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Abstract: Recently, atmospheric-turbulence-induced fading in free-space optical (FSO) communi-
cation with pointing error impairment was modeled and studied using the Fisher–Snedecor F
distribution with a good fit to experimental data. In this letter, we investigate the end-to-end perfor-
mance of dual-hop FSO fixed-gain relaying systems operating over F turbulence channels. More
specifically, we present closed-form expressions for the cumulative distribution function and the
probability density function of the end-to-end signal-to-noise (SNR) ratio of the proposed system.
Consequently, the outage probability, ergodic capacity, and average bit error rate performance are
derived with tight asymptotic results in high-SNR regimes to gain more insight into the impacts of
system parameters and channel turbulence conditions. Finally, Monte Carlo simulations are provided
to validate the analytical results, revealing a significant performance gain compared to a single FSO
link in the medium- to high-SNR range by using dual-hop FSO relaying.

Keywords: free-space optical (FSO) communication; F turbulence; cooperative system

1. Introduction

Free-space optical (FSO) communication systems with high achievable data rates have
gained considerable attention as a promising candidate for transmission techniques in
the next generation of wireless communication systems. Moreover, they utilize a large
bandwidth spectrum at a low cost with a better level of security than the unlicensed
optical spectrum [1]. Despite the aforementioned advantages, FSO communication requires
beam paths throughout the environment, and the optical beams used in transmission are
significantly impacted by various atmospheric turbulence conditions [2].

Numerous irradiance models have been proposed in the literature with different
mathematical representations. More specifically, some well-known distributions that char-
acterize atmospheric turbulence are gamma-gamma (GG) [3,4], log-normal [1], and Málaga
M [5]. The log-normal distribution fits experimental data well under conditions of low
irradiance fluctuations. In contrast, under a wide range of turbulence conditions, the GG
turbulence model fits experimental data exceptionally well, making it the most commonly
used model for the FSO channel. Recently, the authors of [6] proposed a new model using
the Fisher–Snedecor F , which provides a good fit to characterize the atmospheric turbu-
lence over FSO links while also requiring simpler mathematical representations than for
GG. Consequently, the performance of an FSO communication system operating over F
turbulence with pointing error was investigated in [7]. More specifically, the results in [6]
showed that, when compared to the well-known GG distribution [8], the recently proposed
F distribution always provides at least the same or even a better fit to experimental results.
The same conclusion was mentioned when considering the pointing error in the model [7].
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On the other hand, FSO provides high data rates only for short-range communication.
In long-range transmission, the performance is significantly degraded by the effects of
atmospheric-turbulence-induced fading, fog attenuation, and pointing errors, which lead
to frequent link outages. To address various turbulence issues with other limitations
of long-range communication, relaying techniques have been employed as an efficient
alternative. Various relaying-assisted systems have proposed integrating FSO into outdoor
and indoor broadcasting systems. A mixed FSO–radio-frequency relaying system was
considered in [3] with the GG turbulence channel and Rayleigh fading RF channel. In [9],
the authors presented a comprehensive outage performance analysis of a mixed RF–FSO
communication system, where the RF link was distributed over the Nakagami-m channel,
while the FSO link followed GG turbulence. Additionally, the performance of a cooperative
power-line communication–FSO communication system was analyzed in terms of the
outage probability and average bit error rate (BER) in [10]. However, dual-hop FSO
systems have attracted little attention in the literature when considering the impact of the
F distribution, which is the primary purpose of this letter.

In this letter, with the great modeling performance and low computational cost of the
F distribution, we extend previous studies on cooperative communication by considering
the F statistical model for the FSO link and presenting an exact closed-form analysis of the
end-to-end performance of dual-hop FSO systems. Although the proposed system enables
optical wireless connectivity to reach remote areas via the open nature of optical wireless
communication, the use of amplify-and-forward (AF) relays complicates the expression
of the end-to-end signal-to-noise ratio (SNR) and requires the manipulation of special
mathematical functions. More precisely, we present an analytical framework that takes into
account the impacts of both pointing errors and various types of turbulence to analyze the
performance of the proposed systems with both heterodyne detection (HD) and intensity
modulation/direct detection (IM/DD) techniques. More specifically, the probability density
function (PDF) and cumulative distribution function (CDF) of the proposed system’s end-
to-end SNR are derived. As a consequence, the statistical characterization of the SNR is
then used to develop tractable closed-form expressions for the outage probability (OP),
ergodic capacity (EC), and average bit error rate (BER). Additionally, we provide asymptotic
expressions for the achievable diversity gain to obtain important insights into the impacts of
system parameters. The results show that the analytical derivation is completely consistent
with the Monte Carlo simulations, demonstrating its advantages under various channel
conditions.

2. Proposed System Model

In Figure 1, we consider a cooperative transmission from a source node (S) to a
destination node (D) via a relay node (R) that amplifies the received signal using AF
relaying and retransmits the data to the final destination. Let γ1 be the SNR of the first
FSO hop from S to R, while γ2 denotes the signal-to-noise ratio (SNR) of the second FSO
hop from R to D. Then, the end-to-end SNR can be given as γ = γ1γ2

γ2+C , where C is a fixed
relay gain. Moreover, both links are assumed to follow F turbulence, where the channel
gain for the i-th link is modeled as hi = hl

ih
a
i hp

i , where hl
i, ha

i , and hp
i are the deterministic

propagation loss, atmospheric turbulence attenuation, and pointing error attenuation,
respectively. More precisely, the PDF of the irradiance [6] can be represented as

FSO FSO

S R D

Figure 1. System model.
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fha
i
(x) =

Γ(ai + bi)ai
ai (bi − 1)bi xai−1

Γ(ai)Γ(bi)(aix + bi − 1)ai+bi
, (1)

where ai and bi are two key factors affecting the optical propagation parameters of the i-th
link, such as the atmospheric refractive-index structure parameter, propagation path length,
and inner and outer scales of turbulence. Then, ai and bi [6] can be expressed as

ai =
1

exp
(

σ2
lnSi

)
− 1

and bi =
1

exp
(

σ2
lnLi

)
− 1

+ 2, (2)

where σ2
lnSi

and σ2
lnLi

are the small-scale and large-scale log-irradiance variances, re-
spectively. More specifically, the small-scale log-irradiance variance [6], σ2

lnSi
, can be

expressed as

σ2
lnSi

=
0.51δ2

SPi

(
1 + 0.69δ12/5

SPi

)−5/6

1 + 0.90d2
i (σi/δSP)

12/5 + 0.62d2
i σ12/5

i

, (3)

where δSP2
i

is the spherical wave scintillation index [11], di is the equivalent aperture

diameter, and σ2
i represents the strength of irradiance fluctuations, such as turbulence.

Moreover, the large-scale log-irradiance variance [6], σ2
lnLi

, can be expressed as

σ2
lnLi

= σ2
lnLi

(l0)− σ2
lnLi

(L0), (4)

where σ2
lnLi

(l0) and σ2
lnLi

(L0) denote the large-scale log irradiance variances that consider
inner-scale and outer-scale effects, respectively. In addition, the PDF of the pointing error
impairment [7] is

fhp
i
(y) =

z2
i

A
z2

i
i

yz2
i −1, 0 ≤ y ≤ Ai, (5)

where Ai represents the fraction of the received power. Here, zi = ω
zeq
i /σz

i , where ω
zeq
i and

σz
i are the beam-width and the pointing error displacement standard deviation, respectively.

3. Statistics of the SNR of an Equivalent End-to-End Communication Link
3.1. CDF of the End-to-End SNR

From Equation (12) in [7] and the definition of the Fox-H function in Equation (1.1)
in [12], the PDF of the received SNRs for both detection techniques can be expressed by

fγi (γ) = ∆ iγ
−1H2,1

2,2

[
θiγ

γ̄i

∣∣∣∣ (1− bi, ri),
(
1 + z2

i , ri
)

(ai, ri),
(
z2

i , ri
) ]

, (6)

where ∆ i =
z2

i
Γ(ai)Γ(bi)

, θi =
(aiz2

i )
ri

(bi−1)ri (1+z2
i )

ri , and Hm,n
p,q [·] denotes the Fox-H function. Here,

r = 1 represents HD and r = 2 represents IM/DD. Furthermore, γ̄i is the average elec-
trical SNR of the i-th link, which can be defined as γ̄i = µ̄i for ri = 1. For ri = 2,
γ̄i = µ̄iaibiz2

i
(
z2

i + 1
)
/
[
(ai + 1)(bi + 1)

(
z2

i + 1
)2
]
, where the average SNR is µ̄i = E[γi]

and E is the expectation operator. Moreover, by integrating (6), the CDF of SNR of the i-th
FSO link can be expressed by

Fγi (γ) = ri∆ i H
2,2
3,3

[
θiγ

γ̄i

∣∣∣∣ (1− bi, ri), (1, ri),
(
1 + z2

i , ri
)

(ai, ri),
(
z2

i , ri
)
, (0, ri)

]
. (7)
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For the proposed AF relaying dual-hop system, the CDF of the end-to-end SNR, γe2e,
can be calculated as

Fγe2e(γ) =
∫ ∞

0
Pr
[

γ1γ2

γ2 + C
< γ

∣∣∣∣γ2

]
fγ2(γ2)dγ2 (8)

= Fγ1(γ) +
∫ ∞

0
fγ1(x + γ)Fγ2

(
Cγ

x

)
dx.

By using the definition of the univariate Fox-H function Equation (1.1) in [12], we can
write the integral in (8) as

Fγe2e(γ) = Fγ1(γ)−
r2∆1∆2

4π2

∫
C1

∫
C2

∫ ∞

0
(x+γ)−1

(
θ1(x+γ)

γ̄1

)−τ1

×
Γ(a1 + r1τ1)Γ

(
z2

1 + r1τ1
)
Γ(b1 − r1τ1)

Γ
(
1 + z2

1 + r1τ1
) (

Cθ2γ

γ̄2x

)−τ2

×
Γ(a2+r2τ2)Γ

(
z2

2+r2τ2
)
Γ(b2−r2τ2)Γ(−r2τ2)

Γ(1− r2τ2)Γ
(
1 + z2

2 + r2τ2
) dxdτ1dτ2, (9)

where C1 and C2 represent the τ1-plane and τ2-plane contours, respectively. Moreover,
by integrating

∫ ∞
0

xτ2

(x+γ)1+τ1
dx = γ−τ1+τ2 Γ(τ1−τ2)Γ(1+τ2)

Γ(1+τ1)
, changing the integral variable

τ1 → −τ1, utilizing Equation (A.1) in [12], and performing some manipulations, we can
obtain the CDF of the end-to-end SNR, γe2e, as

Fγe2e(γ)=Fγ1(γ)+r2∆1∆2H0,1;1,2:3,2
1,0;2,3:3,4

[
γ̄1

θ1γ
,
Cθ2

γ̄2

∣∣∣∣(1; 1, 1)
−

∣∣∣∣ ψ1
ψ2

∣∣∣∣ ψ3
ψ4

]
, (10)

where ψ1 = {(1− a1, r1),
(
1− z2

1, r1
)
}, ψ2 = {(b1, r1), (0, 1),(

z2
1, r1

)
}, ψ3 = {(1, r2), (1− b2, r2),

(
1 + z2

2, r2
)
}, ψ4 = {(1, 1), (a2, r2),

(
z2

2, r2
)
, (0, r2)}, and

Hm,n:m1,n1 :m2,n2
p,q:p1,q1 :p2,q2 [·] is the bivariate Fox-H function [12].

3.2. PDF of the End-to-End SNR

The closed-form analytic expression of the PDF of the end-to-end SNR can be derived
by differentiating (6) with respect to γ. Using Equation (1.69) in [12], fγe(γ) can be given as

fγe2e(γ) = fγ1(γ)

− ∆1∆2

γ
H0,1;2,2:3,2

1,0;2,4:3,4

[
γ̄1

θ1γ
,

Cθ2

γ̄2

∣∣∣∣ (1; 1, 1)
−

∣∣∣∣ ψ1
ψ5

∣∣∣∣ ψ3
ψ4

]
, (11)

where ψ5 = {(1, 1), ψ2}.

3.3. Asymptotic Analysis

Assuming µ̄1 = µ̄2 = µ̄→ ∞ and applying the same method as in Section IV in [13],
the asymptotic CDF is derived as

Fγe2e(γ) ≈ Fγ1(γ) + r2∆1∆2H2,5
6,5

[
γ̄1γ̄2

Cθ2θ1γ

∣∣∣∣ ψ6
ψ7

]
, (12)
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where ψ6 =
{
(1, 1), ψ1, (1− a2, r2),

(
1− z2

2, r2
)
, (1, r2)

}
and ψ7 = {(b1, r1), (b2, r2), (0, 1),(

−z2
1, r1

)
,
(
−z2

2, r2
)
}. By applying Equation (1.5.9) in [14] to (12) and using elementary

functions, the OP in the asymptotic regime can be expressed as

Fγe2e(γ)→ϑ1+
ϑ2γ

a1
r1

γ̄
a1
r1

+
ϑ3γ

z2
1

r1

γ̄
z2
1

r1

+
ϑ4γ

a1
r1

γ̄
2a1
r1

+
ϑ5γ

z2
1

r1

γ̄
2z2

1
r1

(13)

+
ϑ6γ

a2
r2

γ̄
2a2
r2

+
ϑ7γ

z2
2

r2

γ̄
2z2

2
r2

,

where ϑi for i = 1, 2, . . . , 7 are constants that can be easily obtained from Equation (1.5.10)
in [14]. Consequently, when γ̄ goes to infinity, the diversity order can be expressed as

Gd = min

{
a1

r1
,

z2
1

r1
,

2a2

r2
,

2z2
2

r2

}
. (14)

Remark 1. We can observe from (14) that the diversity order is a function of the FSO turbulence
parameters ai, pointing error zi, and detection mode ri, but not the turbulence parameter bi. This is
consistent with the conclusion for the single link in [7].

4. Performance Analysis
4.1. Outage Probability Analysis

The OP is related to the probability that the end-to-end SNR γe2e is below a specified
threshold value γth [15]. For the proposed system with AF relaying, an exact closed-form
analytic expression for the OP can be given as

Pout(γth) = Pr[γe2e < γth] = Fγe2e(γth). (15)

4.2. Ergodic Capacity Analysis

The EC is defined as C̄ = E[log2(1 + cγ)], where ε = 1 for r = 1 and ε = e/2π for
r = 2. More specifically, the EC can be expressed in terms of γe2e by using integration by
parts as follows:

C̄ =
1
2

∫ ∞

0
ln(1 + εγ) fγe2e(γ)dγ. (16)

Now, substituting (6) into (16) and using Equation (4.293/10) in [16], Equation (1.1)
in [12], a closed-form expression of the EC for the proposed system can be obtained as

C̄ =
∆1

2
H4,2

4,4

[
θ1

εγ̄1

∣∣∣∣ (0, 1)(1−b1, r1)
(
1+z2

1, r1
)
(1, 1)

(a1, r1)
(
z2

1, r1
)
(0, 1)(0, 1)

]
−C1. (17)

By inserting the second part of (11) into (16) and utilizing Equation (4.293/10) in [16],
Equation (A.1) in [12], after some manipulations, C1 can be derived as

C1=
r2∆1∆2

2
H0,1;1,3:3,2

1,0;3,4:3,4

[
εγ̄1

θ1
,

Cθ2

γ̄2

∣∣∣∣ (1; 1, 1)
−

∣∣∣∣ ψ8
ψ9

∣∣∣∣ ψ3
ψ4

]
, (18)

where ψ8 = {ψ1, (1, 1)} and ψ9 = {ψ2, (0, 1)}.
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4.3. Bit Error Rate Analysis

For various binary and non-binary modulation schemes, the expression of the average
BER can be given as

P̄b =
δ

2Γ(p)

n′

∑
k=1

qp
k

∫ ∞

0
γp−1e−qkγFγe(γ)dγ, (19)

where n′, δ, p, and qk are used to denote the parameters for different modulation schemes [7].
Specifically, for binary phase-shift keying (BPSK), we have p = 0.5 and q = 1, while for
on–off keying (OOK), p = 0.5 and q = 0.25, and for M-ary pulse position modulation,
p = 0.5 and q = M log2(M)/16. By substituting (7) into (19) and using Equation (3.381/4)
in [16], Equation (1.1) in [12], the average BER of the proposed system can be derived as

P̄e =
δ∆1

2Γ(p)

n

∑
k=1

H2,2
3,2

[
θ1

qkγ̄1

∣∣∣∣ (1−p, 1)(1− b1, r1),
(
1 + z2

1, r1
)

(a1, r1),
(
z2

1, r1
) ]

− P1. (20)

Replacing (10) into (19) and employing Equation (3.381/4) in [16], Equation (A.1)
in [12], after some algebraic manipulations, we have

P1=
δr2∆1∆2

2Γ(p)
H0,1;2,2:3,2

1,0;2,4:3,4

[
qkγ̄1

θ1
,

Cθ2

γ̄2

∣∣∣∣(1; 1, 1)
−

∣∣∣∣ ψ1
ψ10

∣∣∣∣ ψ3
ψ4

]
, (21)

where ψ10 = {(1− p, 1), ψ2}. Similarly to (13), the asymptotic BER can be formulated as

P̄e → ς1 +
ς2

γ̄
a1
r1

+
ς3

γ̄
z2
1

r1

+
ς4

γ̄
2a1
r1

+
ς5

γ̄
2z2

1
r1

+
ς6

γ̄
2a2
r2

+
ς7

γ̄
2z2

2
r2

, (22)

where ςi(i = 1, 2, . . . , 7) are constants that can be obtained from Equation (1.5.10) in [14].

Moreover, the diversity order from (22) is still Gd = min
{

a1
r1

, z2
1

r1
, 2a2

r2
, 2z2

2
r2

}
, agreeing with

the results in (14) obtained using the CDF derivation.

5. Simulation Results

The numerical results from Monte Carlo simulations are presented in this section to
demonstrate the correctness of the analytical derivations and provide insights into how
various link parameters affect the performance. All parameters of FSO links utilized here
are obtained from [7]; the FSO link distance is 3500 m, and the wavelength is λ = 1550 nm.
The parameters a and b for various turbulence conditions can be obtained using (2–4), as
in [7]. More specifically, we consider three sets (a, b) of the FSO link, (4.59, 7.09), (2.33, 4.53),
and (1.43, 3.49), which correspond to the weak, medium, and strong turbulence conditions,
respectively. Additionally, unless otherwise specified, the average SNRs of the two hops
are equal in all circumstances (i.e., µ̄1 = µ̄2 = µ̄).

Figure 2 shows the OP versus µ̄ for both r = 1 and r = 2 under weak, moderate,
and strong turbulence conditions to illustrate the consistency between the simulation and
analytical results. As can be observed, the OP of the proposed system is higher when the
IM/DD is used instead of HD. Additionally, increasing the turbulence degree results in
higher OP.
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Figure 2. OP versus µ̄ with different turbulence conditions.

Figure 3 shows the OP performance of the dual-hop and single-link scenarios where
the single link is split into two equal-distance links. As can be seen, due to the minimized
pointing error impairments, using dual-hop FSO transmission links can greatly enhance
system performance compared to a single FSO link in the medium- to high-SNR range.
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Figure 3. OP versus µ̄ for single FSO and dual-hop FSO links.

Figure 4 illustrates the performance of the proposed system with HD under moderate
turbulence conditions for the pointing error conditions of z1, z2, and z3, which are 1.1, 1.8,
and 4.4. Additionally, the average SNR of the first hop is fixed at two different values µ̄1 of
20 and 36 dB. As expected, the OP performance improves when µ̄1 increases. Furthermore,
the OP performance at low µ̄1 = 20 dB can be observed differently in two SNR regimes.
When µ̄2 is lower than 30 dB, the OP decreases as the SNR increases. In contrast, an error
floor occurs when µ̄1 > 30 dB, since the first link becomes dominant in this SNR regime.
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Figure 4. OP versus µ̄2 for fixed values of µ̄1.
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Figure 5 shows the EC performance for both detection modes in the cases of low,
moderate, and high turbulence. As can be seen, strong turbulence conditions result in a
lower EC value than those obtained under moderate and and weak turbulence conditions.
In addition, the HD outperforms the IM/DD under the same channel conditions, and the
degree of performance degradation under different channel conditions with the IM/DD is
more distinguishable than for the HD.
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Figure 5. EC versus µ̄ with different turbulence conditions.

The BER of the proposed system is given in Figure 6 with different turbulence con-
ditions and two modulation schemes OOK and BPSK. Similarly to the OP and EC perfor-
mances, various atmospheric turbulences affect the BER performance significantly. It is
also clear that the system with BPSK modulation can maintain a better performance than
the OOK modulation.
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Figure 6. Average BER versus µ̄ with different turbulence conditions.

Finally, Figure 7 shows a Monte Carlo simulation of the BER performance of the
proposed system under bothF and GG turbulence distributions with the impact of pointing
errors. More specifically, we set a = 2.60 and b = 3.84 for the case of F turbulence, while
α = 3.00 and β = 3.00 for the case of GG turbulence for a fair comparison [6]. In addition,
the varying pointing error level is set, with the values of z being 1.1, 1.8, and 4.4 when z1
and z2 are the same and the value is z. As can be seen, the performance of the proposed
system with both distributions are the same, which means that the system performance
is independent of the turbulence channel models. Moreover, as the pointing error level
increases, the BER performance is degraded, as expected.
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Figure 7. Average BER versus µ̄ of F and GG turbulence channel models under varying effects of
pointing errors.

6. Conclusions

In this letter, we analyze the OP performance, EC, and average BER of a dual-hop FSO
transmission system with fixed-gain AF relay over F turbulence. Additionally, we present
a tight asymptotic derivation in terms of elementary functions to obtain additional insights
into the performance of the proposed system at high SNR. As a result, the simulation
results match with the analytical ones for various SNR ranges. Consequently, when the
effects of the pointing error and turbulence decrease, the performance can be significantly
improved. Moreover, the diversity order is impacted by the pointing error parameter
z and one turbulence parameter a, but not by b. The results also reveal that the Monte
Carlo simulation of the analysis results is independent of the channel model for a dual-hop
system when the parameters of the model are properly determined.
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