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Abstract: In this work, aiming at the master oscillator of the photoelectron gun with a variable
repetition rate of electron bunches, a picosecond solid-state laser subject to delayed optoelectronic
feedback and RF loss modulation is studied. Loss modulation is performed using an electro-optical
modulator with zero bias at the second accelerator frequency subharmonic. Optoelectronic negative
feedback uses an intracavity electro-optical modulator and a fast high-voltage photodiode mounted
as close as possible to the modulator crystal. An analytical formula is obtained for the pulse duration,
and estimates are given for Nd and Yb based media and L, S, C and X-band used in modern linear
accelerators. Numerical simulation proves that the control is suitable for pulse-repetitive operation.
The proposed approach solves the problem of laser pulse shortening and locking the master oscillator,
and therefore, electron bunches in photoelectron guns, to the high-stable RF generator controlling
accelerator functioning.

Keywords: solid state picosecond lasers; negative optoelectronic feedback; electrooptic modulation;
photoinjectors

1. Introduction

In many fields of science and technology, trains of picosecond pulses play an important
role. One can mention, e.g., the following technological applications: ultrafast laser-material
and tissue processing [1], telecommunication [2], optical clocking [3], etc. As to the trains
consisting of a finite number of picosecond pulses, one should note the problems arising
in electron accelerator technology, i.e., the development of a photoelectron gun for multi-
bunch linear accelerators [4,5]. Such photoelectron guns play an important role in bright
X-ray sources, namely FELs and Thomson generators [6]. Laser pulses repetition rate
should match the frequency of linear accelerator, and the photoelectron gun laser pulses
should coincide with selected maxima of the resonator’s microwave field in GHz range:
1–2 GHz in L-band, 2–4 GHz in S-band [7], 4–8 GHz in C-band, or 8–12 GHz in X-band. In
Thomson sources, picosecond pulses are also used for interaction with electron bunches [8].

For next-generation sources, the minimization of the photoinjector electron bunch
emittance is of great importance [9]. In best photoelectron guns designed for bunch charge
of 1 nC, the emittance is as low as 1 mm·mrad [10]. The solution is to reduce the individual
bunch charge and at the same time to increase the number of bunches in the train by
increasing their repetition rate. For a low-emittance (low-charge) photoelectron gun, the
required laser pulse energy is about 10–100 nJ at 1 µm wavelength.

As to picosecond systems with variable repetition rate ≥ 100 MHz up to 1 GHz, two
works can be mentioned [11,12]. In both of them, the optical parametric oscillator was
synchronously pumped by picosecond pulses of the gain-switched laser diode amplified
by a chain of Yb-doped [11] or Tm-doped [12] fiber amplifiers. One or an integer number
of pulses circulated in the optical parametric oscillator cavity simply by controlling the
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gain-switched laser diode repetition rate without readjusting the parametric oscillator
cavity. The laser system [11] is the closest to fulfilling the requirement of pulse energy up
to 10–100 nJ. It consists of a gain-switched laser diode and a chain of diode-pumped Yb-
doped fiber amplifiers. It delivers 21 ps pulses with average power up to 100 W at a center
wavelength of 1.06 µm. The repetition rate can be varied between 100 MHz and 1 GHz
through the use of an electro-optical modulator pulse-picker. The system did not provide
the required duration of less than 5 ps, and reaching several ps duration would require a
stretcher-compressor technique, which would further complicate the device. Moreover,
when using the quasi-CW laser system to generate electron bunches in a photoinjector, only
a smaller part of the laser pulses would be used.

Aiming at the pulse-repetitive regime suitable for muli-bunch photo-electron guns,
we propose a bulk solid-state laser with pulsed diode pumping and negative feedback
control. The development of powerful and stable picosecond sources of laser pulse trains
with pulse repetition rates higher than the reciprocal cavity round-trip time Tr requires
the development of new approaches in radiation temporal structure organization that
would provide powerful short pulses with controllable timing for synchronization in GHz
frequency range. This range is far from the fundamental frequency of powerful solid-state
lasers but convenient to match up directly to the RF clocks. The solution to this problem
proposed in this paper is based on harmonic mode-locking (HML) when not one but several
pulses circulate in a laser cavity. The HML term was introduced in the mid-60s by the
authors who investigated the process of generating several pulses in the cavity during
active mode-locking using an intracavity phase modulator [13]. HML enhances the output
pulses repetition rate from the fundamental frequency ( fc) with a typical level of 100 MHz
up to the level of 1–20 GHz by generating higher harmonics, higher than 200th harmonics
in some papers [14].

Different HML methods were elaborated up to now in fibre lasers. In [15,16], soliton
passive HML was obtained in an Er-doped fibre ring laser. In [17], HML was achieved
by dissipative solitons production also in Er-doped fibre laser. Active HML was demon-
strated in undoped fibre laser based on semiconductor optical amplifier [18] and the same
operational mode was realized in Er-doped fibre laser [19]. In both papers, LiNbO3 electro-
optic modulator was used, and laser pulses repetition rate was changed by varying the
modulator working frequency at fixed pump power. The highest 928th harmonics of fc cor-
responding to a frequency of 22.2 GHz was achieved in [15]. HML pulses energy obtained
in above-mentioned papers was at the level of 1–10 pJ for soliton operational mode and
hundreds of pJ for dissipative operational mode.

Much higher energy pulses needed for photoelectron gun operation (10–100 nJ at
the wavelength of 1 µm) can be achieved using solid-state bulk lasers pumped by an
array of laser diodes [20]. A frequently occurring method of achieving HML in such types
of lasers is the implementation of electro-optic modulation [21–23]. Electro-optic phase
modulation based on LiNbO3 crystal was successfully used in Nd:YAG laser to obtain quite
short picosecond pulses at the fundamental frequency of 235 MHz [24]. To obtain higher
repetition rates, LiNbO3 crystal was placed in a resonant microwave cavity. In this way,
22d harmonics (1.76 GHz) was achieved in [21], 84th harmonics (19.97 GHz) was obtained
in [22].

HML mechanism essentially different from those given above was experimentally
realized in [25]. Up to 4th harmonics was obtained in Nd:YLF laser pumped by laser
diode array with the power of 70 W. HML was achieved using intracavity Pockels-cell
governed by fast optoelectronic negative feedback (NFB) with adjustable delay. Later the
concept of the self-starting harmonic mode-locking (SSHML) by electro-optical feedback in
a solid-state laser was studied in [26]. Such an operational mode with m equidistant pulses
in a laser cavity is controlled by a delayed single negative electro-optical feedback. It was
shown that the analytical consideration of the steady-state generation and the numerical
simulation of SSHML dynamics starting from the spontaneous emission noise level provide
the complete description essential for applications.
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We have also previously proved the unique ability of the electro-optical negative
feedback circuit to select a single pulse on the axial interval synchronized with an external
high-frequency harmonic signal [27]. In this case, in addition to synchronization, the
modulator makes it possible to significantly reduce the pulse duration, to make it close to
optimal for photoelectron injector.

In this paper, a new design of a picosecond laser is proposed for a photoelectron gun of
a multibunch linear accelerator. It is based on the idea to combine optoelectronic negative
feedback HML and RF amplitude modulation (L, S, C and X-band used in modern linear
accelerators). The master oscillator generates a desired number (from 2 to more than 10)
of synchronized pulses during one round trip of the laser cavity with the total number of
up to 106 in the train. The proposed solution will advance the development of the new
generation of X-ray sources, i.e., laser-electron X-ray generators and FELs, by reducing the
emittance of the photoelectron gun down to 0.2 mm·mrad.

2. Solid-State Laser with Electro-Optical Control and RF Modulation

The scheme of the proposed master oscillator is shown in Figure 1. Two highly
reflective mirrors M1 and M2 form the laser resonator. Negative feedback employs an
intracavity electro-optical modulator EOM1 which includes a polarizer, an electro-optical
crystal, and an optoelectronic control RC-circuit. The current source of the circuit is a fast
high-voltage photodiode attached directly to the electro-optical crystal without additional
amplification, which is the unique feature of our approach. The capacity C of the control
circuit is the capacity of the electro-optical crystal. A discharge resistor R controls the time
constant τ = RC of the feedback circuit (see Figure 2). An intracavity beam-splitter is
installed between EOM1 and the laser active medium. The reflection from the beam-splitter
is utilized in the feedback loop, while another reflection is the laser output. If the feedback
loop utilizes the reflection from the EOM1 polarizer, then the stability region narrows
significantly [28], which means a much lower operational gain level. An aperture selects
the fundamental mode.

Delay

EOM
1

Output

RF 

oscillator

Active mediumPolarizer
Beam
splitter

Photodiode

M1 M2Aperture EOM
2

Prism

Figure 1. The simplified scheme of a master picosecond oscillator: a delayed-feedback-controlled
harmonically mode-locked laser with external RF modulation. M1, M2 are resonator mirrors; EOM1

is electro-optical modulator for SSHML, EOM2 is the electro-optical modulator for synchronization,
delay Td is set to ' (1− 1/m)Tr by shifting the prism.

The second RF-driven electro-optical modulator EOM2 is installed at a distance from
mirror M2 that is a multiple of half the modulation period. The SSHML operation occurs in
some separate intervals on the delay scale. In the experiment [25], the delay time TdL was
adjusted to obtain the regular train of picosecond pulses on the oscilloscope up to 4 pulses
per cavity round-trip time by moving the delay line prism. For this purpose, this prism
was mounted on a micrometric translation stage, which in turn was mounted on an optical
rail to move into these separate delay intervals.
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Figure 2. Electro-optical control circuit and signals: (a) equivalent circuit, U0 is EOM1 bias voltage,
Ud is photodiode bias voltage, R is a discharge resistor; ballast resistors R1 and R2 connect the voltage
sources Ud and U0 to the circuit, C is EOM1 capacity, C1 and C2 are capacitors such that C1 � C2,
C2 > C; (b) photocurrent pulse; (c) EOM1 control voltage, horizontal scale is 5 ns/div, vertical scale
is 1 V/div which corresponds to the modulator control voltage of 250 V/div.

Let us consider the steady SSHML regime with m equal and equidistant pulses in
the cavity (Figure 3). It is quite similar to the case of the self-mode-locking with a single
pulse. We denote by Td the delay between the laser pulse intensity maximum and the
maximum of the photocurrent that is generated by the part of the same pulse deflected
into the feedback loop. Each of the pulses passes through the EOM1 close to the moment
of its maximum transmission. At this moment, C discharges to a minimal voltage. Below
we refer to the case of exact match of the pulse passage and the maximum transmission
as the maximum transmission case. Since the discharge duration is limited to the time Tr/m,
which is interpulse interval, we obtain that TdL = (1− 1/m)Tr + ∆T, where ∆T is the time
between the maximum EOM1 transmission and the maximum of the photocurrent pulse.
To keep the EOM1 transmission modulation depth constant, one should decrease the value
of τ = RC inversely proportional to m. The maximum number of pulses m is limited by the
photodiode response time τF (τF is the FWHM of the photodiode time response function,
see formula (2)). The multiple of Tr added to the feedback delay retains the conditions for a
certain operational mode.

DT

I

P
1

i

U
1

0 T
r

T
d

 = (1 - 1/m)T
r 

+ DT 

I

P=P
1
P
2

i

U
1

0 T
r

U
2

Figure 3. SSHML operational mode with m pulses in the cavity: single NFB action (left) and combined
action of NFB and RF modulation. Temporal profiles of laser intensity I(t), photocurrent i(t), EOM1

control voltage U1(t), EOM1 transmission P1(t), EOM2 control voltage U2(t), total transmission P(t).
Td is the feedback delay, Tr is the cavity round-trip time.

EOM2 is used to synchronize the master oscillator to the RF clock of the accelerator
system of the photoelectron injector. It operates at zero bias and is driven by a subharmonic
of the accelerating frequency. The transmission of EOM2 has several maxima at the time
interval Tr/m. Each maximum corresponds to a zero of the periodic accelerating field of the
photoelectron gun. Compared to SSHML using a single EOM1, the combined action of two
modulators provides more flexible control over the output radiation parameters. It allows
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synchronizing laser pulses with the accelerator clock, controlling the pulse repetition rate
and duration.

3. Numerical Model

Based on the approach proposed in [29], let us trace the evolution of the laser radiation
during a round-trip along the cavity.

3.1. Loss and Shaping in EOMs
3.1.1. EOM1 for SSHML

Photocurrent id(t) in EOM1 control circuit is calculated as the convolution of the laser
intensity I(t) with the photocurrent response function F(t) taking into account feedback
loop sensitivity k and optical delay Td

id(t) = k
∫ +∞

0
I(t− t′ − Td)F(t′)dt′. (1)

For estimation, it is convenient to assume that F(t) is Gaussian, i.e.,

F(t) = exp(−4 ln 2 t2/τ2
F). (2)

Laser radiation intensity is

I(t) = A(t)A∗(t), (3)

where A∗(t) is complex conjugate of the amplitude A(t). Expression (3) describes the unit
system we are working in.

Since the control circuit includes the photodiode as a current source, the control voltage
U(t) applied to the electro-optic crystal is calculated from

dU(t)
dt

+
U(t)
RC

=
id(t)

C
. (4)

Then EOM1 transmission is

P1(t) = cos2
(

π

2
· U(t) + U0

Uλ/4

)
, (5)

where U0 is the static bias voltage and Uλ/4 is the Pockels cell quarter-wave voltage. If the
control is designed according to the principle of negative feedback, then P1(t) decreases
with U(t) and with I(t).

3.1.2. EOM2 for Synchronization with Accelerator

In the case of EOM2 controlled by RF oscillator, the transmission is

P2(t) = cos2
(

π

2

(
Um

Uλ/4
· sin(

2π

T
t) +

Um0

Uλ/4

))
, (6)

where Um is the amplitude of harmonic voltage and Uλ/4 is the Pockels cell quarter-wave
voltage, T is the period of RF oscillator signal. If a = Um

Uλ/4
< 200%, bias voltage Um0 = 0

and T = 2Tr/k, then the transmission of the modulator has k equidistant maxima (equal
to 1) per resonator round-trip time Tr. Figure 4 shows the modulator transmission P2(t)
at a = 50, 100, 150, 200%, k = 2 and two values of Um0/Uλ/4 for comparison. In the case
of nonzero bias voltage, maxima of P2(t) shift and are not equidistant. If Um0 = 0, the
transmission modulation is periodic at double frequency of external RF oscillator.
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Figure 4. Transmission P2(t) for bias voltage Um0/Uλ/4 = 0 (left) and 0.2 (right) at a =

50, 100, 150, 200%, k = 2. Time t is in units of the resonator round-trip time Tr (color online).

3.2. Amplification in the Active Medium

The radiation that passed the polarizer of EOM1 and the beam-splitter is further
amplified twice in the active medium at Tr (on the way to the mirror M2 and back) with
(amplitude) gain coefficient g at the central wavelength. We consider the feedback to be
sufficiently sensitive so that the gain saturation is low. To describe the laser radiation
passage through the active medium, we follow the approach of [30], which is also valid
for high gain levels. The relation between outcoming radiation amplitude Aout(t) and
incoming radiation amplitude Ain(t) after two passes through the active medium is:

Aout(t) =
exp

( 3
4 g
)

2
√

πτa
√

g
·
∫ ∞

−∞
Ain(t′) exp

(
t− t′

2τa
− (t− t′)2

4gτ2
a

)
dt′, (7)

where τa = (π∆νL)
−1, ∆νL is the active medium gain linewidth.

3.3. Spontaneous Emission of the Active Medium

At each round-trip, spontaneous emission noise N(t) adds up to the laser radiation
field. We assume that the longitudinal diode pumping focuses on the fundamental mode
volume with waist w. Then the total average noise intensity is

Inoise = hν
gλ2

π2w2σTa
, (8)

where hν is the photon energy, λ is the radiation wavelength, σ is the amplification cross-
section, Ta is the upper state lifetime.

3.4. Passive Loss

Assuming that the beam splitter reflection coefficient is S, a linear decrease in intensity
during each round-trip is described by a factor of (1− S)2. The output radiation reflects
from the beam-splitter after two passages through the active medium.
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3.5. Final Form for Amplitude Transformation

By collecting all terms that describe the radiation evolution, we can write the final
form of amplitude transformation from round-trip K to round-trip (K + 1) as

AK+1(t) = (1− S)
√

P(t)
exp g

2
√

πτa
√

g
×
∫ ∞

−∞
AK(t′) exp

[
−
(

t− t′ − τag
2τa
√

g

)2
]

dt′ + NK(t), (9)

where
P(t) = P1(t)P2(t). (10)

The convolution term in expression (9) determines the laser pulse elongation, while the
shape of P(t) in the vicinity of its maximum determines the pulse shortening. By shifting
the feedback delay, the behavior of P(t) at the time interval of Tr can be adjusted towards
the appearance of several maxima and thus for the generation of several laser pulses per Tr.

4. Steady-State Analysis

The approximation of P(t), AK and AK+1 by Gaussian functions [31] allows to find
the solution of Equation (9) by direct substitution. We obtain the laser pulse duration under
the combined action of NFB and RF modulation:

τLM =

√
8 ln 2
π∆ν

4

√
−gPmax

P′′ + PmaxP′′2
(11)

Using the laser pulse duration τL in the maximum transmission case without modula-
tion (as derived in [26]):

τL =
(

2
√

ln 2
π

)3/4 (τF ·RC)1/4

∆νL
1/2

(
ln G

P0(1−S)2

) 1
4 ·

·
[(

2
π arccos

√
P0
G −

U0
Uλ/4

)√
G
P0
− 1
]− 1

4 [
ln
(

2
√

ln 2√
π

(exp Tr
mRC − 1) RC

τF

)]− 1
8

(12)

and modulation-determined duration (see Appendix A)

τM =
2
π

√
ln 2
π

(
T

∆ν
· Uλ/4

Um

)1/2(
ln

G
P0(1− S)2

)1/4
, (13)

where
G = P0(1− S)2 exp(2g) (14)

is the total gain, and

P0 = cos2
(

π

2
U0

Uλ/4

)
, (15)

after some transformations we obtain the final formula for laser pulse duration:

τLM =
τLτM

4
√

τ4
M + τ4

L

. (16)

Formulas (12)–(15) specify the set of parameters that determine the pulse duration
τLM. These include the characteristics of the active media, RF modulator, laser resonator
and the feedback control circuit. In the case of strong modulation the most influential
parameters are amplitude voltage and the gain linewidth, as τLM is inversely proportional
to their square root. The pulse duration τLM is proportional to the square root of RF signal
period, while the other factors are slowly varying functions.
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Without the RF modulation, the time interval ∆T between the EOM transmission
maximum and the photocurrent maximum was [26]:

∆TL =
τF

2
√

ln 2

√√√√ln

(
2
√

ln 2RC
τF

(exp(Tr/(mRC))− 1)√
π

)
. (17)

The delay time for the maximum transmission case with m pulses in the laser cavity is

TdL = (1− 1/m)Tr +
τF

2
√

ln 2

√√√√ln

(
2
√

ln 2RC
τF

(exp(Tr/(mRC))− 1)√
π

)
. (18)

Laser pulse duration τLM versus G in the SSHML regime with modulation for m = 2
pulses per round-trip time is presented in Figure 5 for a set of initial voltage U0 and
modulation depth a values. In the absence of modulation, the minimal laser pulse duration
is predicted for U0 = 0. With weak modulation, the laser pulse duration decreases with
G. For a > 5.25%, the dependence flips to the opposite: τLM grows with G. The minimal
values of laser pulse durations are predicted for a = 150%.

Figure 5. Laser pulse durations τL and τLM versus G in the SSHML regime with modulation and
with m = 2 pulses per round-trip time Tr = 12 ns: formula (solid curves) and numerical simulation
(points) (color online).

Pulse duration values τLM estimated for typical Nd- and Yb-based active media with
modulation depth a = 25%, 50%, 100%, 150% are presented in Tables 1 and 2.
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Table 1. Pulse duration τLM estimated for typical Nd-based active media [32] with modulation
depth a = 25%, 50%, 100%, 150%. λ is wavelength, σe is emission cross-section, and ∆ν is emission
bandwidth. G = 1.5, S = 0.3.

Active Media λ, nm σe, 10−20 cm2 ∆ν, THz
τLM , ps

1 GHz 3 GHz 5 GHz 10 GHz

Nd:YAG 1064.1 88 0.12 71, 54, 45, 32, 35, 25, 25, 18,
39, 32 23, 19 18, 14 13, 10

Nd:YLF E⊥c 1053 12 0.42
38, 29, 24, 17, 19, 13, 13, 9.5,
21, 17 12, 10 9.5, 7.7 6.7, 5.5

E‖c 1047 18 0.48
36, 27, 23, 16, 18, 13, 13, 8.9,
20, 16 11, 9.4 8.9, 7.2 6.3, 5.1

Nd:YAP 1079.5 37 0.60
32, 24, 20, 14, 16, 11, 11, 7.9,
18, 14 10, 8.4 7.9, 6.5 5.6, 4.6

Nd:BEL E‖X 1069.8 15 0.90
26, 20 16, 12 13, 9.2 9.2, 6.5
14, 12 8.4, 6.8 6.5, 5.3 4.6, 3.7

E‖Y 1079 10 3.00
14, 11 9.0, 6.5 7.1, 5.0 5.0, 3.6
7.9, 6.5 4.6, 3.7 3.6, 2.9 2.5, 2.1

Nd glass LG-760 1054 4.3 5.28
11, 8.2, 6.8, 4.9, 5.3, 3.8, 3.8, 2.7,
5.9, 4.9 3.5, 2.8 2.7, 2.2 1.9, 1.5

LG-680 1061 2.7 7.41
9.1, 6.9, 5.7, 4.1, 4.5, 3.2 3.2, 2.3,
5.0, 4.1 2.9, 2.4 2.3, 1.8 1.6, 1.3

Table 2. Pulse duration τLM estimated for typical Yb-based active media [33] with modulation depth
a = 25%, 50%, 100%, 150%. λ is wavelength and ∆ν is emission bandwidth. G = 1.3, S = 0.8.

Active Media λ, nm σe, 10−20 cm2 ∆ν, THz
τLM , ps

1 GHz 3 GHz 5 GHz 10 GHz

Yb:YAG 1031 2.1 2.5
21, 16, 13, 9.4, 10, 7.3, 7.3, 5.2,
11, 9.4 6.7, 5.4 5.2, 4.2 3.7, 3.0

Yb:KGW 1023 2.8 7.2
13, 9.4, 7.8, 5.5, 6.1, 4.3, 4.3, 3.0,
6.8, 5.5 3.9, 3.2 3.0, 2.5 2.2, 1.8

Yb:CaF2 1047 0.25 8.2
12, 8.8, 7.3, 5.2, 5.7, 4.0, 4.0, 2.9,
6.3, 5.2 3.7, 3.0 2.9, 2.3 2.0, 1.6

Yb:glass 1020 0.05 10
11, 8.0, 6.6, 4.7, 5.1, 3.7, 3.7, 2.6,
5.7, 4.7 3.3, 2.7 2.6, 2.1 1.8, 1.5

Yb:BOYS 1025 0.3 17
8.2, 6.1, 5.1, 3.6, 3.9, 2.8, 2.8, 2.0,
4.4, 3.6 2.6, 2.1 2.0, 1.6 1.4, 1.1

Yb:CALGO 1050 0.8 22
7.2, 5.4, 4.5, 3.2 3.5, 2.5, 2.5, 1.7,
3.9, 3.2 2.2, 1.8 1.7, 1.4 1.2, 1.0

5. Numerical Simulation Results

Numerical simulation procedure allows us to investigate the laser operation from
the self-start and remains valid for pump power levels sufficient for nonlinear dynamics
manifestation. To study the possibility of locking the laser directly to the high-stable RF
oscillator, numerical simulation of the laser operation was performed up to the frequency
of 10 GHz.

The dynamics of laser in the regime of RF modulation was simulated using the
following parameters: 0.1 ps time resolution, total calculation time of 2× 105Tr, modulation
period Tr/60 (corresponds to the frequency of 5 GHz), constant gain 50% above threshold
(G = 1.5). Other parameters are listed in Table 3. Numerical simulation showed that the



Photonics 2022, 9, 106 10 of 18

steady-state pulse duration is in a good agreement with the analytical estimates even for
the case of weak modulation and excellent for the strong one (as shown in Figure 5). This
holds true for all m = 2, . . . 12.

Table 3. Numerical simulation parameters.

Parameter Notation Value

Laser cavity round-trip time Tr 12 ns
Active media Nd:YAG

Emission bandwidth ∆ν 0.12 THz
Beam splitter reflection coef. S 0.3

Photodiode response time τF 500 ps
Modulator bias voltage U0/Uλ/4 0

Total gain G 1.5

Table 4 presents the values of laser pulse duration τLM at various m and a in the case
of Nd:YAG active media. τLM decreases with a but is constant over the SSHML intervals of
Td. The width of the locking intervals decreases with m. At m = 12, the width is only 10 ps
which still remains easy to handle experimentally.

Table 4. Laser pulse durations τL and τLM in the SSHML regime with and without modulation
(numerical simulation).

m RC, ps [Tdmin ; Tdmax ], ps τL, ps
τLM , ps, at given a

25% 50% 100% 150%

2 6000 [6350; 6550] 81
3 4000 [8330; 8520] 75
4 3000 [9340; 9520] 75
5 2400 [10,040; 10,080] 79 35 25 17 14
6 2000 [10,410; 10,470] 75

10 1200 [11,140; 11,180] 68
12 1000 [11,330; 11,340] 68

Figures 6 and 7 show the evolution of laser radiation fine time structure in the case
of m = 12 without RF modulation and with a = 150% modulation depth. As can be seen
in plots of macroparameters (Figure 8), the variation of τLM is smaller with a = 150% and
the build-up time of τLM is by an order of magnitude shorter than in the case without
RF modulation. The build-up of energy takes comparable times not longer than 104Tr in
both cases.
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Figure 6. Laser radiation temporal fine structure calculated numerically at modulation depth a = 0%.
Td = 11,330 ps. Other simulation parameters are given in Table 3.

x

x

x

,,

Figure 7. Laser radiation temporal fine structure calculated numerically at modulation depth a =

150%. Td = 11,330 ps. Other simulation parameters are given in Table 3.
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,

Figure 8. The build-up of laser radiation energy (left) and laser pulse duration (right) at a = 0 and
150%. Td = 11,330 ps. Other simulation parameters are given in Table 3.

6. Discussion

Let us discuss the estimates of τLM listed in Tables 1 and 2 where values not greater
than 5 ps are underlined as suitable for efficient X-ray generation. The threshold value of
τLM = 5 ps was selected based on the condition for the maximum accelerator beta-function
β [34]:

cτLM < β =
σ2

e γ

ε0
, (19)

where c is the speed of light, γ is the relativistic factor, and ε0 is the normalized emittance of
electron bunch. Thus, the selected sets of laser parameters allow highly efficient interaction
of light pulse and electron bunch focused by a magnetic lens into a spot with a transverse
size σe.

Figure 9 presents the dependence of the transverse size on the normalized emittance for
the interaction of 1 µm radiation and its second harmonic under the conditions for medical
range X-ray generation [35]. Based on the data of Table 1 we conclude that the proposed
control method is inefficient in L-band accelerators. Lasers based on Nd:YAG also do not
satisfy the condition in all bands. Nd:glass lasers are acceptable but do not provide the
required repetition rate. Most of the Yb-based media fit the above criterion. However, it is
preferable to choose media with larger σe because they provide higher gain levels.

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Emittance ε0, mm⋅mrad

0

2

4

6

8

10

σe, μm
γ
50
100

Figure 9. Transverse size of electron bunch in a focal spot σe vs the normalized emittance ε0 at
relativistic factor values γ = 50 and 100.
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Numerical simulation proves that the combined action of RF modulation and SSHML
operation is constructive for all m under consideration. With significant amplitude modula-
tion, the laser pulse duration does not depend on m and Td inside each locking interval.
Such behaviour differs from previously encountered for (unmodulated) SSHML when
the shortest pulse duration occurred at minimum delay time and gradually increased
over the rest of the locking delay interval for a certain m [26]. Required precision of mm
level in the delay line, which is rather loose and does not require the application of fine
mechanics, is another advantage of the proposed design. Note that the pulse duration
without modulation (∼70–80 ps) is less than half of the RF signal period. It allows the
light pulse to be synchronized with the signal, precisely tied to a single RF pulsation. The
necessary condition to implement the proposed concept is the NFB delay in the range of
the efficient SSHML in the absence of RF modulation. The proposed control simultaneously
shortens the laser pulse and locks the master oscillator to the accelerator. According to the
simulation results presented in Table 4, in the case of Nd:YAG active media, τLM drops
to 14.0 ps at 150% modulation depth. Thus it ensures further efficient utilization of laser
pulses for bunch generation in photoelectron guns and efficient bunch interaction, e.g.,
with laser pulses for X-ray generation in Thomson sources.

Numerical modelling made it possible for each value of m to study the manifestations
of nonlinear dynamics inherent in delayed NFB control. The limiting value Gmax at which
the envelope of the pulse train remains unperturbed, monotonically decreases from a value
of 3.4 (at m = 2) to 3.0 (at m = 12) when U0 = 0. An increase in U0 leads to an expansion of
the range of possible gains. Thus, the transition to U0 = 0.5 leads to the transformation
of Gmax from a value of 6.4 (at m = 2) to 4.4 (at m = 12). The simulation result showed
that operational mode at the pre-threshold values makes it possible to expand the range of
delays providing for each m the generation of synchronized pulses. In addition, it reduces
the build-up time of the SSHML operation. In the case of Yb-based active media, due to the
magnitude of the stimulated emission cross-section, we are limited in choosing the G value.
For this reason, the SSHML laser pulse duration and output energy for Nd-based active
media have lower sensitivity to the gain level than Yb-based active media (see Figure 5
and [26]). Our study shows that high tolerance to the delay mismatch and acceptable build-
up time make the laser simple to operate in a pulsed repetitive mode. Thus the proposed
laser is an attractive platform for further multi-bunch photoelectron gun development.

The value of Tr = 12 ns is chosen intentionally. In this case, with the 5 GHz oscillator
we obtain k = 60 oscillation maxima per Tr. Considering the divisors of k = 60, we come
to the conclusion that in such a resonator with the help of a delay in the NFB circuit, it
is possible to realize the generation of light pulses synchronized with the RF oscillator
with the following periods: Tr/2, Tr/3, Tr/4, Tr/5, Tr/6, Tr/10, Tr/12, Tr/15, Tr/30, Tr/60.
Thus, it becomes possible to create a research master oscillator for a photoelectron gun with
the charge of bunches and their repetition rate varied over a wide range. The transition
to a frequency of 10 GHz adds the values Tr/40 and Tr/120 to the set of possible bunch
repetition periods. When the RF oscillator is operating at a frequency of 1 GHz, the choice
of the repetition period is limited to Tr/2, Tr/3, Tr/4, Tr/6, Tr/12. With 3 GHz modulation,
the mentioned set of 11 periods requires an increased value of Tr = 20 ns. Further advance-
ment of pulse repetition rate into the GHz range requires a shorter photodiode response
time than τF = 500 ps considered in the simulation. Multi-gigahertz pulse repetition rate
can be implemented in fiber lasers with low-voltage Mach-Zehnder modulators and ultra-
fast InGaAs p-i-n photodiodes. In this case, the application of the proposed laser design
extends from the accelerator technology into information encryption and other problems of
modern photonics.

The advantages of the proposed system compared to other variable repetition-rate
oscillators [11,12] are high power and less than 5 ps laser pulse duration. In our design,
the intracavity modulator is directly driven by a highly-stable RF oscillator. The proposed
system does not include a pulse-picker but is based on feedback control and generates
the required number of pulses only due to the choice of feedback delay. The regime of
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harmonic mode-locking is organically tied to the accelerating frequency, and the realizable
repetition rates are its subharmonics. Our system is optimal for bulk laser, and the power
is not too high to require a stretcher-compressor using fiber amplifiers like in systems with
a fiber oscillator or a semiconductor laser. The proposed approach is more suitable for the
pulse-repetitive operation.

7. Conclusions

A new concept of a picosecond master oscillator for photoelectron guns suitable
for pulse-repetitive operation with variable electron bunch repetition rate was presented.
The proposed system generates m equidistant pulses per cavity round-trip time through
the electro-optical negative feedback with a variable delay. The pulses are synchronized
and shortened using the additional modulator controlled by the RF signal of the second
subharmonic of the accelerating voltage. An analytical formula for the short laser pulse
duration was derived. In the limit of strong RF modulation, the pulse duration depends on
the active media bandwidth, RF modulation depth, and RF frequency. Pulses not longer
than 5 ps can be obtained using some broadband Nd media and all considered Yb media.
Wide stability region, weak sensitivity to gain variation, high tolerance to the feedback
delay mismatch and fast build-up make the system suitable for pulsed-repetitive operation
in the next-generation X-ray sources.

The resonator configuration with round-trip time Tr equal to 60 periods of accelerator
field is proposed. In such a laser, by changing the feedback delay time, it is possible to
implement the operational mode with the number of pulses: 1; 2; 3; 4; 5; 6; 10; 12; 15; 20; 30
and 60 at the resonator round trip time. With the considered photodiode response time
500 ps, a set of first 8 repetition rates (up to 1 GHz) is available. It brings the possibility
to further optimize the performance of a Laser-Electron X-ray generator. With ultrafast
photodiodes, e.g., in fiber systems, the set of laser pulse repetition rates potentially extends
to 12 values (up to 10 GHz) in one configuration of the resonator.
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Appendix A. Laser Pulse Duration in the Case of SSHML with RF Modulation

At the first step we obtain the formula for laser pulse duration in the case of arbi-
trary periodic transmission function. Let a Gaussian pulse circulate in a laser cavity with
periodical modulation of losses. The pulse’s electrical field can be written as:

EK(t) = AK exp(−αKt2 + iω0t). (A1)

EOM intensity transfer function in the vicinity of its maximum (t = 0) can be approxi-
mated by Maclaurin series P(t) ≈ P(0) + P′′(0)t2/2, taking into account that P′(0) = 0. Let
us denote P(0) by P0 and P′′(0) by P′′. Using P(t) = exp(ln(P(t)) and ln(1 + x) ≈ x− x2

2
we obtain

P(t) ≈ P0 exp
(

P′′

P0

)
t2

2
. (A2)

Such a representation allows to work in terms of Gaussian functions to find the solution
of Equation (9). The substitution of P(t), AK and AK+1 into (9) gives

AK+1 exp(−αK+1t2) = (1− S)
√

P0
exp g

2
√

πτa
√

g
· exp

(
P′′

P0

t2

4

)
·

·
∫ ∞

−∞
AK exp(−αKt′2) exp

(
−
(

t− t′ − τag
2τa
√

g

)2
)

dt′ (A3)

Using the well-known formula for convolution of two Gaussian functions

conv(e−a1t2
, e−a2t2

) =

√
π exp

(
− a1a2t2

a1+a2

)
√

a1 + a2
, (A4)

we obtain the relations that include amplitudes and pulse duration:

AK+1 = AK(1− S)
√

P0
exp g

2
√

πτa
√

g

2
√

π exp
(
− αK t2

4αK gτ2
a +1

)
√

4αK + 1
gτa2

(A5)

and

exp(−αK+1t2) = exp
(

P′′

P0

t2

4

)
exp

(
− αKt2

4αKgτ2
a + 1

)
, (A6)

which in steady-state conditions (Ak+1 = Ak, αK+1 = αK) gives

AK+1 = AK(1− S)
√

P0
exp g
τa
√

g
1√

4αK + 1
gτ2

a

(A7)

and

αK = −P′′

P0
+

αK

4αKgτ2
a + 1

. (A8)

Using the relation αKτ2
a � 1, we obtain

αK =

√
− P′′

16P0τ2
a g

. (A9)

Pulse duration in intensity representation is

τL =

√
2 ln 2

αK
=
√

8 ln 2 4

√
−P0τ2

a g
P′′

=

√
8 ln 2
π∆ν

4

√
−g

P0

P′′
. (A10)
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Now we consider the combined action of NFB and RF modulation. In this case, the
transmission function is

P(t) = P1(t)P2(t), (A11)

where P1(t) = cos2
(

π
2 ·

U(t)+U0
Uλ/4

)
and P2(t) = cos2

(
π
2

Um
Uλ/4
· sin( 2π

T t)
)

.

P′ = P′1(t)P2(t) + P1(t)P′2(t), (A12)

P′′(t) = P′′1 (t)P2(t) + 2P′1(t)P′2(t) + P1(t)P′′2 (t). (A13)

In maximum

τLM =

√
8 ln 2
π∆ν

4

√
−gP1max

P′′ + P1max P′′2
(A14)

P′2(t) = − sin
[

π
U0

Uλ/4
sin

2π

T
t
]

π2

T
U0

Uλ/4
cos

2π

T
t (A15)

P′′2 (t) = − cos
[

π
U0

Uλ/4
sin

2π

T
t
]

π4

T2

(
U0

Uλ/4

)2
· 2 cos

2π

T
t. (A16)

In maximum

P′′2 (t) = −
2π4

T2

(
U0

Uλ/4

)2
. (A17)

Modulation-determined duration is

τM =

√
8 ln 2
π∆ν

4

√
−g
P′′2

(A18)

τM =

√
8 ln 2
π∆ν

4

√
gT2

2π4

(
Uλ/4

U0

)2
, (A19)

τM =
2
π

√
ln 2
π

(
T

∆ν
· Uλ/4

Um

)1/2(
ln

G
P0(1− S)2

)1/4
, (A20)

where
P0 = cos2 πU0

2Uλ/4
(A21)

and
g =

1
2

ln
G

P0(1− S)2 . (A22)

After some transformations we obtain the final formula for laser pulse duration:

τLM =
τLτM

4
√

τ4
M + τ4

L

, (A23)

where τL is the laser pulse duration in the maximum transmission case without modulation
(as derived in [26]):

τL =
(

2
√

ln 2
π

)3/4 (τF ·RC)1/4

∆νL
1/2

(
ln G

P0(1−S)2

) 1
4 ·

·
[(

2
π arccos

√
P0
G −

U0
Uλ/4

)√
G
P0
− 1
]− 1

4 [
ln
(

2
√

ln 2√
π

(exp Tr
mRC − 1) RC

τF

)]− 1
8 .

(A24)
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