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Abstract: In this manuscript, we have launched a study on the completely nonsymmetric freeform
optical system with neither rotational symmetry nor planar symmetry. An off-axis three-mirror
freeform optical system with nonsymmetric geometry is proposed and a direct design method is
developed for the nonsymmetric freeform optical system. The design field points are sampled across
the full FOV to control the imaging quality and object–image relationship. In this system, the center
of the image plane is greatly away from the plane determined by the centers of the three mirrors. This
nonsymmetric system with F/1.3, a focal length of 50 mm, and an 8◦ × 6◦ field of view can achieve
imaging quality close to the diffraction limit. This work provides a feasible nonsymmetric system
design idea for the optical community.
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1. Introduction

Coaxial optical systems and off-axis planar symmetric optical systems are the main
objectives in optical design, and mature design theories are available for these systems.
The opposite of the two system types described above is an optical system without any
symmetry. Such a system has neither a rotational symmetry axis nor a planar symmetry
plane and is called a nonsymmetric optical system.

Nonsymmetric systems inherently have a lower degree of symmetry and high design
freedom. The surface position of a nonsymmetric system is relatively more flexible, which
makes it possible to design optical systems with exotic structures. The design of a nonsym-
metric optical system is challenging, particularly when the purpose of a nonsymmetric
system is to realize a system with a specific structure and high imaging performance. Re-
moval of the symmetry of the optical system will introduce additional aberrations [1–6].
In [2,3], the general case of optical systems without symmetry is extended from paraxial
optics, and the aberrations, in this case, are described. The nodal aberration theory [4,5],
which discusses the aberrations of optics without symmetry and including freeform sur-
faces, is an aberration theory that can be used to guide the design of nonsymmetric optical
systems. In [6], the nonsymmetric systems are studied based on phase space aberration
theory. Therefore, there will be nonsymmetrical aberrations in a nonsymmetric system.
Correction of these nonsymmetrical aberrations is an important issue that must be solved
during the design of such systems. Designing nonsymmetric freeform optical systems is
therefore both interesting and challenging.

The optical freeform surface is generally defined as a surface whose shape lacks
rotational symmetry, and this type of surface has numerous degrees of freedom [7,8].
In recent years, benefiting from the ongoing developments in freeform surface design,
processing, assembly, and test technology, freeform surfaces have become a research hotspot
in the optics field and are widely used in the optical community [7–18]. Due to the high
flexibility of the freeform surfaces, they can be used to correct nonsymmetrical aberrations,
which thus makes nonsymmetric systems technically possible.
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Several freeform surface design methods have been developed to date: traditional de-
sign methods based on multi-parameter optimization, design methods based on aberration
theory [19–22], and direct design methods [9,10,23–30]. They have been widely used in
the design of optical systems with planar symmetry. In addition, there are a few studies
on design methods [6,31] applicable for optical systems without any symmetry. In [6],
a shark tooth freeform prism absolutely without symmetry for a head-mounted display
is designed using the phase space aberration theory. It often starts from a system with
symmetry and then adjusts the position and inclination of the optical surface to obtain
an unobscured nonsymmetric system. The authors of [31] describe a design method for
an optical system described in a vector space based on Fermat’s principle and Snell’s law,
as well as an optimization method to minimize the lens’ aberrations. Additionally, this
method places no restrictions on the symmetry of the design system. The system containing
two surfaces was designed using this method.

In this manuscript, a nonsymmetric freeform optical system direct design method is
developed to realize the desired system. Using our method, we can construct a freeform
system directly from a planar initial system without careful selection of a suitable initial
solution. The structure of the planar initial system can be flexibly arranged according to
the system geometry, volume, and other requirements. In the design process, the point-
by-point method is used to control the propagation path of light rays. The design field
points are sampled across the full field of view (FOV) to control the imaging quality and the
object–image relationship. In the intermediate process, the designer does not need to use
the aberration theory to perform aberration correction. The design method in this paper
can obtain a good starting point of the nonsymmetric system in a few minutes, which can
be simply optimized to get a usable optical system

A nonsymmetric off-axis three-mirror freeform optical system is proposed to illustrate
the effectiveness of the proposed method. The system operates at F/1.3 with an 8◦ × 6◦FOV
and has a 38.5 mm entrance pupil diameter. The system is intended to operate close to the
diffraction limit in the long-wave infrared (LWIR) range. The normal vector at the center
of each surface in the system and the normal vector of the image plane are not located in
the same plane, and the centers of these four surfaces are also not in the same plane. In
this system, there is an angle of 45◦ between the normal direction of the image plane and
the YZ plane, which is beneficial for the application in special scenarios that have clear
requirements for the shape of the system. In addition, the size of the system in the XYZ
dimensions is similar at approximately 140, 150, and 140 mm, respectively.

2. Nonsymmetric Off-Axis Three-Mirror System Design
2.1. Structure and Performance Parameters

In an off-axis system, the decenters and tilts of the local coordinate system of a surface
relative to the global coordinate system can be used to describe the positional properties
of that surface. The local coordinate system is generally defined with a local coordinate
system origin at the center of the surface. Here, the center of a surface is defined as the
vertex of its best-fit conic surface. The coordinate system for a surface can be shifted in the
X, Y, and Z dimensions and tilted in the YZ, XZ, and XY planes relative to the coordinate
system of the previous surface [32]. These shifts and tilts are illustrated in Figure 1a. When
the coordinate system of the previous surface is the global coordinate system, these shifts
and tilts are the X, Y, and Z decenters, and α, β, and γ tilts are used to describe the position
of the surface local coordinate system, in which the definitions of α, β, and γ tilts are the
same as those of tilt, pitching, and deflection in the mechanical field, which is conducive to
the coordination of design and manufacture. Additionally, the coordinate system for the
nonsymmetric systems is consistent with the definition of the optical surface coordinate
system in CODEV, which is convenient for the further optimization of the starting point
obtained by the proposed nonsymmetric design method.
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Figure 1. (a) Illustration showing definitions of decenters and tilts. The arrow indicates the direction
of rotation, and red, green, and blue represent the α, β, and γ tilts, respectively. (b) Global coordinate
system and local coordinate system of a surface in the nonsymmetric off-axis three-mirror freeform
optical system. The vectors Li = (xi,yi,zi,αi,βi) (i = 1,2,3,4) are position parameters of the ith surface.

We can therefore introduce the structure of the nonsymmetric system based on this
type of description. The global coordinate system of the proposed optical system can be
established, and the Z axis of the global coordinate system coincides with the chief ray of
the central field in the object space. Figure 1b shows the global coordinate system of the
nonsymmetric off-axis three-mirror freeform system and the local coordinate system of
one surface.

In the defined coordinate system, a nonsymmetric system can be defined as an optical
system in which the chief ray of the central field can be deflected out of the YZ plane
after reflection/refraction from the surfaces within the system. Each surface in this optical
system can have α, β, and γ tilts relative to the global coordinate system. In addition, except
for the center of the primary mirror, which is located near the YZ plane, the centers of the
other surfaces are all located outside the YZ plane. This means that each surface in the
system can be decentered in the X, Y, and Z dimensions relative to the global coordinate
system. Like other optical systems, the light rays in a nonsymmetric system will eventually
converge on the image plane to realize the required imaging. Since the chief ray of the
central field in the image space is deflected outside the YZ plane, the center of the image
plane is also located outside the YZ plane and the image plane can have three decenters
and three tilts relative to the global coordinate system. In addition, Figure 1b shows that
the normal vector at the center of each surface in the system and the normal vector of the
image plane are not located in the same plane, and the centers of the four surfaces are also
not in the same plane.

In a coaxial optical system, the Z decenter can describe the position of the surfaces.
The centers of the system’s surfaces can only be located on the Z axis, and these surfaces are
not tilted. In an off-axis optical system with planar symmetry, the Y decenter, Z decenter,
and α tilt can describe the positions of the surfaces. The centers of these surfaces are located
in the YZ plane, and each surface has only one tilt. In a nonsymmetric system, however,
the centers of the surfaces and the center of the image plane can be placed in any position
and can also have any tilt relative to the coordinate system. When compared with the
previous two system types, the structure of a nonsymmetric system is both more complex
and more flexible.

2.2. Design Method

In this manuscript, a direct design method for nonsymmetric freeform systems is
developed to realize the proposed nonsymmetric freeform system. First, an initial plane
system is established. Then, the point-by-point method is used to calculate the coordinates
and the normal vectors of a series of data points and fit them to freeform surfaces to obtain
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an initial solution. Finally, the initial solution obtained in the previous step is used as the
starting point for design optimization to improve the imaging quality.

2.3. Establish the Nonsymmetric Initial Plane System

The structure of the initial plane system is consistent with the initial solution calculated
by the point-by-point method. This feature is the key to designing the nonsymmetric
structure. Therefore, first, establish an initial plane system that is consistent with the
expected system structure, but without optical power.

When designing the planar symmetry system, there were structures for reference
or suitable construction methods. In the worst case, it can be constructed by patchwork.
However, the spatial position of each surface of a nonsymmetric system has high degrees
of flexibility, and its structural forms are also diverse. Therefore, it is difficult to piece
together the initial plane structure with the imagination of the designer. Besides, there
are few nonsymmetric system structures for reference. To ensure that the initial system
calculated by the point-by-point method can obtain a convergence result, it is necessary to
discuss the parameters that determine the structure of the nonsymmetric system.

According to the discussion in Section 2.1, when the position parameters of each
surface are determined, the structure of the system is determined, as shown in Figure 1b.
The vector Li = (xi,yi,zi,αi,βi) (i = 1,2,3 . . . M, where M is the number of surfaces including
the image plane, for three mirrors system, M = 4) can be used to describe the position
parameters of the ith surface. Next, determine the position vector of each surface in the
system. In this work, a nonsymmetric initial plane system is constructed based on the
following principles: (1) The offset of the FOV and aperture is not considered, (2) the chief
ray of the central field passes through the origin of the global coordinate system, and its
direction vector is (0,0,1), and (3) the chief ray of the central field passes through the center
of each surface. (4) The position of the image plane has been provided under the actual
requirements and the estimation of the system size, that is, L4 is fixed. (5) The chief ray of
the central field is incident perpendicular to the image plane.

According to the principles, we can calculate the direction vector of the chief ray of the
central field after being reflected by the tertiary mirror and determine the position vector of
the primary mirror, which is L1 = (0,0,z1,α1,β1). Besides, the relative position of the image
plane and the primary mirror determines the volume of the system, so the z1 coordinate of
the primary mirror can be obtained according to the requirements of the system volume and
the position of the image plane. At this time, α1 and β1 are still unknown, so we assume that
they are at a certain angle. Next, the direction vector of the chief ray of the central field after
being reflected by the primary mirror can be calculated according to the law of reflection. If
the distance d1 from the primary mirror to the secondary mirror is provided, the center of
the secondary mirror (x2,y2,z2) can be obtained by a simple geometric relationship. In the
same way, if the distance d3 from the tertiary mirror to the image plane is provided, the
center of the tertiary mirror (x3,y3,z3) can be obtained. Next, according to principle (3), the
direction vector of the outgoing ray of the chief ray of the central field on the secondary
mirror can be calculated, which is also the incident ray of the chief ray of the central field
on the tertiary mirror. Finally, the normal vectors of the secondary mirror and the tertiary
mirror can be calculated based on the reflection law, also obtaining α2, β2 and α3, β3. From
the above discussion, it can be found that L2 and L3 are uniquely determined by α1, β1, d1,
and d3, so the structure of the system is uniquely determined by α1, β1, d1, and d3. Then,
we can provide a series of α1, β1, d1, and d3, and select a group from them to establish the
nonsymmetric initial plane system. The selection criteria are: the rotation angle of each
surface is close, the surface distance is appropriate, and the size in the XYZ dimensions
is close.

2.4. Obtaining the Starting Point for Optimization

Before the calculations can be performed, the feature light rays as well as the starting
and target points of the feature light rays must be defined. The feature light rays are the
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sample rays used for the calculation and are sampled from multiple field angles and using
different pupil coordinates. When designing a system with rotational symmetry, it is only
necessary to sample the FOV along a radial direction. For a planar symmetric system, only
half of the system’s full FOV needs to be sampled. However, the nonsymmetric system
proposed in this manuscript does not have such symmetry and thus needs to be sampled
across the full FOV, which means that designing such systems is more challenging. Figure 2
shows the sampling fields for these three system types.

Figure 2. Sampled fields of the (a) rotational symmetry system, (b) planar symmetry system, and
(c) nonsymmetric system.

Then, we can choose polar grids or rectangular grids to uniformly sample the rays of
different pupil positions. When the ray beam is incident on the surface obliquely, although
the feature light rays are uniform on the pupil, the distribution of the intersection points of
the feature light rays on the surface is usually uneven, and the unevenness of the feature
light rays from different fields is also inconsistent, as shown in Figure 3.

Figure 3. The red marks and the green marks, respectively, represent the intersections of sampled
rays from two different fields, on the (a) pupil and (b,c) two different surfaces. The aperture limits
are shown as black circles or ellipses.

The feature data points calculated by using uneven feature light rays cannot obtain
the best fitting result. In a nonsymmetric system, it is even worse. One solution is to
increase the number of feature rays, but as the number of rays increases, the number of
calculations will increase. In this work, we propose an effective solution. There can be a
different number of sampled rays for different fields and different surfaces. Taking polar
grids as an example, for a certain surface, for a certain field, a series of polar angles can be
evenly divided on the pupil. Different numbers of rays can be sampled at different polar
angles, and the number of rays is determined by the footprint map on the surface. Through
real ray tracing, the coordinates of the intersection of the chief ray and the edge ray on the
surface can be obtained, and then the distance, d(α), between the intersection of the chief
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ray and the intersection of the edge ray can be calculated, where α is a polar angle. If the
distance corresponding to the sampling polar angle is short, the number of sampled rays is
small, and vice versa. The number, N(α), of sampled rays in sample polar angle α is,

N(α) =
d(α)

min(d(α))
·N, (1)

where N is the number of sampled rays corresponding to the polar angle with the
shortest distance.

Next, we must determine the starting and target points of the feature light rays,
where the starting points can be the intersections of the feature rays with any virtual
surface located before the first surface of the system (this virtual surface can then be
the YZ plane of the global coordinate system) and the target points are the ideal image
points. The image heights on the image plane are then obtained according to the given
object–image relationship, i.e., the coordinates of the ideal image points are obtained in
the local coordinate system of the image plane. However, the point-by-point method was
performed within the global coordinate system, while the image plane of the nonsymmetric
system is both decentered and tilted relative to the global coordinate system. Therefore, the
coordinates of the image points in the local coordinate system of the image plane must be
converted into the corresponding coordinates in the global coordinate system. When the
image plane position is determined, the coordinates of the ideal image points in the global
coordinate system can then be calculated based on the specified object–image relationship
obtained by Equations (2) and (3):

T =

 cos(γi) sin(γi) 0
− sin(γi) cos(γi) 0

0 0 1

×
 cos(βi) 0 sin(βi)

0 1 0
− sin(βi) 0 cos(βi)

×
 1 0 0

0 cos(αi) − sin(αi)
0 sin(αi) cos(αi)

, (2)

Hn = T ×

 f tan ωn,x
f tan ωn,y

0

+

 xi
yi
zi

, (3)

Here, T is the rotation transformation matrix from the local coordinate system to the
global coordinate system, and xI, yI, and zI and αI, βI, and γI are the decenters and tilts of
the image plane relative to the global coordinate system, respectively. f is the focal length
of the system, ωn,x and ωn,y are the nth field angles in the X and Y dimensions, respectively,
and Hn represents the coordinates of the ideal image points of the nth feature field angles
in the global coordinate system.

Next, we can perform the point-by-point calculation process [9,10,29] to construct the
freeform surfaces. To better understand this, here, we briefly introduce the data calculation
process. During the construction process, a Nearest-Ray algorithm [29] is used to determine
the order of calculating data points and their coordinates. Then, we calculate the normal
vectors of these data points based on Fermat’s principle and Snell’s law. These data points
can then be used to perform the surface fitting. Surface fitting refers to the fitting of the
surface shape and acquiring the position of the surface. The general form of a mathematical
expression for a freeform surface involves the addition of freeform terms on the basis of a
conic surface, as shown in Equation (4):

z(x, y) =
c(x2 + y2)

1 +
√

1− (1 + k)c2(x2 + y2)
+

N

∑
i

Aigi(x, y), (4)

where c is the curvature of the surface, k is the conic coefficient, Ai is the coefficient of the
ith freeform term, and gi(x,y) is the freeform surface term described using polynomials
such as Zernike polynomials or XY polynomials. In the work introduced here, we use the
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XY polynomials with the highest order of six. Therefore, the freeform surface terms can be
provided by Equation (5):

N

∑
i

Aigi(x, y) =
6

∑
m=0

6

∑
n=0

am,nxmyn , 1 < m + n ≤ 6, (5)

The freeform surface of the planar symmetric system only needs to be described
using the even-order terms of x in the XY polynomial, but the surface of the nonsym-
metric system must be described using all the terms in the first N orders. According to
Equations (4) and (5), when N = 6, the number of surface parameters used to describe the
planar symmetric freeform surface is 15, while the number required for the nonsymmetric
freeform surface is 27. This indicates that the surface of the nonsymmetric system has
greater flexibility and is more conducive to the realization of high-performance and special
applications. Greater freedom also means greater design difficulty, and designing such a
system is a challenge.

Generally, the freeform surface shape is a function of the surface sag, which varies
with the coordinates in the surface local coordinate system, such as those provided by
Equations (4) and (5), and this function should thus be fitted into the local coordinate system.
However, the calculation process for the data points is performed in the global coordinate
system. Therefore, it is first necessary to convert the coordinates and the normal vectors of
the data points under the global coordinate system into the local coordinate system, i.e., to
determine the relative positional relationship between the two coordinate systems.

First, the data points must be fitted on a basic conic surface, where the radius and the
coordinates of the basic sphere center and the conic coefficient can be fitted effectively using
the least-squares method. We can then determine the position of the surface. In Section 2.1,
a description of the decenter and tilt is presented. This description essentially describes
conversion from the global coordinate system of the optical system through shifting and
rotation to the local coordinate system of the optical surface. The displacement of the shift
and the angle of rotation are the exact decenter and tilt values of the local coordinate system
relative to the global coordinate system that must be calculated here. The line that connects
the intersection D of the chief ray of the central field on the surface to the center C of the
basic sphere of the conic surface can be defined as the Z’ axis of the local coordinate system,
and the intersection of the ray passing from C to D with the basic sphere can be defined as
the origin O of the local coordinate system, as illustrated in Figure 4.

In Figure 4, the XYZ coordinate system is the global coordinate system for the entire
system and the X′Y′Z′ coordinate system is the local coordinate system for the surface. In
this work, we use decenters in three dimensions and the two tilts α and β to describe the
positioning of the surface local coordinate system relative to the global coordinate system.

After the global coordinate system is shifted and rotated, the origin G then coincides
with the local coordinate system origin O, and the Z axis direction coincides with the local
coordinate system’s Z’ axis direction. The decenters in three dimensions and the two tilts
of the local coordinate system, which are xd, yd, zd, and the α and β tilts, respectively, can be
calculated according to this conversion relationship. Suppose the coordinates of the center
C and the origin O in the global coordinate system are provided as (xc, yc, zc) and (xo, yo, zo).
The decenters and tilts are then given as follows:

(xd, yd, zd) = (xo, yo, zo), (6)

α = arctan(
yo − yc

zo − zc
), (7)

β = arctan(
xo − xc

zo − zc
), (8)
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Figure 4. Define the Z′ axis and origin of the local coordinate system. The direction of the red arrow
is the Z′ axis direction, and the origin is the red dot marked with O.

After the decenters and tilts of the local coordinate system are calculated, the conver-
sion of the data point coordinates and the normal vectors from the global coordinate system
to the local coordinate system can be completed using the shift and rotation relationships
between these coordinate systems. Suppose the coordinates and the normal vectors of a
data point in the global coordinate system are (x, y, z) and (l, m, n), the corresponding data
point coordinates and normal vectors in the local coordinate system are then (x’, y’, z’) and
(l’, m’, n’), which are given by the following equations:

T−1 =

 cos(β) 0 − sin(β)
0 1 0

sin(β) 0 cos(β)

 ∗
 1 0 0

0 cos(α) sin(α)
0 − sin(α) cos(α)

, (9)

(x′, y′, z′) = (x− xd, y− yd, z− zd) ∗ T−1, (10)

(l′, m′, n′) = (l, m, n) ∗ T−1, (11)

where T−1 is the inverse matrix of the rotation transformation matrix T. In the local coor-
dinate system, the freeform surfaces can be constructed using any kind of fitting method,
e.g., [33], to fit the freeform surface expressed by Equation (4). Thus, a good initial solution
is obtained.

Compared with the previous point-by-point design method, the design method of
the nonsymmetric system proposed in this manuscript has many different features. First,
the previous point-by-point design method is used for the design of optical systems with
symmetry, and it cannot be used for the design of systems completely without symmetry.
Second, a method for constructing an unobscured nonsymmetric plane system is proposed
in this manuscript. Limited by the designer’s experience and knowledge, since the structure
of nonsymmetric systems is very flexible, it is difficult to build an initial plane system that
can be converged during the process of iterations. In this manuscript, a method to build
the plane structure according to the system’s geometry and size requirements is presented.
This method can conveniently build a plane system that meets the requirements and will
be converged during the process of iterations. Third, different from the sampling method
of feature rays in the previous point-by-point method, a sampling method that can ensure
the uniformity of feature rays in nonsymmetric systems is adopted in this manuscript.
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In a nonsymmetric system, the surface position is flexible, and the surface shape has no
symmetry. If the previous feature ray sampling method is used, it will lead to the uneven
distribution of feature data points. However, the use of uneven distributed feature data
points will lead to a decrease in the surface fitting accuracy, or even failure of the fitting.
Generally, one solution is to increase the number of feature rays, but as the number of rays
increases, the amount of calculation will increase, and may also cause the calculation to fail.
According to the feature ray sampling method in this manuscript, the feature data points
on each surface can be uniformly distributed without increasing the number of rays. In this
way, a better starting point can finally be obtained after construction and iterations. Fourth,
a method for nonsymmetric surface fitting which simultaneously considers coordinates
and normal vectors is proposed in this manuscript.

3. Design Results

In this paper, a nonsymmetrical off-axis three-mirrors freeform optical system was
designed in which the image plane has a β tilt of 45◦ and the center of the image plane is
outside the YZ plane. In general, the larger the rotation angle, the worse the symmetry of
the system, and a rotation angle of 45◦ is already large. Therefore, 45◦ was chosen as an
example to show that our design method is still applicable when the symmetry is greatly
broken, thus illustrating its effectiveness. In addition, the system has a low F number of
1.3 and a relatively large FOV. The performance specifications of the system are listed in
Table 1.

Table 1. Parameters of the nonsymmetric freeform imaging system.

Parameter Specification

Field of view 8◦ × 6◦

F Number 1.3
Effective focal length 50 mm

Entrance pupil diameter 38.5 mm
Wavelength LWIR (8–14 µm)

First, we determined the position parameters of the image plane with special position
requirements, and then roughly estimated the volume of the system and determined the z1
coordinate of the center of the primary mirror according to the FOV, focal length, and F
number of the system. Next, we provided a series of structural decision parameters α1, β1,
d1, and d3, and selected a group from them to construct an initial plane structure that meets
our needs and has a better convergence effect in the freeform surfaces construct process.
The layout of the initial plane system we chose is shown in Figure 5. In this paper, the red,
green, and blue lines in the system layout represent rays from field points (0◦, 0◦), (0◦, −3◦),
and (0◦, 3◦), respectively.

Figure 5. The layout of the nonsymmetric off-axis three-mirror initial plane system.
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The plane system was then used to construct the initial solution of the freeform surface
with approximately 570 feature light rays, which can be carried out in two minutes. The
layout of the initial freeform system is shown in Figure 6a. The distortion grid of the
system is shown in Figure 6b. The red line represents the actual image height, and the
blue line represents the ideal image height. The system can almost achieve the given
object–image relationship. This initial solution was then used as the starting point for the
next optimization step.

Figure 6. (a) The layout of the initial freeform system. (b) The distortion grids.

During the optimization process, the full FOV must be sampled. In our work, we
selected (0◦, 0◦), (0◦, −3◦), (0◦, 3◦), (4◦, 0◦), (4◦, −3◦), (4◦, 3◦), (−4◦, 0◦), (−4◦, −3◦), and
(−4◦, 3◦) as the nine field angles to be used in the optimization process, and these angles
are consistent with the sampled field angles in the starting point solving process. The
distances between the intersections of the chief rays of fields (4◦, −3◦), (4◦, 3◦), (−4◦, −3◦),
and (−4◦, 3◦) with the image plane and the intersection of the chief ray of field (0◦,0◦)
with the image plane were set as the constraints for the image height to control the focal
length and distortion. Early in the optimization process, the surface position, the radii, and
the conic coefficients of the surfaces were fixed. The coefficients of the freeform items of
each surface were gradually set as variables. Next, the decenters and tilts of each surface
and the decenters and α tilt of the image plane were also set as variables. Later in the
optimization process, we set the radii and the conic coefficients of the surfaces as variables.
To maintain the specific positional requirements of the image plane, we fixed the β tilt of
the image plane at 45◦. In this step, the surface position will change, which means that
some system structural constraints must be added. The positions of each surface and the
image plane were controlled to ensure that there was no overlap between these surfaces
and to unobscure the system.

The optimized system is shown in Figure 7, where Figure 7a,b represent the system
layout of the YZ view and the XZ view, respectively. Figure 7c,d show the three-dimensional
views of the system from the different viewing perspectives provided by the direction of the
axis. Figure 8 illustrates the performance of the optimized system, where Figure 8a shows
the modulation transfer function (MTF), Figure 8b shows the root-mean-square wavefront
error (RMS WFE), and Figure 8c shows the distortion grid for the optimized system.
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Figure 7. The layout of the optimized nonsymmetric off-axis three-mirror system. (a) The system
layout of YZ view. (b) The system layout of XZ view. (c) Three-dimensional view from −40◦ azimuth
angle and 20◦ elevation angle, with M1 as a reference. (d) Three-dimensional view from−38◦ azimuth
angle and 27◦ elevation angle, with M1 as a reference.

Figure 8. Performance of the final system: (a) the modulation transfer function, (b) RMS WFE, and
(c) the distortion grid.

4. Discussion
4.1. Discussion of the Design Results

Figure 7a,b are on the same scale and show that, when compared with the conventional
off-axis three-mirror system that is significantly larger in one dimension, the sizes of the
optimized system based on a nonsymmetric structure were close in the three dimensions X,
Y, and Z, which were approximately equal to 140, 150, and 140 mm, respectively. The light
was turned three-dimensionally within the system space. Most importantly, the structure of
the optimized system met the design expectations, i.e., the image plane has a 45◦ β tilt and
the center of the image plane is located outside the YZ plane. In addition, the centers of the
image plane and the secondary mirror were separated by specific distances in both the X
and Y dimensions, and the tilt angles of these two planes were also different. This structure
may be conducive to the application of the designed optical system in specific scenarios and
may ease the installation of the detector. The optimized system is geometrically similar to
the initial planar structure that was constructed by the method presented in Section 2.1. The
successful design of this system shows that the use of a nonsymmetric structure allowed us
to design the geometric shape of the optical system more flexibly.

The MTF of the final optimized system was close to the diffraction limit, and the
average value of the RMS WFE at a wavelength of λ = 10 µm was less than 1/18λ. When
compared with the starting point, the distortion of the optimized system was greatly im-
proved, with a maximum relative distortion of less than 5%. The design results showed that
a nonsymmetric system is workable, and illustrated that the given object–image relationship
can be realized while also maintaining good imaging quality. In addition, the distortion
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grid deserves special attention, because the system distortion was nonsymmetrical in each
direction. In the distortion grid for the optimization starting point shown in Figure 6,
the nonsymmetric nature of the distortion is particularly obvious. This nonsymmetric
distortion illustrates that this type of system can realize imaging optical systems with
specific object–image relationships.

4.2. Discussion of the Design Method

The nonsymmetric system design method proposed in this paper is a fast and efficient
method that requires little designer experience and theoretical knowledge. It can construct a
freeform system directly from a planar initial system without careful selection of a suitable
starting point. During the process, there is no need for the designer to be involved in
performing aberration correction.

Surface shapes and system geometry of nonsymmetric systems are more complex.
In addition, designing such a system needs to be sampled across the full FOV. Therefore,
compared with the previous point-by-point design method [9,10,29], the design method of
the nonsymmetric system proposed in this manuscript has many different features, such
as the method for constructing an unobscured nonsymmetric plane system, the sampling
method that can ensure the uniformity of feature rays, and the method for nonsymmetric
surface fitting, which simultaneously considers coordinates and normal vectors.

It is worth noting that an initial planar structure is required. However, establishing
an initial planar structure is easier to achieve than obtaining a good starting point, since
there are few starting points available for designing nonsymmetric systems. Furthermore,
a method for establishing the planar structure was proposed. The structure of the initial
planar system can be flexibly arranged according to the system geometry, volume, and
other requirements. In the future, we could add power distribution to this process. Better
results may be obtained with a spherical or quadric system with good power distribution
as the initial system for freeform surface construction.

The nonsymmetric freeform system design method proposed in this paper is suitable
for imaging optical systems with a medium FOV and aperture. In the future, the design
methods for a large FOV, or large aperture, or real exit pupil, or an afocal nonsymmetric
freeform system are worth studying.

5. Conclusions

In this manuscript, we proposed a nonsymmetric off-axis three-mirror freeform optical
system that has neither rational symmetry nor plane symmetry. Subsequently, a direct
design method for nonsymmetric freeform optical systems was developed to design the
proposed system.

First, we fixed the position of the image plane and the center coordinates of the
primary mirror according to the scene requirements and system volume estimation, and
then selected the appropriate parameters from a series of parameters that determine the
location of the system, to establish an initial nonsymmetric plane structure that meets the
requirements and has a good convergence result. Next, the point-by-point method was
used to obtain a series of data point coordinates and normal vectors for surface fitting, and
these data points conformed to the uniform sampling strategy. In the fitting process, the
local coordinate system of the surface was described by three kinds of decenters, and α and
β tilt. The starting point can almost realize the required object–image relationship. The
main strategy used in the optimization stage is to use constraints to eliminate obscuration
and maintain the structure of the system. After simple subsequent optimization processes,
good imaging quality could be achieved, during which the designer does not need to use
the aberration theory to perform aberration correction. In the design example, a good initial
system was set up within two minutes, which illustrates the fast and efficient characteristics
of the method. Additionally, the design process also shows that the nonsymmetric system
design method proposed in this paper has many different characteristics compared with
the previous point-by-point design methods.
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The optimized system can realize the required object–image relationship while also
maintaining good imaging quality. The use of freeform surfaces makes nonsymmetric
systems technically possible, and the final design results verified this possibility. Nonsym-
metric structures may be conducive to the application of the proposed optical system in
specific scenarios. The distortion grid of the nonsymmetric system shows that this type
of system is capable of realizing the desired special object–image relationship, which can
be studied and verified in future work. In addition, the optical paths in a nonsymmetric
system can be folded three-dimensionally, thus illustrating much more flexibility than a
system with symmetry. More potential applications of these nonsymmetric systems are to
be explored in future work. The work carried out here aims to provide a feasible design
solution for the optical community and motivate related research.
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