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Abstract: Recently, optical coordinate transformation has garnered considerable research interest
for manipulating structured light in emerging optical communication applications. Herein, we
propose a circle-Cassinian optical coordinate transformation based on polarization invariance to
generate an elliptical-symmetry radially polarized (ESRP) optical beam. Accordingly, we designed
three isotropic phase plates for placement in the 4 f optical system. The numerical simulations
demonstrated accurate generation of the ESRP beam with specified intensity, including an overall
intensity adjustment applied in the input plane. Therefore, the proposed method can aid in designing
vector light fields, and the ESRP beam can be applied to optical tweezers and surface plasmonic-
field generation.
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1. Introduction

Structured light is referred to as the optical field modulated in amplitude, phase,
and polarization, and it is emerging as a predominant aspect in various research fields
such as optical tweezers, optical communication, quantum entanglement, nonlinear optics,
microscopy, and imaging [1]. In the expanding zoology of structure light, the optical
beam with elliptic-symmetry provides interesting insights [1–3], as it is slightly beyond the
conventional cylindrical-symmetry beam. An appealing application of the optical beam
with elliptic-symmetry, such as Mathieu–Gaussian beam and Ince–Gaussian, has been
demonstrated in optical trapping [4].

More recently, systematic studies have been conducted on the complex vector beam
with Ince–Gaussian and Mathieu–Gaussian modes [5,6]. However, the production of an
elliptic-symmetry radially polarized (ESRP) beam, which is defined as a beam with its linear
polarization perpendicular to the confocal ellipses at all locations, still remains a challenge.
As reported in a prior study aiming to produce elliptic-symmetry vector beams [7], the ESRP
beam is not associated with the no-diffraction eigenmodes of the wave equation; therefore,
it cannot be simply produced using the Ince–Gaussian or Mathieu–Gaussian modes.

Although the ESRP beam proposed in this study can be deemed similar to the
two kinds of elliptic-symmetry vector beams developed previously—one in [7] and another
in [8–10], the internal structure of the proposed ESRP beam is apparently distinct from
the existing beams. In particular, the vector beam in [7] has been developed based on a
confocal elliptic coordinate system, but its linear polarization remains in the same direction
when tracing along each confocal hyperbola, which indicates that the polarization was not
perpendicular to the confocal ellipses at all locations. In contrast, the vector beam in [8–10]
has been designed to ensure the perpendicular alignment of its polarization with respect
to a set of ellipses at all locations, and thus, it exhibits a radial distribution. Nonetheless,
these ellipses are concentric ellipses and not confocal ellipses. Although the vector beam
in [8–10] can be used to optimize the surface plasmon generation for an elliptical plasmonic

Photonics 2022, 9, 563. https://doi.org/10.3390/photonics9080563 https://www.mdpi.com/journal/photonics

https://doi.org/10.3390/photonics9080563
https://doi.org/10.3390/photonics9080563
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/photonics
https://www.mdpi.com
https://orcid.org/0000-0002-4764-9988
https://doi.org/10.3390/photonics9080563
https://www.mdpi.com/journal/photonics
https://www.mdpi.com/article/10.3390/photonics9080563?type=check_update&version=1


Photonics 2022, 9, 563 2 of 18

structure, such as an elliptic slit [10], it cannot be defined under the conventional elliptic
coordinate system. Therefore, the ESRP beam should be more precisely designed based on
the elliptical coordinate system to achieve a radial polarization distribution.

In this study, we propose a method to generate the introduced ESRP beam using the
optical coordinate transformation [11,12]. Recently, the optical coordinate transformation
has attracted renewed interest in the research of orbital angular momentum (OAM) optical
beam separation and detection [13–20], especially the multiplication and division of OAM
optical beams [21–25]. However, control of the polarization property has seldom been
discussed in research related to optical coordinate transformation, but it is crucial if the
input beam is a vector beam. The basic principle of polarization is straightforward: upon
applying the phase plane based on the isotropic refractive index during the optical coordi-
nate transformation, the coordinate transformation does not alter the polarization state on a
point-to-point basis. Herein, we introduced a circle-Cassinian conformal transformation to
employ this principle and subsequently demonstrated that the ESRP beam can be produced
by considering the cylindrical-symmetric radially polarized beam as an input because the
produced ESRP beam is capable of independently adjusting the amplitude as well as the
linear polarization direction of the electrical field.

The remainder of the paper is structured as follows. In Section 2, the polarization
structure of the ESRP beam is discussed in detail. Thereafter, in Section 3, the principle of
applying the circle-Cassinian transformation for obtaining the ESRP beam is introduced,
followed by Section 4, which presents the mathematical equations for the phase plate
design with correlation to the optical system. All of the numerical simulation results are
elaborated in Section 5, and lastly, the discussion on the obtained findings along with the
conclusive remarks of this study are noted in Section 6.

2. Polarization Structure of ESRP Beam

To clarify the distinction between the ESRP and two other elliptic-symmetry vector
beams reported earlier [7,8], we compare their polarization structures and mathematical
descriptions herein. As depicted in Figure 1, the polarization structures are plotted along
with their respective coordinates: the vector beams demonstrated in [7,8] are presented in
Figure 1a,b, whereas the ESRP beam proposed in this research is portrayed in Figure 1c.

Figure 1. Polarization structure of the three elliptic-symmetry vector beams. (a,b) are the elliptic-
symmetry vector beams reported in [7,8], respectively. (c) is the ESRP beam reported in this paper.

For the vector beam in Figure 1a, its normalized electric field Jones vector (for simpli-
fied comparison, we eliminated the possible variation in the intensity distribution) can be
expressed as [8]

E1(x, y) =
1√

(1− ε2)
2x2 + y2

( (
1− ε2)x

y

)
, (1)

where ε denotes the eccentricity to define all of the concentric ellipses. In principle, this
vector beam can be considered a consequence of stretching along a single coordinate
direction (here, the x direction) from the traditional cylinder-symmetric radially polarized
beam (RPB) with the final polarization perpendicular to the concentric ellipses at all
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locations (as depicted in Figure 1a. As determined from Equation (1), the polarization angle
remains the same in the case when a radial line passing through the origin is observed.
Based on this perspective, this polarization pattern is similar to that of the first-order
cylinder vector beam (CVB). However, there is a prominent difference: the deviation angle
of the polarization off the radial line varies upon moving on to another radial line, whereas
the deviation angle remains unchanged for the first-order CVB.

For the vector beam displayed in Figure 1b, its normalized electric field Jones vector
can be expressed based on the elliptic coordinates (ξ, η) as follows [7]:

E2(x, y) =
(

cos η
sin η

)
, (2)

where η denotes the azimuthal elliptic coordinate (ξ: radial elliptic coordinate). As can
be derived from Equation (2), the polarization direction depends only on the value of η,
and thus, it remains the same in the case where a hyperbolic coordinate curve is traced.
As depicted in Figure 1b, the polarization will be eventually perpendicular to the ellipse
with ξ → +∞, , but it cannot be perpendicular to all other confocal ellipses.

In contrast to Figure 1b, the proposed ESRP beam shown in Figure 1c was constructed
based on the elliptic coordinates but with distinguished internal polarization structures
to ensure that the polarization is perpendicular to each confocal ellipse at all locations.
The variations in the polarization distribution between the ESRP and vector beam in
Figure 1a were apparent. Moreover, in terms of optical intensity singular points, both
vector beams (Figure 1a,b) contained only a singular point at the center, whereas the
proposed ESRP beam contained a short line connecting the two foci as the singular points.

In this study, we derived the mathematic expression for the ESRP beam (with normal-
ized Jones vectors) as follows:

E3(x, y) =
1√

cos2 η/ cosh2 ξ + sin2 η/ sinh2 ξ

( cos η
cosh ξ
sin η

sinh ξ

)
. (3)

Interestingly, we observed that the curves on which the polarization remained were re-
lated to the Cassinian oval coordinates plotted in Figure 2a as well as the hyperbolic curves
(red curve). For a more prominent illustration, the confocal ellipses sharing the same foci
with the Cassinian ovals—to which the polarization is perpendicular at all locations—are
plotted in Figure 2b instead of the Cassinian curves. (Proof for both Equation (3) and the
relationship presented in Figure 2b are detailed in Appendix A).

Figure 2. Geometric representation of the polarization distribution of an ESRP beam with respect
to various background curves. In (a), blue curves represent Cassinian ovals, whereas red curves
represent the hyperbolic curves perpendicular to the Cassinian ovals. In (b), the blue curves were
replaced with confocal ellipses sharing the same foci with the Cassinian ovals.
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3. Principle of Using Circle-Cassinian Transformation to Obtain ESRP Beam

First, let us consider a general geometric coordinate transformation performed us-
ing a single lens, as displayed in Figure 3, where the input field at the front-focal-plane
was set as E(x, y) and the output field at the back-focal-plane was E(u, v). Based on the
paraxial approximation supporting the Fourier transform between the two focal planes
and the stationary phase principle (as the considered spatial scale is much larger than
the wavelength), the point-to-point corresponding field map E((x, y) → (u, v)) can be
fulfilled with the application of two specific phase plates Φ1(x, y) and Φ2(u, v) (though
an amplitude adjustment term is required owing to the conservation of light energy ) [12].
Herein, Φ1(x, y) was determined by the requested coordinate transformation as

∂Φ1(x,y)
∂x = k

f u
∂Φ1(x,y)

∂y = k
f v

(4)

where k represents the wavenumber and f denotes the focal length of the lens, whereas
Φ2(u, v) is required for phase correction, as follows:

Φ2(u, v) = −
[

Φ1(x, y)− k
f
(xu + yv)

]
. (5)

Figure 3. Illustration of optical coordinate transformation based on a single lens (transformation
leaves the polarization state unchanged with point-to-point basis).

Let us thoroughly examine the polarization property of the coordinate transformation,
which has been previously overlooked. As illustrated in Figure 3, by considering the
locally linearly polarized input beam, the two phase plates are generally polarization
isotropic, the polarization state after the transformation is essentially unchanged according
to the point-to-point basis. Therefore, the coordinate transformation can establish a simple
method to reorganize the polarization distribution from the input field, thereby producing
new kinds of vector beams.

Regardless, an issue should be addressed prior to detailing the desired coordinate
transformation for obtaining the ESRP beam. The coordinate transformation can be de-
signed based on conformal mapping transformation if the coordinates are combined as a
complex unit (e.g., Z = x + iy and W = u + iv). Although the coordinate transformation
performed using only a single lens Equation (4) fails to satisfy the conformal mapping
condition, it is still consistent with anti-conformal mapping [23]. Favorably, this problem
can be circumvented by connecting two such consequential transformations using two
lenses, i.e., the 4 f optical system [23].

Let us define the current research problem: production of the ESRP beam based on
conformal mapping using the radially polarized light (that can be conveniently obtained)
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as the input field and the 4 f optical system. The reformation of the problem in the mathe-
matical description can be stated as follows. Let us use the retracing method, considering
a point in the output plane as W = u + iv, and thereafter, its corresponding point in the
input plane will be determined using the inverse conformal mapping, such as

Z = f−1(W). (6)

As the polarization direction remains unchanged at points W and Z, its mathematical
relation can be derived. At point Z, the polarization can be predetermined from the radially
polarized input beam as

θZ = arg(Z), (7)

at point W, according to the proposed ESRP beam, the polarization direction should
satisfy the requirement of being perpendicular to one of the confocal ellipses containing W.
The point W can be defined using elliptic coordinates (ξW , ηW) and expressed as

W = c · cosh ξW cos ηW + ic · sinh ξW sin ηW , (8)

where c denotes half of the focal length of the ellipses. Evidently, the polarization direction
at W should be

θW = arctan
(

tan ηW
tanh ξW

)
. (9)

Therefore, from
θZ = θW , (10)

where the axes of the Z-plane are parallel to that of the W-plane. From Equations (6) and (7),
we can derive

tan ηW/ tanh ξW = tan(arg(Z)). (11)

Thus, we need to determine the conformal mapping W = f (Z) that can satisfy
Equation (11). Inspired by the elegant approach of using complex analysis to describe
the electrical field distribution produced by two nearby, infinitely long, thin wires with
identical charges [26], we derived that the so-called circle-Cassinian conformal mapping

W2 = Z2 + c2 (12)

is exactly a solution of Equation (11). For a rapid analysis, we can further rewrite the
right-hand side of Equation (11) and apply Equation (12) as

tan(arg(Z)) = (−i)
Z− Z̄
Z + Z̄

= (−i)
Z2 + Z̄2 − 2ZZ̄

Z2 − Z̄2

= (−i)
W2 + W̄2 − 2c2 − 2

√
(W2 − c2)(W̄2 − c2)

W2 − W̄2

(13)

Note that the relation expressed in Equation (11) can be simply proved by substituting
Equation (8) into Equation (13). (For detailed proof, please refer to Appendix A, and for
further geometric explanation, please refer to Appendix B).

The Cassinian ovals (as displayed in Figure 2a) constitute a family of curves that are
defined based on the following condition: multiplication of the distances of a point from
the two foci equals a constant (rather than the sum of the distances from two foci equals
a constant for the ellipses). With reference to Equation (12) for transforming circles to
Cassinian ovals, we set |Z| = R (i.e., ZZ̄ = R2) and replaced Z with W to obtain correspon-
dence |W + c||W − c| = R2. However, our concern is not regarding the Cassinian ovals
transformed from the circles but rather the accompanying orthogonal curves transformed
from the radial lines. As illustrated in Figure 4, two sets of hyperbolas cross the two foci.
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Figure 4. Illustration of circle-Cassinian transformation that converts radial lines into hyperbolas
that are orthogonal to the Cassinian ovals and converts vertical confocal ellipses into horizontal
confocal ellipses.

Notably, the confocal mapping expressed in Equation (12) contains the rotational
transformation of the vertical confocal ellipses by 90◦ with respect to the horizontal confocal
ellipses, as depicted in Figure 4 (the derivation is presented in Appendix A). This fact will
majorly aid in designing the correction for light beam intensity.

4. Phase Plate Design and Related Optical System

As discussed earlier, to achieve a conformal mapping, two sequential anti-conformal
coordinated transformation based on a single lens (Figure 3) are required to be sequentially
connected. Therefore, the circle-Cassinian transformation in Equation (12) can be realized
by categorizing the relationship of Equation (12) into the composition of two cascade
anti-conformal mappings. The manner of classifying this composition is a choice. Herein,
we selected the most straightforward one, i.e.,

Q = sign(Re(Z̄))
√

Z̄2 + c2, (14)

W = Q̄, (15)

as illustrated in Figure 5, the symbol Q represents the spatial points in the intermit plane,
expressed as Q = s + it. Note that the square-root algorithm in Equation (14) is limited in
the first and fourth quadrants of the Q-plane and that the function of sign(Re(Z̄)) can thus
be applied to ensure complete coverage of the transformation across the entire Q-plane.

Upon determining the transformation in Equations (14) and (15), the two phase
plates should be derived based on Equations (4) and (5) to satisfy the transformation
in Equation (14) (with the phase distribution defined as ψ12 and ψ21) as well as that for
fulfilling the transformation of Equation (15) (with the phase distribution defined as ψ23
and ψ32). As the correction phase plate ψ21 and the transforming phase plate ψ23 is located
at the same plane (at Q-plane), we can combine them into a single phase plate. More
importantly, the finalized three phase plates (ψZ = ψ12, ψQ = ψ21 + ψ23, and ψW = ψ32)
should be arranged into the 4 f optical system, as illustrated in Figure 5, which included
the illustrated polarization patterns of the three light beams: incident beam before ψZ, light
beam in the intermit plane after ψQ, and output beam after ψW .
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Figure 5. Schematic of 4 f optical system for generating ESRP beam. The three inlets show, respectively,
the polarization distribution patterns right before the phase plate ψZ, and right after the phase plates
ψQ and ψW .

According to Equations (4) and (5), the following expressions (their derivation are
detailed in Appendix C) can be derived:

ψZ = ψ12(Z) =
k
f1

sign(Re(Z))Re
{

1
2

(
Z
√

Z2 + c2 + c2 ln
(

Z +
√

Z2 + c2
))}

. (16)

ψ21(Q) =
k
f1

sign(Re(Q))Re
{

1
2

(
Q
√

Q2 − c2 − c2 ln
(

Q +
√

Q2 − c2
))}

. (17)

ψ23(Q) =
k
f2

Re
(

Q2

2

)
. (18)

ψQ = ψ21 + ψ23. (19)

ψW = ψ32(W) =
k
f2

Re
(

W2

2

)
. (20)

As illustrated in Figure 5, the input optical beam of radial polarization can be trans-
formed into the output beam with the required polarization of an ESRP beam with the
equipment of these three phase plates.

5. Numerical Simulation Results

First, the phase distribution patterns of the three phase plates ψZ, ψQ, and ψW ,
and the two phase functions ψ21(Q) and ψ23(Q) are exhibited in Figure 6, which were
evaluated from Equations (16)–(20) by setting the following parameters: wavelength was
λ = 632.8 nm, focus radius of the confocal ellipses was c = 1 mm, focal lengths of lenses
L1 and L2 were both f1 = f2 = f = 41.09 mm (referring to Figure 5), and the phase plate
size was 12 mm× 12 mm.
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Figure 6. Phase distributions of three phase plates ψZ (a), ψQ (b) and ψW (c), and the two phase
functions ψ21(Q) (d) and ψ23(Q) (e).

Thereafter, before working on the ESRP beam, we initially studied the property of the
circle-Cassinian transformation of the 4 f optical system illustrated in Figure 5 by simply
setting the input beam as a linearly polarized beam (essentially the scalar case) with its
amplitude pattern composed of several rings (with inner radii of 0.5, 0.9, 1.5, and 2 mm
and a thickness of 0.2 mm), as illustrated in Figure 7. The major purpose of such a study is
to verify the developed MATLAB program that was adapted from the program reported
in [27]. This program could derive the light field distribution at any vertical plane by
calculating the Fresnel diffraction integral based on the fast-Fourier transformation (FFT)
algorithm. The intensity distributions at several representative planes are presented in
Figure 7. As observed, after the first transformation according to Equation (14), the set
of rings has transformed into a set of Cassinian ovals at the 2 f plane, and the second
transformation according to Equation (15) maintains the Cassinian oval patterns.

Finally, we focused on the procedure for obtaining the ESRP beams. Overall, the optical
system including all three phase plates did not require any modification as that for obtaining
patterns displayed in Figure 7. Instead, the input optical beam was required to be reset.
As discussed, a natural choice is to simply set the radially polarized light beam as the
input beam that can be easily produced (e.g., with a vortex half-wave retarder). Thereafter,
the simulation can be independently conducted on two orthogonal optical field components
using the same program for calculation of Figure 7. However, to obtain the ESRP beam
with the required polarization distribution along with an appropriately defined intensity,
the distortion of the intensity distribution induced by the circle-Cassinian transformation
should be analyzed and compensated.
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Figure 7. Simulated intensity pattern at 0.5 f , 1 f , 1.5 f , 2 f , 2.5 f , 3 f , 3.5 f , and 4 f in the 4 f optical
system to display the progress of circle-Cassinian transformation.

Owing to the local energy conservation, the transformed amplitude underwent an
adjustment based on the Hessian determinant of the transformation [12,23,28], and in
the circle-Cassinian case, the adjustments of the two steps (refer to Appendix D for the
derivation) can be respectively expressed as follows:

AQ =
1∣∣∣ ∂Q

∂Z̄

∣∣∣ = |Q|√
|Q2 − c2|

. (21)

AW =
1∣∣∣ ∂W

∂Q̄

∣∣∣ = 1. (22)

In principle, in addition to the phase plate ψQ, we can add an amplitude adjustment
of 1/AQ at the plane Q-plane. However, we can equally achieve this compensation by
applying the following amplitude adjustment onto the input beam:

AZ =


|Z|√
|Z2+c2|

, ξz > ξ0

1, ξz ≤ ξ0

. (23)

Thus, we set the input beam pattern as

A(x, y) = A0(x, y) · AZ, (24)

whereas

A0(x, y) =

 E0ξz exp
(
− ξ2

z
ξ2

z0

)
, ξz > ξ0

0, ξz ≤ ξ0

, (25)

which follows the vertical ellipse distribution displayed in Figure 4. As described, the circle-
Cassinian transformation transforms these vertical ellipses into the horizontal ellipses
with the same focal radius. Herein, we set an inner dark region of size defined by ξ0 to
avoid the singularity problem that can arise according to Equation (21) (because the area
in the neighborhood of the origin in the input plane Z will be transformed to that in the
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vicinity of the two foci in the Q-plane). Accordingly, the parameters for the calculation in
Equation (25) were set as ξ0 = 0.18, ξz0 = 1.4 and E0 = 1 V/m. There are many methods to
generate this intensity pattern such as using an amplitude spatial light modulator, or the
combination of a polarizer, a quarter-wave plate, and a LC-SLM [29] or double-phase
hologram technique [30].

In the simulation results presented in Figure 8, the input beam pattern obtained
according to the amplitude of Equation (24) along with its polarization along the radial
direction at all locations are depicted in Figure 8d. The resulting beam pattern in the Q-
plane along with the final output in the W-plane are portrayed in Figure 8e,f, respectively.
To prominently illustrate the variations in the polarization distribution, the polarization
angle distribution (in radian) was illustrated with the same color map, as depicted on the
right-hand side in Figure 8a–c. Upon comparing Figure 8c with Figure 8a, the colored
section boundaries indicate the alteration in the polarization direction from along the radial
lines to along the hyperbola curves. Incidentally, a close examination of Figure 8b revealed
that the polarization did not attain the final form at the Q-plane, although the intensity was
achieved (Figure 8e,f).

Figure 8. Simulation results displaying the generation of ESRP beam. (a–c) Polarization-angle color
map on the Z−, Q−, and W−planes, respectively; (d) depicts the input beam; (e) depicts the beam in
the intermediate plane Q; (f) depicts the ESRP beam.

Notably, the polarization directions in Figure 8a–c display a narrow distribution in
each color region. The number of plotted region was merely limited by that of the color
map. Moreover, owing to the noise induced by the FFT calculation, especially for the
high-frequency components, the polarization in certain places displayed a low degree of
elliptical polarization (e.g., in the vicinity of the edge in Figure 8c). Thus, in this case, only
the long axis component of the elliptical polarization was maintained as the local linear
polarization field.

6. Discussion and Conclusions

The simulation results in Figure 7 proved that the 4 f optical system illustrated in
Figure 5 can accomplish the circle-Cassinian conformal mapping. This step of the sim-
ulation still pertains to the scalar type of the optical coordinate transformation without
involving the polarization. To consider the circle-Cassinian transformation for the input
vector field, we initially decomposed the vector field into two orthogonal components
and, thereafter, independently applied the same transformation for them. This signified
the initial recognition of the inherent polarization-maintaining principle for its subsequent
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application. Note that this principle can be strictly true only in the paraxial optics that has
been generally assumed in the optical coordinate transformation.

To obtain the ESRP beam (Figure 8), we enforced a small dark-area mask in the
input beam to avoid the divergence of the output beam, as implied in Equation (21).
Consequently, each polarization-angle color map illustrated in Figure 8 displays a dark
region at the beam center, i.e., the polarization state at that location is simply indeterminate.
Notwithstanding, this should not impact the potential practical application of the ESRP
beam, as the dark region occupies only a very small proportion. There are some other issues
to be considered for the experimental study. The phase plates designed according to a
specific laser wavelength can be manufactured with the PMMA (poly methyl methacrylate)
material with the low combination loss about 15% [14]. The accuracy of processing the
phase plates and the accuracy of aligning them will unavoidably affect the quality of the
ESRP beam. Additionally, the possible aberration of the lenses may need to be compensated.

In summary, we proposed a new kind of optical beam called the ESRP beam and
numerically demonstrated the generation of this beam using the optical coordinate trans-
formation method, where the RPB served as the input and the circle-Cassinian conformal
mapping enacted the coordinate transformation. All of the phase plates for achieving this
transformation have been mathematically detailed and the experiment realization should
be straightforward. We believe that the approach exploiting the inherent polarization prop-
erty of the optical coordinate transformation can provide a useful route for designing and
producing various forms of structured light. Furthermore, the ESRP beam can be employed
in certain applications for optical tweezing, surface plasmons, and light–matter interac-
tion. For example, the ESRP beam can be used to selectively excite some surface plasmon
resonant modes of a metal elliptical nanodisk and to actively rotate the elliptical nanodisk.
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Appendix A. Circle-Cassinian Transformation and Its Properties

First, the derivation of the normalized electric field Jones vector of the ESRP beam on
the W-plane, i.e., Equation (3) in the main text, is detailed herein. Given that W = u + iv
and u = c · cosh ξW cos ηW and u = c · sinh ξW sin ηW expressed in the elliptic coordinate
(ξW , ηW), the equation for the confocal ellipses can be written as

u2

c2 cosh2 ξW
+

v2

c2 sinh2 ξW
= 1. (A1)

With the definition of F(u, v) = u2

c2 cosh2 ξW
+ v2

c2 sinh2 ξW
− 1, as the local polarization of

the ESRP beam should be perpendicular to the ellipse, the Jones vector of the ESRP beam
should satisfy

JW =
1√

F2
u + F2

v

(
Fu
Fv

)
, (A2)
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where Fu = ∂F
∂u and Fv = ∂F

∂v . The evaluation of the derivatives result in

JW =
1√

cos2 ηW/ cosh2 ξW + sin2 ηW/ sinh2 ξW

( cos ηW
cosh ξW
sin ηW

sinh ξW

)
, (A3)

which reflects Equation (3) in the main text.
To determine the conformal mapping that can transform the radially polarized light

beam into the ESRP beam, we need to apply the principle that the optical coordinate
transformation is based on paraxial optics and it will not alter the polarization state at the
point-to-point basis. Therefore, we can obtain[

tan θ = (−i)
Z− Z̄
Z + Z̄

]
≡
[

Fv

Fu
=

tan ηW
tanh ξW

]
(A4)

As we can write W = c · cosh(ξW + iηW), the right-hand side of Equation (A4) can be
further expressed as

tan ηW
tanh ξW

=
[sinh(ξW + iηW)− sinh(ξW − iηW)]/i

sinh(ξW + iηW) + sinh(ξW − iηW)

= (−i)
sinh2(ξW + iηW) + sinh2(ξW − iηW)− 2 sinh(ξW + iηW) sinh(ξW − iηW)

sinh2(ξW + iηW)− sinh2(ξW − iηW)

= (−i)
W2 − c2 + W̄2 − c2 − 2

√
(W2 − c2)(W̄2 − c2)

(W2 − c2)− (W̄2 − c2)
,

(A5)

where the relation of cosh2(ξW + iηW)− sinh2(ξW + iηW) = 1 has been applied.
The left-hand side of Equation (A4) can be further expressed as

(−i)
Z− Z̄
Z + Z̄

= (−i)
Z2 + Z̄2 − 2ZZ̄

Z2 − Z̄2 . (A6)

Thus, the following requirement can be achieved

Z2 + Z̄2 − 2ZZ̄
Z2 − Z̄2 =

(
W2 − c2)+ (W̄2 − c2)− 2

√
(W2 − c2)(W̄2 − c2)

(W2 − c2)− (W̄2 − c2)
. (A7)

By observing and comparing the two sides of Equation (A7), we can determine that
the transformation W2 = Z2 + c2 is the solution, which is the so-called circle-Cassinian
transformation that transforms the circles to the Cassinian curves. Note that the above
derivation provides the proof for Equations (11)–(13) in the main text.

In the following segment, we provide proofs of the two transformation properties (of
the circle-Cassinian transformation W2 = Z2 + c2) illustrated as Figure 4 in the main text,
namely, (1) the set of vertical confocal ellipses with foci at (u, v) = (0,±c) will be converted
to the set of horizontal confocal ellipses with foci at (u, v) = (±c, 0); (2) the set of radial
lines passing through the origin will be converted to the set of hyperbolas passing through
the points (u, v) = (±c, 0).

To prove the first property, we first express a vertical ellipse with the foci at
(u, v) = (0,±c)

|Z + ic|+ |Z− ic| = 2c · cosh ξ0. (A8)
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Upon squaring both sides of Equation (A8) and substituting the relation of Z2 =
W2 − c2, we can derive the following:

(|Z + ic|+ |Z− ic|)2

=(Z + ic)(Z̄− ic) + 2|(Z + ic)(Z− ic)|+ (Z− ic)(Z̄ + ic)

=2
∣∣∣Z2
∣∣∣+ 2

∣∣∣Z2 + c2
∣∣∣+ 2c2

=2
∣∣∣W2 − c2

∣∣∣+ 2
∣∣∣W2

∣∣∣+ 2c2

=(|W + c|+ |W − c|)2.

(A9)

Therefore,
|W + c|+ |W − c| = 2c · cosh ξ0. (A10)

For the proof of the second property,Z = reiθ was substituted into W2 = Z2 + c2

to obtain
u2 − v2 = r2 cos 2θ + c2. (A11)

2uv = r2 sin 2θ. (A12)

By eliminating r2, we can further obtain

tan θ
(

u2 − v2 − c2
)
=
(

1− tan2 θ
)

uv (A13)

Comprehensively, Equation (A13) describes the hyperbolas determined by the parame-
ter θ (i.e., each hyperbola correlates to a radial line), and for any θ, the points (u, v) = (±c, 0)
reflect the solution at all instances.

Appendix B. Geometric Proof of Vector Property of Circle-Cassinian Transformation

In Appendix A, we elaborated the derivation and confirmed that the circle-Cassinian
transformation represents the conformal mapping to convert the radially polarized light
beam into the ESRP light beam. However, this analytical derivation still did not provide
an intuitive explanation. Thus, herein, we provide further derivation based on pure
geometrical interpretation, especially the geometry property related to the reflection of the
light beam onto a parabola or an ellipse.

Based on the geometry from a radial line in the Z-plane that will be transformed to a
curve in the W-plane using the circle-Cassinian transformation W2 = Z2 + c2 , as denoted
by the red line Γz in Figure A1a and the red curve ΓW in Figure A1b. In particular, the angle
of line Γz is denoted as θ, and Γz can be described as

Γz :
y
x
= tan θ. (A14)

Correspondingly, the curve ΓW bears the form of

ΓW : tan θ
(

u2 − v2 − c2
)
=
(

1− tan2 θ
)

uv. (A15)

Evidently, ΓW passes through the point (c, 0). In addition, the infinite ΓW is asymp-
totically approaching u/v = tan θ, and therefore, in Figure A1b, we added the green
line Γ0:

Γ0 :
u
v
= tan θ, (A16)

which represents the tangential line of ΓW at infinity.
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Figure A1. Conformal mapping between any two of Z-plane (a), W-plane (b), and T-planes (c).

Continuing in Figure A1b, we selected an arbitrary point on ΓW and denoted it as W.
Moreover, the ellipse ΩW has two foci at (±c, 0), and it was drawn in blue. In addition,
we draw the horizontal line LW (with the violet color) passing the point W. Apparently,
the intersection angle between LW and Γ0 equals θ, as marked in the figure. More impor-
tantly, starting from the point W, we draw a vector ~E as the green arrow to present the
resulting ESRP polarization direction. The vector ~E is parallel to the line Γ0 owing to the
optical principle discussed already (geometrical coordinate transformation does not alter
the polarization direction). Therefore, along the curve ΓW , the polarization direction is
consistent as ΓW is transformed from ΓZ on which the polarization direction at every point
is set as being in the direction of ΓZ.

Currently, the problem requiring proof has become geometrically clear—denoting the
intersection angle at point W between LW and ellipse ΩW as θ1, we require to prove the
following relationship:

θ + θ1 =
π

2
, (A17)

i.e., vector ~E is perpendicular to ΩW at W.
Interestingly, we detected that the proof for this hard-looking problem can be geomet-

rically visualized with the aid of an assistant intermediate complex plane denoted by T,
which is related to the Z- and W-planes, respectively, as

T = Z2 + c2 = W2. (A18)

As depicted in Figure A1c, we detected several interesting observations on T-plane,
stated as follows.

(1) ΓW 7→ ΓT : ΓW(including ΓZ) was transformed into the line ΓT . This is much more
convenient for observations from the perspective of transforming from the line ΓZ into
ΓT : the transformation T = Z2 + c2 will initially rotate ΓZ with respect to a line with the
intersection angle 2θ and, thereafter, shift the line toward

(
c2, 0

)
.

(2) Γ0 7→ Γ′0: Γ0 was transformed into another line Γ′0 owing to T = W2. Moreover, Γ′0
is parallel to ΓT , but it passes the origin point.

(3) LW 7→ LT : LW was transformed into a horizontal parabola that presumes the origin
point as its focal point. This can be conveniently reviewed: denote the point W as (u0, v0)
and T = h + ig, and from T = W2, we can derive LT : h2 = 4v2

0
(

g + v2
0
)
.

(4) ΩW 7→ ΩT : the ellipse ΩW was transformed into another ellipse ΩT , as observed
from the following derivation.

Moreover, ΩW can be expressed as

W = c · cosh ξW cos ηW + ic · sinh ξW sin ηW , (A19)
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and its transformation in T-plane is

T = W2 =
c2

2
+

c2

2
cosh 2ξW cos 2ηW + i

c2

2
sinh 2ξW sin 2ηW , (A20)

which represents an ellipse with two foci at (0, 0) and
(
c2, 0

)
. As depicted in Figure A1c,

the two foci passed by the lines Γ′0 and ΓT , respectively.
As the transformation between T and W were conformal (Figure A1c), the intersection

angle at line Γ′0 and parabola LT was still θ, and the intersection angle between the ellipse
ΩW and parabola LT was still θ1.

Thus, the problem for proving Equation (A17) on Figure A1b can be altered to proving
Equation (A17) on Figure A1c. Let us redraw Figure A1c on Figure A2 by adding several
assistant lines: at point T, tangle line KJ of parabola LT , tangle line HI of ellipse ΩT ,
and the directional horizontal line M. As represented in the Figure A2, consider the line
M as an incident light path, and then, it will be reflected at T by the parabola and pass
straight through point O. Based on this geometric optics property of the parabola, we can
immediately derive the angular equivalent relationship of

∠JTM = ∠KTO. (A21)

Similarly, the geometry optics property of the ellipse ΩT can be applied at point T
or the directional lines of FT and TO ((i.e., light path FT will be reflected from the ellipse
to the light path TO, because F and O belong to the two foci), thereby deriving another
angular equivalent relationship such as

∠FTI = ∠OTH. (A22)

Figure A2. Geometrical analysis on T-plane based on geometry of light beam reflection onto the
parabola and ellipse.

Finally, let us focus on the relationship (as MT is parallel to the g-axis):

∠FTM +∠TFg = π. (A23)

We already know that
∠TFg = 2θ. (A24)
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However, based on the relationship stated in Equations (A21) and (A22), we can
further derive the following:

∠FTM = ∠FTI −∠JTM +∠JTI

= ∠OTH −∠OTK +∠JTI

= ∠KTH +∠JTI = 2θ1.

(A25)

Therefore, Equation (A23) can be rewritten as

2θ1 + 2θ = π, (A26)

thereby accomplishing the proof in Equation (A17).

Appendix C. Calculation of Phase Profiles for Circle-Cassinian Transformation

The phase profiles can be more conveniently calculated based on the recently reported
complex analysis [23]. For phase ψZ on the Z-plane,

ψZ = ψ21(Z) =
k
f1

Re
{∫

Q(Z̄)dZ̄
}

=
k
f1

sign(Re(Z))Re
{∫ √

Z2 + c2dZ
}

=
k
f1

sign(Re(Z))Re
{

1
2

[
Z
√

Z2 + c2 + c2 ln
(

Z +
√

Z2 + c2
)]}

.

(A27)

For the phase corrector ψ21(Q) on the Q-plane, it can be computed as

ψ21(Q) =
k
f1

Re
{∫

Z(Q̄)dQ̄
}

=
k
f1

sign(Re(Q))Re
{∫ √

Q2 − c2dQ
}

=
k
f1

sign(Re(Q))Re
{

1
2

[
Q
√

Q2 − c2 − c2 ln
(

Q +
√

Q2 − c2
)]}

.

(A28)

For the second coordinate transformation, the transforming phase ψ23(Q) on the
Q-plane can be expressed as

ψ23(Q) =
k
f2

Re
{∫

W(Q̄)dQ̄
}

=
k
f2

Re
{∫

Q̄dQ̄
}

=
k
f2

Re
(

Q2

2

)
.

(A29)

Finally, for the phase corrector ψW on the W-plane,

ψW = ψ32(W) =
k
f2

Re
{∫

Q(W̄)dW̄
}

=
k
f2

Re
{∫

W̄dW̄
}

=
k
f2

Re
(

W2

2

)
.

(A30)

Appendix D. Calculation of Amplitude Correction Factor

The Wirtinger operator is defined as

∂

∂Z
=

1
2

(
∂

∂x
− i

∂

∂y

)
. (A31)
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∂

∂Z̄
=

1
2

(
∂

∂x
+ i

∂

∂y

)
. (A32)

Moreover, Equations (A31) and (A32) derive into

∂

∂x
=

∂

∂Z
+

∂

∂Z̄
, (A33)

∂

∂y
= i
(

∂

∂Z
− ∂

∂Z̄

)
. (A34)

For the complex variable Q = s + it, consider Q as only a complex function of Z̄,
and accordingly, the differential forms of x and y can be written as follows [23]:

∂Q
∂x

=
∂s
∂x

+ i
∂t
∂x

=
∂Q
∂Z

+
∂Q
∂Z̄

=
∂Q
∂Z̄

, (A35)

∂Q
∂y

=
∂s
∂y

+ i
∂t
∂y

= i
(

∂Q
∂Z
− ∂Q

∂Z̄

)
= −i

∂Q
∂Z̄

. (A36)

where ∂s
∂x = − ∂t

∂y and ∂s
∂y = ∂t

∂x , according to the Cauchy–Riemann equation [26].
Then, the additional amplitude factors AQ and AW can be calculated in a complex

form. From the Z- to Q-planes,

AQ =
1√∣∣∣∣ ∂s

∂x
∂t
∂y −

(
∂s
∂y

)2
∣∣∣∣
=

1√∣∣∣∣−( ∂s
∂x

)2
−
(

∂t
∂y

)2
∣∣∣∣

=
1√∣∣∣ ∂Q
∂Z̄

∣∣∣2 ==
1∣∣∣ ∂Q

∂Z̄

∣∣∣ = |Q||Z| = |Q|√
|Q2 − c2|

.

(A37)

Similarly, from the Q- to W-planes, the additional amplitude factor AW was expressed
as follows:

AW =
1∣∣∣ ∂W

∂Q

∣∣∣ = 1. (A38)
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