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Judd-Ofelt theory  

The Judd-Ofelt theory[1,2] is the most suitable one to characterize the intensities of 

electric-dipole 4f transitions in lanthanide ions. This theory is correct both for well-crystalline and 

disordered media such as single crystals and glasses.  
According to the Judd–Ofelt theory, the value of the oscillator strength for the J → J′ 

transition is determined by the expression:  𝑓௃௃ᇲ = ቆ 8𝜋ଶ𝑚𝑐3ℎ𝑛ଶ𝜆(2𝐽 + 1)ቇ ൣ𝜒௘ௗ𝑠௃௃ᇲ௘ௗ + 𝜒௠ௗ𝑠௃௃ᇲ௠ௗ൧          (1) 

where m is the mass of the electron, 𝑐 is speed of light in vacuum, h is Planck’s coefficient, 𝜆 is a 

mean wavelength of inter-multiplet transition J→J′, n is a wavelength-dependent refractive index 

which is determined from Sellmeier’s dispersion equation,[3,4] 𝜒௘ௗ= 𝑛(𝑛ଶ + 2)ଶ/9,  𝜒௠ௗ= 𝑛ଷ, 𝑠௃௃ᇲ௘ௗ  and 𝑠௃௃ᇲ௠ௗ are the line strengths of the electric-dipole and magnetic-dipole transitions, 

respectively.  

The line strength for the electric dipole transition is:  𝑠௃௃ᇲ௘ௗ = ෍ Ω௧|〈4𝑓ே𝐽‖𝑈௧‖4𝑓ே𝐽ᇱ〉|ଶ          (2)௧ୀଶ,ସ,଺  

where |〈4𝑓ே𝐽‖𝑈௧‖4𝑓ே𝐽ᇱ〉|ଶ (𝑡 = 2, 4, 6) are the doubly reduced matrix elements of the unit tensor 

operators 𝑈(𝑡) of rank t (𝑡 = 2, 4, 6) which depend only on angular momentum while are 

independent of the host, [5,6] Ωt are JO parameters. 

Line strength for magnetic dipole transitions 𝑠௃௃ᇲ௠ௗ is calculated by the formula: 

𝑠௃௃ᇲ௠ௗ = ൬ ℎ4𝜋𝑚𝑐൰ଶ Ω௧|〈4𝑓ே𝐽‖𝐿 + 2𝑆‖4𝑓ே𝐽ᇱ〉|         (3) 
where L+2S is magneto-dipole transition operator J→J′.  

However, the values of the oscillator strengths 𝑓௃௃ᇲ of intermultiplet transitions J→J′ are 

determined experimentally by the formula: 𝑓௃௃ᇲ = 𝑚𝑐ଶ4𝜋𝑁𝜆ଶ න 𝛼(𝜆)𝑑𝜆            (4) 

where ׬ 𝛼(𝜆)𝑑𝜆 =  Γ is an integral absorption coefficient for transition between the ground and 

excited states of rare earth ions, N is an activator ion concentration.  

The line strengths for the corresponding transitions of rare earth ions were determined 

experimentally from the values of the integral absorption coefficients by the formula: 



𝑠௃௃ᇲ = 3ℎ𝑐(2𝐽 + 1)8𝜋ଷ𝑘𝑒ଶ𝑁𝜆 9𝑛(𝑛ଶ + 2)ଶ න 𝛼(𝜆)𝑑𝜆            (5) 

where e is the charge of the electron, k is Coulomb's constant. The factor [9𝑛/(𝑛ଶ + 2)ଶ] 

represents the local field correction for electric dipole transition for the effective field for the ion 

in the dielectric host medium of isotropic refractive index n.  

The system of linear equations with three variables Ω2, Ω4, Ω6 is solved by the Gauss–

Jordan method. [7] 

The root mean square (RMS) of the line strength of the electric-dipole transition (𝑆calc) is 

deviation between the experiment and calculated line strengths and determined by (6).  𝑅𝑀𝑆 ∆𝑠 = ට∑ ൫𝑠௘௫௣೔ − 𝑠௖௔௟௖೔൯ଶெ௜ୀଵ /(𝑀 − 3) (6) 

where M is the number of experimental bands using in the above calculation.  

The relative error is defined as: 𝑅𝑀𝑆 error = ோெௌ ∆௦ோெௌ ௦ × 100%   (7) 

where         RMS 𝑠 = ට∑ 𝑠௘௫௣೔ଶெ௜ୀଵ /𝑀  (8) 

The deviation between the experiment and calculated absorption oscillator strengths, fcalс, 

and relative error are determined similarly. 

The radiative transition probabilities 𝐴௥௔ௗ(𝐽 → 𝐽ᇱ) is calculated for the transitions by using 

the following expression: 𝐴௥௔ௗ(𝐽 → 𝐽ᇱ) = 64𝜋ସ𝑒ଶ3ℎ(2𝐽 + 1)𝜆ଷ ቆቈ𝑛(𝑛ଶ + 2)ଶ9 ቉ 𝑠௘ௗ + 𝑛ଷ𝑠௠ௗቇ (9)  
 

The radiative lifetime 𝜏 ௥௔ௗ for an excited states (J) is calculated by:  

 𝜏 ௥௔ௗ = 1∑ 𝐴௥௔ௗ(𝐽 → 𝐽ᇱ)           (10) 

The emission cross section has been calculated by means of the Fuchtbauer–Ladenburg 

formula: 



𝜎(𝐽, 𝐽ᇱ; 𝜆) = 𝜆ଶ8𝜋𝑐𝑛ଶ 𝛽(𝐽, 𝐽ᇱ)𝜏௝ 𝑔(𝜈෤)                 (11) 

where 𝜆 is the wavelength at the peak emission, 𝛽(𝐽, 𝐽ᇱ) is the fluorescence branching ratio for the 

transition from the upper manifold 𝐽 to the lower manifold 𝐽ᇱ, 𝜏௝ is the radiative lifetime of the 

excited manifold 4I13/2, and 𝑔(𝜈෤) is the line-shape function. The line-shape function is obtained 

from the fluorescence spectrum using the following expression: 

𝑔(𝜈෤) = 𝐼(𝜈෤)׬ 𝐼(𝜈෤)𝑑𝜈෤                      (12) 

The intrinsic quantum yield (η ) is evaluated from the ratio of the fluorescence (𝜏௟௨௠௘௫௣ ) to 

radiative decay time (𝜏௥௔ௗ௖௔௟с): 𝜂 = ఛ೗ೠ೘೐ೣ೛ఛೝೌ೏೎ೌ೗с  · 100 % (13) 

The non-radiative multiphonon decay rates may be given by expression (14): 𝑊ேோ = 1 𝜏௟௨௠௘௫௣൘ −  𝐴௥௔ௗ(𝐽 → 𝐽ᇱ)   (14) 
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