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Abstract: Using the two-dimensional nonlinear Schrödinger equation, the collapse dynamics of
vortex beams in a Kerr medium with refractive index modulation and parity–time (PT) symmetric
lattices are explored. The critical power for the collapse of vortex beams in a Kerr medium with real
optical lattices (i.e., refractive index modulation lattices) was obtained and discussed. Numerical
calculations showed that the number of self-focusing points, the locations of the collapse, and the
propagation distances for collapse are sensitively dependent on the modulation factors, topological
charge numbers, and initial powers. When the vortex optical field propagates in a Kerr medium with
real optical lattices, the optical field will collapse into a symmetrical shape. However, the shape of the
vortex beam will be chaotically distorted and collapse in asymmetric patterns during propagation
in a Kerr medium with PT-symmetric lattices because of the presence of the complex refraction
index. Introducing PT-symmetric lattices into nonlinear Kerr materials may offer a new approach to
controlling the collapse of vortex beams.

Keywords: Kerr nonlinear medium; parity–time symmetry; vortex beam; collapse

1. Introduction

The concept of parity–time (PT) symmetry originates from quantum mechanics [1–3],
and the potential function should satisfy parity V(x, y) = V*(−x, −y) with * standing for
complex conjugate in a PT-symmetric system. In optics region, the wave equation is sim-
ilar in mathematical form to the Schrödinger equation under the quantum mechanism.
Since the PT-symmetric potential can be achieved by the complex refractive index (the real
part is the refractive index, while the imaginary part determines gain–loss) distribution
n(x, y) = nR(x, y) + inI(x, y) in an optical material system, it has been successfully introduced
into the optics region [3,4]. The refractive indices of the real and imaginary parts are required
to satisfy the even and odd function, i.e., n(x, y) = n*(−x,−y). Many new physical phenomena
have been observed in this special structure and have been widely used in various branches
of physics [5–7]. Especially, it has been discussed extensively in the field of the nonlinear
PT-symmetric system such as the existence and stability of soliton, the solitons control, and
the evolution and polarization properties of vector vortex beams in the nonlinear medium
with PT-symmetric optical lattices [8–11].

The collapse and filaments of an optical field in nonlinear materials are especially
interesting due to the fact of this special physical property and have been intensively
studied experimentally and theoretically in recent years [12–14]. When an optical field with
an initial power higher than a certain threshold propagates in a self-focusing medium, the
nonlinear collapse of the optical field will occur. If the initial power continues to increase
sufficiently, other nonlinear effects will follow such as plasma generation, multiple collapse
spots, forming its own filament, and higher-order nonlinearity [15–17]. Due to the many
potential applications of this special physical property, the collapse of an optical field and
the design of the controllable filaments have been the focus of attention such as on the
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control of helical filaments by twisted beams [18], the dynamic collapse of Airy and vortex
Airy beam [19], and the ellipticity of the input beam and laser filamentation [20,21].

Vortex with a screw phase dislocation, which results in an orbital angular momentum,
has become a hot topic of research because of its fundamental interest and numerous appli-
cations such as the fractional vortex beam [22], the optical angular momentum [23–25], opti-
cal field manipulation [26,27], optical tweezer [28,29], quantum information processing [30],
and special vortex beams with open rings [31]. In particular, the interaction of vortex beams
with a nonlinear material has led to many novel phenomena [32]. Kruglov et al. derived
theoretically the critical powers of vortex in a Kerr nonlinear material [33]. Fibich et al.
numerically calculated the actual critical powers of vortices in the Kerr medium [34]. Vortex
beams with spatially inhomogeneous polarization distributions have provided new insights
into collapse properties of optical fields [12,35]. Recently, the evolution of vector vortex
optical fields in strongly nonlocal nonlinear media with PT-symmetric potential has been
theoretically demonstrated [11]. The vector vortex optical field propagates reciprocally in
cycles in such optical materials despite the existence of a PT-symmetric optical lattice, and
there is a conversion between the linear and circular polarization states during propagation.
In this work, the collapse dynamics of vortex optical fields in nonlinear Kerr media with
PT-symmetric lattices were explored. The effect of Kerr nonlinearity (self-focusing effect)
resulted in the nonlinear collapse of the vortex optical field, and the periodic evolution
phenomenon could not occur. The critical power required to keep the root mean square
beam width invariant for the vortex optical field collapse in a Kerr medium with real optical
lattices (i.e., refractive index modulation lattices) was theoretically derived based on the
nonlinear Schrödinger equation [36]. Numerical calculations suggest that the number of
self-focusing points, the locations of the collapse, and the propagation distances for collapse
are sensitively dependent on the modulation factors, topological charge numbers, and ini-
tial powers. When the vortex optical field propagates in the Kerr medium with real optical
lattices, the optical field will collapse into a symmetrical shape due to the effect of refractive
index modulation lattices. On the other hand, the vortex beam will be chaotically distorted
and collapse into asymmetrical patterns due to the modulation of complex refraction index
during propagation in the Kerr medium with PT-symmetric lattices. These results provide
a deeper understanding of the manipulation and fundamental dynamics of the nonlinear
collapse of a vortex beam.

2. Theoretical Model

Under the paraxial approximation condition, the evolution of vortex optical fields
in the nonlinear Kerr medium with PT-symmetric potentials is governed through the
dimensionless two-dimensional nonlinear Schrödinger equation [16]:

∇2
⊥E + i

∂E
∂ξ

+ R(η, ζ)E + |E|2E = 0 (1)

where∇2
⊥, in the first term of Equation (1), represents the two-dimensional Laplace operator.

Here, η = x/w0 and ζ = y/w0 are the dimensionless transverse, where w0 is the beam
width. ξ = z/(2kw0

2) are the longitudinal coordinates representing the direction of beam
propagation, where k is the wave number. For PT-symmetric optical lattices (complex
refractive index structure), the real and imaginary parts are, respectively, denoted by V(η,
ζ) and W(η, ζ), satisfying R(η, ζ) = V0V(η, ζ) + iW0W(η, ζ) [3]. The real and imaginary
parts, respectively, represent refractive index and gain–loss in optics; V0 and W0 are their
modulation depths. We considered the SCPT that had the following form [4]:

V(η, ζ) = cos2(η/d) + cos2(ζ/d),
W(η, ζ) = sin(2η/d) + sin(2ζ/d)

(2)
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Here, d denotes modulation factors of complex refractive index that controls the
PT-symmetric lattice density. The specific complex refractive index distribution can be
achieved by adjusting various parameters in the R(η, ζ) function.

A typical vortex beam is used as the initial field:

E(η, ζ, ξ = 0) = A0ρn exp(−ρ2)einϕ (3)

where A0 is a constant; n is the topological charge number of vortex beams; ρ =
√

η2 + ζ2

and ϕ represent the polar radius and azimuthal angle, respectively. Figure 1a is a stereo-
scopic view of the interaction of vortex beams with Kerr–SCPT media. When d was 0.23
and 0.31, the complex refractive index (Kerr–SCPT medium) distributions are shown in
Figure 1b,c, respectively. Furthermore, the modulation without gain–loss in the medium is
for the case of V0 6= 0 and W0 = 0, which is a Kerr medium with real optical lattice potential
(Kerr–ROLP medium).
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Figure 1. Diagrammatic sketch of vortex beams in a Kerr-SCPT medium: (a) the interaction between
vortex beams and the Kerr-SCPT medium; (b) refractive index distribution, the left plot d = 0.23, the
right plot d = 0.31; (c) gain-loss distribution, the left plot d = 0.23, the right plot d = 0.31. The black
and the red dashed ring lines overlapped in (c) represent the initial beam width when the vortex
topological charge was n = 1 and n = 2, respectively.
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There are several important quantities of the nonlinear Schrödinger equation: the
initial power P(ξ) =

∫ ∫
s|E|2dηdζ, the Hamiltonian H(ξ) =

∫ ∫
s(|5E|2 − V0(cos2 (η/d)

+ cos2 (ζ/d))|E|2 − 1/2|E|4)dηdζ, and the root mean square beam width defined as
W(ξ) =

∫ ∫
s (η2 + ζ2)|E|2dηdζ. When H(ξ) = 0 and W0 = 0, which means that there is a

total balance between the propagation diffraction effect and the self-focusing effect in the
Kerr–ROLP medium [19,37], then, the amplitude A0 can be obtained by substituting the
expression E(η, ζ, ξ = 0) of the vortex optical field into H(ξ = 0) = 0. Thus, the critical power
(Pcr) in the Kerr–ROLP medium required for the collapse of a vortex optical field can be
obtained as:

Pcr =
22n+2πΓ(n + 1)Γ(n + 2)

Γ(2n + 1)
− 22nV0Γ(n + 1)

Γ(2n + 1)
· G(n) (4)

where G(n) =
n
∑

k=0

(
n
k

)
Γ(k + 1

2 )Γ(n − k + 1
2 )(1F1(n − k + 1

2 ; 1
2 ;− 1

2d2 ) + 1F1(k + 1
2 ; 1

2 ;

− 1
2d2 ) + 2) with the Gamma function, Γ (.), and the hypergeometric function, 1F1(α, β,

z). Obviously, the modulation depth (V0 ), the vortex topological charge number (n), and
the modulation factor (d) determine the value of Pcr. By setting V0 = 0 in Equation (4),
Pcr = 4nΓ(n + 1)Γ(n + 2)/Γ(2n + 1) PG represents the critical power of a vortex optical field in
the Kerr medium, where PG denotes the critical power of a Gaussian beam, as given in [33].
Due to the impact of the refractive index contribution of the Kerr–ROLP medium, the critical
power (Pcr) of vortex beams in a Kerr–ROLP medium is lower than that in a Kerr medium.
The critical power of vortex beams in the Kerr–ROLP medium indicates a total compromise
of the competition among the propagation diffraction effect, the periodic lattice refraction
index modulation and the nonlinear self-focusing effect. When the input power Pin = Pcr, the
root-mean square beam width remains invariant. As input powers exceed the threshold Pcr,
the beam evolves into a global collapse, and the beam width is reduced to 0 within a limited
distance [38]. However, the critical power mentioned here is the upper limit of the vortex
beam collapse in practice, and the actual partial collapse has occurred before the input power
(Pin) approaches the critical power (Pcr) for cases where incident beams are not the Townes
profile [38,39].

3. Numerical Simulation and Analysis

Numerical results were obtained to further study the collapse dynamics of the vortex
beam with w0 = 10 and λ = 0.53 µm in the Kerr–SCPT medium, based on the split-step
finite difference method [37].

For a Kerr–ROLP medium (V0 6= 0, W0 = 0) with symmetry distributions of refractive
index with different modulation factors and modulation depths, the evolution of the
intensity distributions in the cross-section of the vortex beam with the different vortex
topological charge numbers, n = 1 and 2, are shown in Figure 2a,b, respectively. As the
propagation distance increased, the ring-shaped vortex beams with different radii gradually
split into several focus points within certain propagation distances as shown in Figure 2.
For the case of n = 1, four focus points were found at the periphery ring of the vortex beam
and finally collapsed into four points when d = 0.23 and 0.31, respectively, as shown in
the upper two rows of Figure 2a. For the case of n = 2, the beam was initially split into
eight focal points with different intensities and finally collapsed into four collapse points as
shown in Figure 2b. As well known, the beams will perform self-focusing behavior during
propagation in a nonlinear Kerr medium. However, the energy cannot be accumulated in
the vortex beam center, since there is an optical singularity in the center of the vortex optical
field; thus, the vortex optical field will autofocus into a light ring. Eventually, the optical
field evolves into even number of foci due to the modulation of the optical lattices as shown
in Figure 2. The number of the partial collapses depends on the initial powers [15–17,37],
and the number of partial collapses will increase with the increasing initial powers. For the
cases of modulation factors d = 0.23 and 0.31, the location of the final beam collapse was
different as shown in the upper two rows of Figure 2. The vortex optical field will initially
form some focal points, positions of which are greatly influenced by the refractive index
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distribution of the real optical lattice (compare Figures 1b and 2). The relative positions
of high refraction index in the autofocusing light ring depend on the vortex topological
charge number and the modulation factor d. The positions of the foci in the autofocusing
light ring with d = 0.23 and n = 1 are different to that of d = 0.23 and n = 2, as shown in
Figure 2. In particular, due to the existence of the vortex, these focal points and the optical
field will rotate during propagation.
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The peak intensity of vortex beams is shown in Figure 3, which is a function of the
transmission length. It should be noted here that the increase in the value of V0 will
lead to a decrease in the critical power (see Equation (4)). In order to analyze the impact
of the modulation depth V0 on the propagation distance for collapse, the same initial
powers should be taken for the comparisons. When n = 1 and V0 = 0.2, the initial power
Pin = 1.7Pcr = 6.46PG, and if n = 1 and V0 = 0.7, then Pin = 1.7Pcr = 5.61PG. For the case n = 2
and V0 = 0.9, the initial power Pin = 1.4Pcr = 9.52PG, and if n = 2 and V0 = 1.8, the initial
Pin = 1.4Pcr = 7.83PG. It can be seen from Figure 3 that the distance required for the beam
collapse decreased as V0 increased. This is because with the increase in the value of V0,
the modulation effect of the refractive index gradient of the optical lattice was enhanced,
leading to the higher optical intensity at the focus point and vice versa. Therefore, the
number of focus points, the transmission length of the collapsed vortex beams, and the
locations of the collapse were closely related to the refractive index distribution of the
optical lattice. In addition, the propagation distances required for collapse decrease with
increasing initial powers. When the input power Pin = 6.46PG, the distance required for
the collapse of the vortex beam of n = 1 was shorter than ξ = 1, but when Pin = 5.61PG, the
collapse distance was longer than ξ = 1 (see Figure 3a). Similarly, the collapse distances
of the vortex beam with Pin = 9.52PG were shorter than that of Pin = 7.83PG if n = 2 (see
Figure 3b).
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For the Kerr–SCPT medium (V0 6= 0, W0 6= 0), the gain–loss (complex refractive index)
was introduced, which was different from the conventional optical lattice (ROLP) with
only refractive index modulation. The collapse evolution of the vortex beam with different
modulation depths of gain–loss was further explored in a Kerr–SCPT medium as shown in
Figure 4 for n = 1 and n = 2. The spatial intensity evolution of vortex optical fields with
different vortex topological charge numbers in the Kerr–SCPT medium is shown in the
first plots in each panel in Figure 4. The evolution of the vortex optical fields in the Kerr–
SCPT medium exhibited asymmetry and distortion different from that in a Kerr–ROLP
medium. The initial ring-shaped beam with V0 = 1 and d = 0.31 was also initially split
into four and eight focal points for topological charges n = 1 and 2, respectively, but the
beam had different intensity distributions at different positions as shown in Figure 4, unlike
in the Kerr–ROLP medium where the optical intensity was symmetrically distributed at
each focus point as shown in Figure 2. This was because the optical fields were further
modulated by the gain–loss part of the PT-symmetric lattices, resulting in a non-uniform
and asymmetrical distribution of the optical intensity in the cross-section of the vortex
beam. The intensity distributions were sensitively dependent on the gain–loss distribution
(see Figures 1c and 4), and the beam eventually collapsed at these high-intensity points.
The relative gain–loss positions in the autofocusing light ring depended on the vortex
topological charge number and the modulation factor d. For the same modulation factor
d = 0.31, the positions of the foci in the light ring with n = 1 were different to that of n = 2 as
shown in Figure 4.

The normalized peak intensity is shown in Figure 5, which is a function of the trans-
mission length of vortex beams for different gain–loss modulation depths W0 for n = 1 and
n = 2. The propagation distance required for collapse in the Kerr–SCPT medium was shorter
than that in a Kerr–ROLP medium due to the modulation of gain–loss. The propagation
distances required for collapse decreased with the increasing gain–loss modulation W0,
as shown in Figure 5. The number of focus points, the distance required to collapse, and
the location of the collapse were closely related to the topological charge number of the
vortex beam, complex refractive index distribution, and input power. Therefore, the special
collapse modes and the locations of the collapse can be manipulated by purposely choosing
the vortex topological charges, complex refractive index distributions in nonlinear media,
and the input powers.
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4. Discussion

The nonlinear collapse and filament of the optical field are critical in nonlinear optics
due to the fundamental physics and potential applications. The control and manipulation
of the collapse of an optical field are a challenging topic. In particular, the collapse behavior
of vortex optical fields has received extensive attention such as collapse of vortex Airy
beams [37], the generation of plasma filaments to guide microwave radiation [40], and laser
filament of complex vector vortex optical fields [41]. However, the collapse dynamics of
a vortex optical field in the Kerr medium with PT-symmetric potentials was more likely
to extend our understanding of the fundamental collapse dynamics of a vortex beam and
can provide the possibility to manipulate the collapse of a vortex optical field. In this
work, the collapse dynamics of vortex optical fields in Kerr media with refractive index
modulation and PT-symmetric lattices were theoretically demonstrated. In a Kerr medium
with a refractive index modulation optical lattice (without gain–loss), the vortex beam
initially formed focal points with a symmetrical distribution of the optical intensity. The
optical field eventually collapsed into a symmetrical shape due to the self-focusing effect,
the propagation diffraction effect, and the periodic lattice refraction index modulation. On
the other hand, when in a Kerr medium with PT-symmetric lattices (include gain–loss
modulation), the vortex beam will be chaotically distorted during propagation due to the
modulation of complex refraction index, and partial collapse occurs in an asymmetrical pat-
tern. Therefore, these results provide the possibility to manipulate the collapse of the vortex
beam by adjusting the distribution of the complex refractive index (the modulation factor).

5. Conclusions

Using the two-dimensional nonlinear Schrödinger equation, the collapse dynamics of
vortex beams in a Kerr medium with real optical lattices and PT-symmetric potentials were
explored. The critical power for the collapse of vortex beams in a Kerr–ROLP medium was
theoretically derived and discussed. Numerical results derived by using the split-step finite
difference method indicate that the number of focal points, the locations of the collapse,
and the propagation distance for collapse in a Kerr–ROLP medium are dependent on
the intensity distribution of the refractive index distributions, initial powers, and vortex
topological charge numbers. The vortex optical field will collapse in a symmetrical shape
when it propagates in a Kerr medium with real optical lattices. On the other hand, the vortex
beam became distorted during evolution in a Kerr–SCPT medium due to the existence of
the gain–loss; meanwhile, the propagation distances for collapse were shorter than that
in a Kerr–ROLP medium. In addition, the beam rotated about the propagation direction
during the evolution due to the existence of vortex.
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