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Abstract: We propose a scheme to realize the two-phonon blockade effect in a quadratically coupled
optomechanical system. We consider the case that the optical cavity is simultaneously driven by a
strong pumping field and a weak driving field. By strongly driving the optical cavity, the nonlinear
interaction between the optical mode and the mechanical resonator can be significantly enhanced
and an effective second-order nonlinearity between photons and phonons is induced. Based on
this effectively strong nonlinearity, the two-phonon blockade effect can be achieved when a weak
driving field is applied into the optical cavity. By contrast, we study the case of weakly driving the
mechanical resonator. In this case, the single-phonon blockade is generated, while the two-phonon
blockade cannot be observed. By numerically calculating the second-order and third-order correlation
function, we investigate the statistical characteristics of phonons. In addition, we also study the
influence of the thermal noise on the achieved two-phonon blockade effect. Our work provides
an alternative approach for implementing multiphonon blockade and has potential applications in

quantum information processing.

Keywords: quadratic optomechanical coupling; strong nonlinearity; two-phonon blockade

1. Introduction

In recent years, cavity optomechanics, exploring the interaction between optical and
mechanical degrees of freedom [1-5], has received extensive attention and made spectacular
achievements. For example, the mechanical resonators with a wide range of frequencies
could be experimentally cooled to their quantum ground state [6-10]. This achievement
offers the possibility of manipulating and controlling the mechanical resonators at the single-
phonon level. In particular, many theoretical and experimental efforts have been devoted
to enhancing the intrinsically weak optomechanical nonlinearity [11-17] so that the single-
photon quantum regime can be realized. This quantum regime allows for many interesting
quantum effects, including macroscopic nonclassical states [18-22], the photon blockade
phenomenon [23-27] and the multiphonon sideband effects [28]. Most of these works focus
on the linear optomechanical coupling, i.e., an optical mode is parametrically coupled to
the position of a mechanical oscillator. Note that many recent works study a quadratically
coupled optomechanical system [29-32], where an optical mode is parametrically coupled
to the square of the position of a mechanical oscillator. The quadratic optomechanical
coupling has been utilized to realize the quantum nondemolition measurements of the
mechanical oscillator’s energy eigenstates [29], to achieve the cooling and squeezing of
the mechanical oscillator [33,34], to generate the photon blockade [27,35], the phonon
antibunching and phonon blockade [36-39].

Phonon blockade, as a typical quantum effect, has attracted a lot of attention and
has been extensively studied [36—46]. In analogy to photon blockade, phonon blockade
presents a quantum phenomenon in which the appearance of one phonon prevents the
excitation of the second phonon in a nonlinear mechanical oscillator. The generation of a
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phonon blockade generally requires a strong mechanical nonlinearity, which could induce
the energy-level anharmonicity of a system. This required mechanical nonlinearity can
be realized in quadratically coupled optomechanical systems [36-39] or in systems with
the nanomechanical resonator coupled to a qubit [40—42] or an intrinsic two-level system
defect [45]. The quantum effect of phonon blockade plays a crucial role not only in revealing
the quantum behaviors of a mechanical system, but also in promoting the development
of single-phonon quantum devices as well as their applications in quantum information
processing [21].

Here we propose a scheme to realize the two-phonon blockade effect in a quadratically
coupled optomechanical system. To clearly understand the two-phonon blockade, one can
call the typical phonon blockade that the majority of works aim at as the single-phonon
blockade. Similar to the single-phonon blockade, the two-phonon blockade means that
the resonant absorption of two phonons will impede the transmission of the subsequent
phonons. To achieve the two-phonon blockade, we consider that the optical cavity is both
driven by a strong pumping field and a weak driving field. By strongly driving the optical
cavity, the nonlinear interaction between the optical mode and the mechanical mode can be
significantly enhanced and can be tuned by adjusting the amplitude of the driving field.
This strong nonlinear interaction leads to the energy-level anharmonicity of the system. In
addition, an effective second-order nonlinearity between photons and phonons is induced.
This effectively strong nonlinearity ultimately allows for the generation of the two-phonon
blockade effect when a weak driving field is applied into the optical cavity. We investigate
the statistical characteristics of phonons by numerically calculating the second-order and
third-order correlation function. As a comparison, we also study the case of weakly driving
the mechanical resonator. In this case, the results show that the single-phonon blockade
occurs, while the two-phonon blockade can not be obtained. Furthermore, we also study
the influence of the thermal noise on the achieved two-phonon blockade effect. The two-
phonon blockade effect can be exploited to achieve two-phonon sources and may inspire
the implementation of multiphonon quantum devices. Currently, few works study this
quantum effect. Therefore, our work provides an alternative approach for implementing
miltiphonon blockade and has potential applications in quantum information processing.

Note that some recent works have proposed to investigate the phonon antibunching
and phonon blockade in quadratically coupled optomechanical systems. Our work is
different from these works in several respects. First, we employ quadratic optomechan-
ical coupling to achieve the two-phonon blockade effect instead of the single-phonon
blockade [36-39] or photon blockade and photon-induced tunneling [27]. Second, in our
proposal, the two-phonon blockade effect is based on the effectively enhanced second-order
nonlinearity between photons and phonons. In contrast, the work in Ref. [36] exploits an
effective cubic nonlinearity for the mechanics by adiabatic elimination of the cavity field,
while the work in Ref. [37] utilizes the Kerr-type nonlinear interaction between phonons
to analyze the single-phonon blockade. In addition, by applying two driving fields into
the optical cavity, we illustrate the quantum effects of phonons, while Ref. [27] explores
single-photon nonlinearities in a strongly driven optomechanical system.

2. Model and Hamiltonian

We study a quadratically coupled optomechanical system with a “membrane-in-the-
middle” configuration, as schematically shown in Figure 1a. By placing the membrane
in the node (or antinode) of the standing wave in the cavity [29,30], the cavity field will
quadratically couple to the displacement of the mechanical motion. In addition, the optical
cavity is driven by a strong pumping field with frequency w; and amplitude Q). The system
Hamiltonian reads (h = 1)

2
H = weata + wnb'b + goata (b + b*) +Hy, )
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where a (a') and b (b") are the annihilation (creation) operators of the cavity mode and
mechanical mode, respectively. The first term in Equation (1) represents is the Hamiltonian
of the cavity field with frequency w,. The second term is the free energy of the mechanical
oscillator with frequency wy. The third term describes the quadratic optomechanical
coupling with the interaction strength g¢. The last term H; denotes the coupling between
the cavity and the strong pumping field with Hy = Q(afe~/wLt 4 geiwit).
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Figure 1. (a) Schematic illustration of an optomechanical system consisting of an optical cavity mode
(with frequency w,) quadratically coupled to the mechanical mode (with frequency wy, ) with the
“membrane-in-the-middle” configuration. In addition, the optical cavity is driven by a strong pump-
ing field with frequency w and a weak driving field with frequency w. (b) Energy-level diagram of
the quadratically coupled optomechanical system. Here the bare states are labelled by |n, m), where
|n) and |m) denote the eigenstates of the photon number and the phonon number, respectively. The
green arrow describes the process of the single-phonon blockade when the mechanical resonator is
weakly driven with the driving strength ¢;,. The blue arrow describes the process of the two-phonon
blockade when the optical cavity is weakly driven with the driving strength ¢ ;.

In a frame rotating with the driving frequency w;, the system Hamiltonian can be
written as

2
Hy = Aca*a+wmb+b+goa+a(b+b*) + QO +a), )

where A = w, — wy, is the frequency detuning between the cavity mode and the driving
field.

For a sufficiently strong driving field, one can decompose the field operators a and b
as the sum of their average amplitudes and small quantum fluctuations, i.e., 4 = a 44,
b — B+ Db. By solving the Heisenberg-Langevin equations, the steady-state classical
amplitudes « and B can be obtained as &« = Q/(ix/2 — A;) and B = 0, where « is the cavity
dissipation rate. The amplitude « is real for a proper choice of the phase of (). Following the
standard linearization procedure, the Hamiltonian in Equation (2) becomes H = Acata +
wnbb+g(a" +a) (b + b+)2, where g = goa is the effective coupling strength which can be
enhanced and tuned by controlling the amplitude of the driving field. Note that here we
have neglected the term goata (b + b+)2 in the Hamiltonian Hy due to the small influence in
the case of | « [> 1. We consider that the external driving field satisfies the red-detuned
two-phonon resonant condition, i.e., A; = 2wy,. Then, under the condition of w;, > g,
the terms that oscillate with high frequencies +A, (A + wy,) can be safely neglected
under the rotating-wave approximation (RWA). As a result, the system Hamiltonian can be
approximately written as

H' = Acata + wub™b + g(a'b? 4 ab™). (3)
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Here we obtain an effective second-order nonlinearity between photons and phonons
with the significantly enhanced coupling strength g, which can be much larger that the
optical dissipation x. On the one hand, this nonlinear interaction will lead to a process that
the annihilation (creation) of a photon is accompanied by the creation (annihilation) of two
phonons. On the other hand, in the strong coupling regime (g > «), one can obtain the
energy-level anharmonicity of the system, as shown in Figure 1b. The preferential basis
is given by states of the form |n, m), where n and m denote the number of quanta in the
cavity mode and mechanical mode, respectively. In the presence of the strong nonlinear
interaction, the ground state of the coupled system is |0, 0) and the first excited state is
|0, 1). However, the second excited state is the superposition state of |0, 2) and |1, 0) with
the energy splitting 2v/2¢. The third excited state is the superposition state of |0, 3) and
|1, 1) with the energy splitting 21/6g. In the fourth excitation manifold, the eigenstate is
the superposition state of |0, 4), |1, 2) and |2, 0). In the following text, we will explain
the quantum phenomenon of the two-phonon blockade effect from the perspective of the
energy level diagram.

Including the dissipation caused by the system-bath coupling, the dissipative dynam-
ics of the system is described by the master equation

p = ~ilHes, p] + xDlalp + ynD[blp + 7 (nn + 1)D 0], )

where D[o]p = opot — %(0+Op + po'o) is the standard Lindblad superoperator, - is the
decay rate of the mechanical oscillator, and 7y, is the thermal phonon occupation number
with ng, = [exp(hwy, /kpT) — 1] ~!, where T is the temperature of the thermal reservoir.

To exhibit the quantum behavior of the phonons, we investigate the statistical proper-
ties of the phonons, which can be characterized by the steady-state second-order correla-
tion function

(T ()bt (t+ T)b(t + T)b(1))

(2) T
8 (T> Lim; e0 <b+(t)b(t)b+(t+’r)b(t+r)> ’ (5)
and the steady-state third-order correlation function
br(H)bT(t br(t b(t b(t b(t
2@ (1, ) :Lime< (OB (4 )bt (E+ T2)b(t+ )b(t + 1) ()>' ©)

(01 (1)b(t))’

We assume the case of zero-delay between phonons, i.e.,, T = 7y = 7 = 0. Then the
equal-time second-order and third-order correlation functions in the steady state can be
expressed as

<b+n " > (t)
(b'0)" (1)’
for n = 2,3. Typically, g?)(0) < 1 characterizes the antibunching effect of phonons with sub-

Poisson statistics of phonons, and g(?)(0) — 0 reveals the generation of the single-phonon
blockade effect. The two-phonon blockade effect occurs when ¢ (0) > 1and ¢®)(0) < 1.

¢ (0) = Limy e )

3. Two-Phonon Blockade via Weakly Driving the Optical Cavity

To investigate the phonon statistics, a weak driving field needs to be applied into
the system. Note that when the mechanical resonator is weakly driven, the single-photon
blockade effect and photon-induced tunneling can be achieved, which has been shown in
the work [27]. In order to study whether the two-phonon blockade can be generated in
this case and compare with the case of weakly driving the optical cavity in the following
text, here we first consider the case of weakly driving the mechanical mode with the
Hamiltonian H, = &,(bfe™"“r! 4 be'“r!). In a frame rotating with frequency w), for the
mechanical mode and 2w, for the cavity mode, the effective Hamiltonian can be written as



Photonics 2022, 9, 70

50f 10

Hy¢ = Aata+ A,bth + g(a*bz + ab*z) + sb(bJr + b), where the detunings are A = A; — 2w,
and Ay = wy — wyp.

In Figure 2a,b, we calculate the steady-state equal-time second-order correlation
function ¢(?)(0) and third-order correlation function ¢g®®)(0) versus the detuning A,,/x
and the coupling strength g/« by numerically solving the master equation in Equation (4)
with the effective Hamiltonian Heg. It is shown that in the case of single-phonon resonant
driving, i.e., A,; = 0, one can obtain the single-phonon blockade effect with (2 (0) < 1 and
¢®(0) < 1. This phenomenon can be illustrated by the energy-level diagram in Figure 1b.
If the driving laser is on resonance with the |0, 0) —|0, 1) transition, i.e., Ay, = 0, the
same |0, 1) —|2, £) transition is detuned and will be suppressed for ¢ > «, <. This could
induce the generation of the single-phonon blockade effect, as indicated by the green arrow
in Figure 1b. However, in the case of two-phonon resonant driving, i.e., A, = j:# g, the
second-order correlation function satisfies g(z) (0) > 1, as shown by the white dashed lines
in Figure 2a, while ¢(® (0) > 1 at this detuning as seen from Figure 2b, which indicates
the phonon-induced tunneling. In order to clearly present these results, in Figure 3a, the
second-order correlation function ¢g(?)(0) and third-order correlation function g3 (0) are
plotted as a function of the detuning A, /g. It is obviously seen that when the detuning
is A, = 0, the single-phonon blockade effect occurs with ¢(2)(0) — 0 and ¢®(0) — 0.

When the detuning is A, = j:@ 2,8 (0) > 1and g®(0) > 1, which is consistent with
the results in Figure 2a,b. In addition, in Figure 3b we plot (2 (0) and g¢(®)(0) versus the
driving strength ¢ /x. One can find that when the driving strength ¢, /«. varies in a wide
range, e.g., from 0 to 2, the values of ¢(?) (0) and g(®)(0) is always bigger than 1. Therefore,
these results suggest that one cannot achieve the two-phonon blockade effect when a weak
driving field is applied into the mechanical resonator.

log,09'?(0) log,09'*(0)

5
1
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0
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X
[
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Figure 2. Steady-state equal-time (a) second-order correlation function g(z) (0) and (b) third-order
correlation function g(® (0) versus the detuning A, /«. and the coupling strength g/x when the
mechanical resonator is weakly driven. The system parameters we take are v = 0.01x, ¢, = 0.15«
and ny, = 0. The white dashed curve in (a) corresponds to the case of two-phonon resonant driving,
ie, Ay = +¥2g.

To observe the two-phonon blockade effect, we consider a weak driving field (with
frequency w, and strength ¢;) applied into the cavity with the Hamiltonian H;, =
gq(ate Wit + geiwat). In the frame rotating with frequency wy, the Hamiltonian of the
driving field becomes H), = ¢;(a’e™! + ae®") with § = wy — wy. In a frame rotating with
frequency ¢ for the cavity mode and /2 for the mechanical mode, the effective Hamiltonian
can be written as

He = Na'a+ AL b"b + g<a+b2 + abﬂ) +e4(at +a), 8)

where the detunings are A’ = Ac — § = w. — wy and A}, = wy, — w,;/2. In the following
text, we calculate the steady-state equal-time second-order correlation function g(?)(0)
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correlation function

and third-order correlation function g(®)(0) by numerically solving the master equation in
Equation (4) but with the effective Hamiltonian H.
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Figure 3. Steady-state equal-time second-order correlation function g<2) (0) and third-order corre-
lation function g(®)(0) versus (a) the detuning A, /g and (b) the driving strength ¢, /x when the
mechanical resonator is weakly driven. The system parameters are vy = 0.01x, ny, = 0, g = 2x,
(a) ¢, = 0.15x and (b) A, = :tgg.

As depicted in Figure 4a,b, we plot g2 (0) and ¢(® (0) versus the detuning A/, /x and
the coupling strength g/ . It can be seen that the values of ¢(?)(0) are always bigger than
1 when the mechanical detuning A}, /x and the coupling strength g/« vary. However, the

values of ¢(® (0) can be smaller than 1 around the detuning A}, = j:g g, as shown by
the white dashed lines in Figure 4b. To further study the physical mechanism of the two-
phonon blockade effect, in Figure 5a we present ¢?)(0) and ¢(®) (0) versus the detuning
A}, /g. Tt clearly shows that under the condition of the two-phonon resonant driving,

ie, A, /g = i@, the curve of ¢(?)(0) has two dips with ¢(®(0) >> 1, which indicates
the two-phonon bunching. Meanwhile, one can have ¢®(0) < 1 with three-phonon

antibunching when A, /¢ = + g That is, the two-phonon blockade effect can be achieved
via weakly driving the cavity field instead of the mechanical resonator, as shown by the
gray region in Figure 5a. This quantum effect can also be explained from the energy-
level diagram in Figure 1b. When the cavity is driven at the two-phonon resonance, i.e.,

AL/g = i@, the ground state |0, 0) can be transitioned to the two-phonon state |2, £),
while the |2, ) —[3, £) transition will be suppressed due to the frequency detuning.
Note that the transition |0, 0) —|0, 1) will be forbidden due to the creation of a photon
accompanied by the annihilation of two phonons. In addition, in Figure 5b we present
the steady-state (2 (0) and ¢(® (0) as a function of the driving strength e, /x. It is shown
that with e;/x increases, the values of g(?)(0) gradually decrease and finally tends to 1,
while the values of g(3) (0) first decrease, then increase and finally approach 1 when ;/x
is very large. Therefore, to obtain the two-phonon blockade effect with ¢(2)(0) > 1 and
g(3) (0) < 1, a proper driving strength needs to be chosen. When the values of ¢;/x range
from 0.055 to 0.4, the two-phonon blockade effect can be generated, as shown by the gray
region in Figure 5b.
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Figure 4. Steady-state equal-time (a) second-order correlation function g(z) (0) and (b) third-order
correlation function g% (0) versus the detuning A}, /k and the coupling strength g /x when the optical
cavity is weakly driven. The system parameters we take are v = 0.01x, ¢; = 0.15x and ny, = 0.
The white dashed curves in (a) and (b) correspond to the cases of two-phonon resonant driving, i.e.,
A, = +¥g.
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Figure 5. Steady-state equal-time second-order correlation function ¢'?(0) and third-order correla-
tion function ¢(3)(0) versus (a) the detuning A}, /g and (b) the driving strength e;/x when the optical
cavity is weakly driven. The system parameters are y = 0.01x, ny, = 0, g = 3k, (a) ¢4 = 0.15x and
(b) A, = +¥2g.

In the discussion above, we do not consider the influence of the thermal phonon
occupation number on the phonon statistical characteristics, i.e., ny, = 0. In order to present
how the two-phonon blockade effect depends on the thermal phonon number, we plot the
steady-state second-order correlation function ¢(?)(0) and third-order correlation function
¢ (0) versus the thermal phonon number ny,, as shown in Figure 6a,b. It can be seen that
when 1y, increases from 1072 to 0.05, the values of g(2) (0) are always bigger than 1 at the

two-phonon resonant driving (A}, /g = £ %). However, with ny, further increasing, e.g.,

g = 0.4 and ny, = 10, the values of ¢g(2)(0) are approximately equal to 1 at A, /g = :I:@.
Therefore, one can find that the increase of the thermal phonon number will weaken the
two-phonon bunching effect. In terms of the third-order correlation function g(®)(0), when

N, < 0.4, the values of g(®)(0) is smaller than 1 around the detuning A/, /g = :I:@. When

ng,. increases to 10, the values of () (0) are bigger than 1 around A}, /g = :t%. To clarify
more clearly the influence of the thermal phonon number, the second-order correlation
function ¢(?)(0) and third-order correlation function g(3)(0) are plotted as a function of
the thermal phonon number in the case of two-phonon resonant driving in Figure 6c. It is
shown that with the increase of 1y, the values of ¢(?)(0) rapidly decrease and then slowly
increase, while the values of ¢(®) (0) gradually increase when ng, increases. For the chosen
system parameters, when ny, < 0.4 (see the inset in Figure 6c), one could possibly obtain
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the two-phonon blockade effect with ¢2)(0) > 1 and g(® (0) < 1. These results indicate
that to better achieve the two-phonon blockade effect, it needs to suppress the mechanical
thermal noise.

@ — m=10"3

g(Z)(O)

g(3)(0)

— g'?1(0)

aa === g%(0)

correlation function

Figure 6. Steady-state equal-time (a) second-order correlation function g(Z) (0) and (b) third-order
correlation function g(®)(0) versus the detuning A}, /g for different thermal phonon numbers g,
when the optical cavity is weakly driven. (c) The second-order correlation function ¢(?) (0) and third-
order correlation function g(3 (0) versus the thermal phonon number 7y, in the case of two-phonon
resonant driving. The system parameters are y = 0.01x, ¢; = 0.15x and g = 3«.

Note that to obtain the two-phonon blockade effect, the condition w,;, > g > «, ¢y
needs to be satisfied, especially the strong coupling regime g > x. In terms of the experi-
mental prospect, the work in Ref. [29] demonstrates a high-finesse optical cavity with the
decay rate /27t = 5 x 10°Hz and the quadratic optomechanical coupling go/27 = 5Hz.
Recent advances have realized the significant enhancement of the quadratic optomechan-
ical coupling, e.g., in a low-loss optomechanical device [30], in a fiber cavity [47], or in
a photonic crystal optomechanical cavity [48]. The quadratic optomechanical coupling
can be increased three orders of magnitude [30]. Based on this enhancement, the effective
coupling strength ¢ = goa can be much larger than the optical decay rate « for « > 1, e.g,.,
a ~ 10% [30].
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4. Conclusions

We have explored the two-phonon blockade effect in a quadratically coupled optome-
chanical system, where the optical cavity is both driven by a strong pumping field and
a weak driving field. A strong nonlinear interaction between the optical mode and the
mechanical resonator can be induced by strongly driving the optical cavity. The effective
coupling strength is tunable by adjusting the amplitude of the driving field. Based on this
effectively strong nonlinearity, the two-phonon blockade effect can be achieved when a
weak driving field is applied into the optical cavity. By numerically calculating the steady-
state second-order and third-order correlation function, we investigated the statistical
characteristics of phonons. In addition, we studied the influence of the thermal noise on the
achieved two-phonon blockade effect. For comparison, we also studied the case of weakly
driving the mechanical resonator, where the single-phonon blockade is generated, while
the two-phonon blockade can not occur. Our work has potential applications in quantum
information processing and will pave the way for the study of multiphonon quantum
correlation and multiphonon quantum coherent devices.
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