NN and BINN, with normalized liquid- and gas velocity
errors below 10% and pressure errors of approximately 3–4%. It also better preserved
impeller-induced gradients, particularly in high-shear regions. At the unseen intermediate
speeds of 350 and 450 rpm, the PINN reproduced the principal flow structures, although
gas velocity interpolation errors of approximately 11–14% exceeded those for pressure.
The four reference CFD cases required approximately 400–560 h in total when their run
times were summed, followed by 2–3 h of PINN training. Once trained, the PINN required
approximately 2–3 h to evaluate 200,000 spatial locations for one operating condition, com-
pared with 100–140 h for a CFD simulation. The benefit of repeated surrogate evaluations
must therefore be assessed alongside the initial cost of generating the CFD training data.
The PINN is a complementary surrogate for the investigated geometry, fluid system, gas
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flow rate, and rotational-speed range. Its reduced physics constraints do not reproduce the
complete CFD formulation. Predictions for new geometries, operating regimes, or transient
conditions require further CFD evaluation and, where possible, experimental validation.
Future work could extend the training domain and incorporate transient hydrodynamics
and coupled mass-transfer models.
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Nomenclature

Latin Symbols
g Gravitational acceleration m s−2

h(l) Output of layer l –
L Total loss function –
L1 Normalized mean absolute error –
L2 Normalized root mean square error –

LBC Boundary-condition loss –
Ldata Supervised data loss –
LPDE Governing equation residual loss –

nh Hindrance exponent –
Nc Impeller rotational speed rpm
N∗

c Nondimensional impeller speed Nc/Nc,ref –
Nθ(·) Neural network mapping –

p Pressure Pa
p∗ Nondimensional pressure –
r Radial position vector m
R Residual vector of governing equations –

RMSE Root mean square error field-dependent
ug Gas-phase velocity vector m s−1

ul Liquid-phase velocity vector m s−1

ul,x, ul,y, ul,z Liquid velocity components m s−1

uslip Prescribed slip velocity m s−1

ut Terminal bubble rise velocity m s−1

W(l) Weight matrix of layer l –
x, y, z Spatial coordinates M
XBC Boundary collocation points –
Xdata Labeled data points –
XPDE Interior collocation points –
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Greek Symbols
αg Gas holdup –

αraw Unconstrained network holdup output –
β1, β2 Adam momentum parameters –
∆ug Learned corrective gas velocity component m s−1

ϵ Numerical stability parameter –
η Learning rate –

λBC Boundary-loss weight –
λdata Data loss weight –
λPDE PDE residual loss weight –

µg Gas viscosity Pa s
µl Liquid viscosity Pa s

µeff Effective mixture viscosity Pa s
ρg Gas density kg m−3

ρl Liquid density kg m−3

ρeff Effective mixture density kg m−3

σ(·) Activation function –
θ Trainable neural network parameters –
ω Angular velocity Rad s−1

ϕ Generic scalar field –
ϕref Reference scaling quantity –
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