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Abstract: A technique to transform the waveform of a 14.4 keV photon (time dependence of the
photon detection probability or, equivalently, the intensity of the single-photon wave packet) into
a regular sequence of short, nearly bandwidth-limited pulses with a controlled number of pulses
is proposed. It is based on coherent forward scattering of single X-ray photons from a synchrotron
Mössbauer source (SMS) in an optically thick, vibrating, recoilless 57Fe resonant absorber. The
possibility of compressing the waveform of an SMS photon into a single short bell-shaped pulse is
predicted. The experiment is proposed for compressing a 100 ns duration 14.4 keV single-photon
wave packet produced by SMS at the European Synchrotron Radiation Facility (ESRF) into a single
bell-shaped pulse of less than 20 ns duration and more than twice the peak intensity. Such single-
photon coherent pulses are promising for applications in the fast-developing field of X-ray quantum
optics, including possible implementation of quantum memory.

Keywords: X-ray photons; synchrotron Mössbauer source; pulse compression

1. Introduction

The methods of generation of coherent electromagnetic radiation in the form of a
single short pulse or a given number of pulses in various spectral ranges from terahertz
up to X-rays have been intensively developed during the last decades. In the X-ray range,
radiation pulses with the photon energy of 14.4 keV find numerous applications owing to
the availability of sources of such radiation and the variety of media in which 57Fe nuclei
resonant to 14.4 keV photons can be imbedded [1–4]. The 14.4 keV pulses are typically
generated by the radioactive 57Co nuclide and synchrotrons after proper narrowing of
extremely broadband X-ray bursts emitted from the synchrotron storage ring [3,4]. The
main feature of both types of sources is normally the emission, on average, of less than one
photon per pulse duration. In other words, such pulses are single-photon pulses. Their
spectral and temporal characteristics are obtained as a result of multiply repeated detection
of single photons.

In the case of a 57Co radioactive source, the stochastic emission of a 122 keV photon
precedes an emission of a 14.4 keV photon [4]. Therefore, the measurement of the temporal
characteristics of the 14.4 keV single-photon pulse begins from the moment of detection
of a 122 keV photon (which can be assumed as t = 0). This detection event indicates that
some 57Co nucleus of the source has radioactively decayed and converted into a 57Fe
nucleus in the excited energy state of the 14.4 keV quantum transition, making possible the
emission of the 14.4 keV photon. Then, the time interval that has elapsed from the moment
when the emission of the 14.4 keV photon became possible (t = 0) to the moment of its
detection is measured. This procedure is repeated many times. As a result, the dependence
of the number of detected 14.4 keV photons on the time elapsed since t = 0 (or the time
dependence of the 14.4 keV photon detection probability) is measured. The whole set of the
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14.4 keV photon detection moments forms a single-photon wave packet or a single-photon
pulse. The measured time dependence of the 14.4 keV photon detection probability is the
photon waveform that is proportional to the intensity of the single-photon wave packet
(single-photon pulse).

In the case of a synchrotron-based source of the 14.4 keV photons, the emission of the
14.4 keV photon becomes possible starting from the moment of emission of an X-ray pulse
from the synchrotron storage ring, which defines t = 0 [3]. Otherwise, the waveform of the
photon is measured in the same manner as in the case of the radioactive source.

The measurement of the spectral characteristics of the 14.4 keV single-photon pulse
from both types of sources is similar to that discussed above and is based on the multiply
recorded carrier frequency of the detected photons. The result is the dependence of the
number of detected photons in a given frequency bin on the bin frequency or, equivalently,
the frequency dependence of the photon detection probability, or the squared spectral
amplitude of the single-photon pulse.

The 57Co source during recoilless (Mössbauer) emission produces the 14.4 keV coher-
ent bandwidth-limited single-photon exponential pulse. Its full duration at half maximum
(FDHM) is about 98 ns. The main feature of this pulse is the stepwise front edge corre-
sponding to the Lorentzian spectral contour. When such a pulse propagates through the
resonant recoilless (Mössbauer) medium, its front edge does not change. Such a front
edge can be neither stored in the nuclear coherence nor reshaped by the medium. This
restricts applications of the Lorentzian single-photon pulses. A gradual increase in the
nuclear response due to the field following the stepwise front edge of the Lorentzian pulse
causes a specific alteration of its initial part, called the Sommerfeld–Brillouin precursor.
Due to the Sommerfeld–Brillouin precursor, the Lorentzian single-photon pulse cannot
be compressed into a short single pulse with a smooth envelope. The shortening of the
Sommerfeld–Brillouin precursor is possible via transmission of a 14.4 keV Lorentzian
single-photon pulse through a resonant, optically deep medium of 57Fe recoilless nuclei [5].
In this case, a short Sommerfeld–Brillouin precursor of the transmitted photon waveform,
known as the speed-up effect, has the stepwise front edge and is followed by a long and
weak tail of oscillating intensity, called the dynamical beats [6].

Another method for obtaining a short burst within the 14.4 keV Lorentzian single-
photon pulse is based on the rapid reversal of the nuclear response phase with respect to
the phase of the incident field via fast displacement of the absorber relative to the source by
a half wavelength of the photon [7,8]. This changes the destructive interference between the
nuclear response and the incident field (causing the absorption of pulse) to the constructive
interference, leading to a burst of intensity in the transmitted photon waveform. The
appearance moment of the burst is determined by the moment of the absorber displacement.
The burst duration is limited by the duration of the absorber displacement, the decay rate
of the nuclear coherence, and the absorber Mössbauer thickness (optical depth of recoilless
absorption). In this case, the burst of intensity always follows the Sommerfeld–Brillouin
precursor. In other words, the minimum number of pulses into which the exponential
waveform of the incident photon can be transformed by this method is two.

The 14.4 keV Lorentzian single-photon pulses from a 57Co source can be transformed
into a regular sequence of short pulses via transmission of the photons through the properly
vibrated recoilless 57Fe resonant nuclear absorber implemented in [9,10]. However, the
stochastic emission of the photons does not allow to lock the time moment t = 0 to some
phase of the absorber vibration. As a result, the whole ensemble of photons at the exit
from the vibrated absorber constitutes an infinite number of different single-photon short-
pulse sequences produced at different absorber vibration phases. The observation of a
selected short-pulse sequence was implemented in [9,10] via a stroboscopic-like technique
when only 14.4 keV photons corresponding to a certain phase of the absorber vibration
were counted. Hence, the selected 14.4 keV single-photon wave packet was not actually
produced at the exit from the absorber and, therefore, has limited applications.
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The 14.4 keV single-photon pulses produced by the synchrotron-based sources are not
bandwidth-limited. They normally have on the order of tens of picoseconds duration, cor-
responding to a Fourier transform-limited spectral width on the order of tens of gigahertz.
At the same time, the measured spectral width of these pulses is several terahertz since
the energy of photons fluctuates around 14.4 keV [1–3]. However, each separate photon
interacts with the nuclei as a coherent bandwidth-limited pulse of the electromagnetic
field. The linewidth of the recoilless resonant 14.4 keV transition of 57Fe normally ranges
from 1.13 to several MHz. Therefore, 14.4 keV synchrotron photons interact with 57Fe
nuclei as a delta-like pulse. This is the basis for the widely used time domain Mössbauer
spectroscopy with synchrotron radiation (SR). A number of experiments in the field of
quantum optics with SR photons should be noted, namely, storage of nuclear excitation
energy [11], observation of supperradiance collective lamb shift [12], electromagnetically
induced transparency of 14.4 keV photons in a nano-scale cavity with embedded 57Fe
nuclei [13], Rabi oscillations between two nuclear ensembles [14], and X-ray control of
nuclear states [15], etc. However, such an X-ray single-photon pulse is usually too short to
be used for quantum information processing, for example, to store it in the medium and
retrieve on demand.

One more source of 14.4 keV single photons should be pointed out, namely, the syn-
chrotron Mössbauer source (SMS). Currently, there are two SMSs, located at the European
Synchrotron Radiation Facility (ESRF) [16] and the Spring-8 facility [17]. The SMS is espe-
cially well-suited for studies of small (micron size) samples that are difficult or impossible
to perform with a conventional radioactive source, for example, studies of various minerals
under very high-pressure conditions in the Earth’s lower mantle [18–20]. The SMS consti-
tutes a near-perfect 57FeBO3 (iron borate) single crystal. Due to the pure nuclear reflection
near the Bragg angle, iron borate can transform the X-ray bursts from the synchrotron stor-
age ring into single 14.4 keV photons, similar to photons from the 57Co source [16,17,21–24].
The typical duration and spectral width of the SMS nearly bandwidth-limited single-photon
pulse are about 100 ns and 3 MHz, respectively. The spectral and temporal characteristics
of the SMS 14.4 keV photons can be varied depending on the temperature of the 57FeBO3
crystal, its angular position relative to the incident SR beam, as well as on the applied
external constant and radiofrequency magnetic fields [16,17,21–24].

One of the main advantages of the SMS over the 57Co Mössbauer source is the ability to
produce a single-photon pulse with a smooth front edge. As a result, the waveform of such
SMS photon transmitted through a resonant medium does not contain the Sommerfeld–
Brillouin precursor. This opens the possibility of compressing the SMS photon waveform
into a single short pulse with a smooth bell-shaped envelope and a duration suitable for
quantum optics applications.

Another important advantage of the SMS compared to the radioactive source is the
possibility to synchronize the emission of 14.4 keV photons from the synchrotron storage
ring with a certain phase of the absorber vibration. This makes it possible to use the
entire photon flux to generate one specific single-photon wave packet in the form of a
short-pulse sequence.

As we show in this paper, transmission of the SMS photons through the vibrating
resonant absorber allows for producing a single-photon wave packet in the form of a short-
pulse sequence with an arbitrary number of nearly bandwidth-limited short pulses. We
also propose an experiment to compress a 100 ns-length 14.4 keV single-photon pulse from
SMS into a bell-shaped nearly bandwidth-limited single pulse of less than 20 ns in duration.
Contrary to short pulses normally produced by synchrotrons (on the order of picoseconds)
and to long pulses (on the order of 100 ns) produced by the radioactive or synchrotron
Mössbauer sources, the bell-shaped pulse of such an intermediate duration can be stored in
the nuclear coherence of an ensemble of the nuclei and subsequently retrieved on demand,
as proposed in [25], i.e., used for implementation of a quantum nuclear memory.

The paper is organized as follows. Section 2 describes the theoretical model. In
Section 3, we develop an analytical model in the case of a high frequency of the absorber
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vibration and discuss the basic mechanism for the short-pulse formation. In Section 4,
we find numerically experimental conditions for compressing the Lorentz-squared single-
photon wave packet emitted by ESRF SMS into a single shor, nearly bandwidth-limited
pulse with increased peak intensity or, on demand, into two or three pulses with controlled
relative peak intensities. In Section 5, we summarize the results.

2. Theoretical Model

Let us consider the electromagnetic field of a 14.4 keV single-photon pulse emitted by
SMS available at ESRF [16,21–23]. If the 57FeBO3 crystal is heated in an external magnetic
field to the Néel temperature, the multiline Mössbauer radiation produced via scattering
of the SR pulse by the 57Fe nuclei can collapse into a single spectral line, similar to the
spectral line of 14.4 keV radiation emitted by the 57Co radioactive source [16,17,21–24].
The produced quasi-monochromatic, nearly bandwidth-limited single-photon pulse is the
result of several mechanisms of interaction between the SR and a lattice of oriented 57Fe
nuclear spins [16,21–23]. It has a non-Lorentzian spectral shape, which is determined by
the temperature of the 57FeBO3 crystal, its angular position relative to the incident beam
near the Bragg angle, and the applied magnetic fields [16,17,21–24]. Accordingly, the shape
and duration of the single-photon waveform can be varied in a controllable manner. In
implemented cases, the measured SMS photon waveform has a gradually increased front,
while the spectral line is several times wider than the radioactive source line at room
temperature. Both features can be favorable for some applications, including quantum
information processing.

Let us consider one of the SMS photon waveforms obtained in [16,21–23]. The spec-
trum of this single-photon pulse can be represented as a doublet line constituting a super-
position of two close homogeneously broadened antiphase Lorentzian spectral lines:

ẼS(ω) =
E0eiϕ

2πγS

[
1

1 + i(ωSC − ∆/2−ω)/γS
− 1

1 + i(ωSC + ∆/2−ω)/γS

]
, (1)

where ∆ is the detuning of the Lorentzian contours from the central frequency,
ωSC (}ωSC = 14.4 keV), corresponding to the wavelength λSC = 0.86Å, γS is the half-
width of each Lorentzian contour, E0 is the amplitude, and ϕ is the random initial phase of
the field, respectively. If the Lorentzian contours are close to each other, so that ∆/γS � 1,
then the resulting spectral line of the SMS is close to a pseudo-single spectral line with the
Lorentz-squared shape,

ẼS(ω)
∆�γS≈ E0

2πγS

∆/γS

[1 + i(ωSC −ω)/γS]
2 . (2)

The parameter values of field (1) were determined in [21–23]. They are γS ' 2.35Γ0
(where Γ0/(2π) = 1.13 MHz is the natural linewidth of the 57Fe resonant transition) and
∆ ' 0.94Γ0. In this case, ∆/γS ' 0.4, so that the condition for the Lorentz-squared spectral

line is met rather poorly. Nevertheless, the spectral line,
∣∣∣ẼS(ω)

∣∣∣2, of the field (1) looks as
like a single contour (Figure 1a). For brevity, we will call this field the Lorentz-squared
single-photon pulse. The full-width at half maximum (FWHM) of this SMS Lorentz-
squared spectral line is about 3.6 times larger than the FWHM of the Lorentzian spectral

line,
∣∣∣ẼCo(ω)

∣∣∣2, emitted by the 57Co source, where

ẼCo(ω) =
ECo

πΓ0

1
1 + 2i(ωSC −ω)/Γ0

, (3)

ECo is the field amplitude of the Lorentzian contour. The Lorentz-squared spectral line has
faster decreasing wings.
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∣∣∣ẼS(ω)
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Spectrum (1) corresponds to the following dependence of the electric field on time:

ES(τlab) =
∞∫
−∞

ẼS(ω)e−iωτlab dω = E0eiϕθ(τlab)e−γSτlab
(
e−iω1τlab − e−iω2τlab

)
= 2iE0eiϕθ(τlab) sin

(
∆
2 τlab

)
e−(iωSC+γS)τlab ,

(4)

where τlab = t − zlab/c is the local time in the laboratory reference frame, θ(t) is the
Heaviside step function, ω1 = ωSC − ∆/2, and ω2 = ωSC + ∆/2. It constitutes a quasi-
monochromatic wave packet, with the intensity presented in Figure 1b by the red solid
curve. The FDHM of the Lorentz-squared single-photon pulse emitted by SMS of ESRF
is about 100 ns. This is close to the FDHM of about 98 ns of the exponentially decreasing
Lorentzian wave packet,

ECo(τlab) = ECoeiϕθ(τlab)e−Γ0τlab/2e−iωSCτlab , (5)

emitted by the 57Co source. At the same time, the stepwise front edge, inherent in the
Lorentzian pulse, is absent in the waveform of the Lorentz-squared photon.

Similar to the method proposed in [26,27] and realized in [9,10] for the compression of
14.4 keV Lorentzian photons (the blue dashed lines in Figure 1) emitted by the 57Co source
into the pulse sequence, we assume that the 14.4 keV photons from SMS propagate through
a recoilless 57Fe resonant absorber oscillating as a whole (piston-like) along the direction of
the photon propagation, zlab. In the experiment, the 57Fe absorber is a stainless-steel foil
enriched with 57Fe resonant nuclei and fixed on a piezoelectric transducer [9,10,28–33]. The
transducer is normally a polyvinylidene fluoride film providing ultrasonic vibration of all
57Fe nuclei with the same amplitude, R, frequency, Ω, and the initial phase, ϑ, within the
photon beam [9,10,30,31,33]. Namely, one can write:

zlab = za + R sin(Ωt + ϑ), (6)

where za is the coordinate in the vibrating reference frame. In Equation (6), we assume that
the thickness of the foil is much smaller than the wavelength of sound in stainless-steel,
as well as the absorber’s motion is nonrelativistic. Both approximations are satisfied for
the absorber considered below (see also [34]). The experimental scheme that we propose is
similar to the scheme realized in [9,10].

The initial vibration phase of the absorber, ϑ, should be locked to the front edge of the
single-photon wave packet. This makes it possible to modify the nuclear response by the
absorber vibration in a coherent manner. In the experiments [9,10] with the 57Co source,
the absorber initial vibration phase, ϑ, was locked to the front edge of the single-photon
wave packet by means of the selective (stroboscopic-like) detection of stochastically emitted
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14.4 keV photons, when only those photons were collected, the possibility of emission of
which (determined by the detection of 122 keV photons) appeared at the absorber vibration
phase, ϑ. However, the selection of the emitted 14.4 keV photons before the absorber was
not performed. As a result, the entire photon stream transmitted through the absorber
constituted an infinite set of single-photon wave packets, for each of which the phase ϑ was
different and averaged over the set. This technique allows observing the certain waveform
of the transmitted photons, but it did not allow to actually produce the photons with the
observed waveform.

In the case of SMS, the moments, when the possibility of emission of 14.4 keV photons
appears (t = 0 corresponding to the beginning of the single-photon wave packet), are the
moments of emission of the SR pulse from the synchrotron storage ring. These moments
are determined by the revolution frequency of the electronic bunches. Hence, all photons
produced by the SMS form the same single-photon wave packet that can be locked to
an arbitrary selected value, ϑ, if the absorber vibration frequency is a multiple of the SR
pulse repetition rate [31]. This means that the photons with the controllable waveform can
actually be produced and can be used for quantum information processing, for example,
for realization of a quantum memory by the method proposed in [25].

As shown in [9,33–36], the propagation of a single-photon wave packet through the os-
cillating resonant recoilless absorber is convenient to study in the reference frame co-moving
with the absorber. In this vibrating reference frame, the resonant nuclei are at rest while
the photon field is phase-modulated. Similar to the recent works [9,10,26,27,33–36], we
consider the case of nonrelativistic motion of the absorber. Thus, substituting Equation (6)
into Equation (4) results in the following form of the electric field of the incident 14.4 keV
single-photon wave packet in the vibrating reference frame:

E′S(τa) = E0eiϕθ(τa)e−γSτa−iωSCτa+ip sin (Ωτa+ϑ)
(

ei ∆
2 τa−iδp sin (Ωτa+ϑ) − e−i ∆

2 τa+iδp sin (Ωτa+ϑ)
)

, (7)

where τa = t − za/c, p = (p1 + p2)/2, and δp = p2 − p1, while p1 = ω1R/c and
p2 = ω2R/c are the indexes of modulation of the corresponding Lorentzian contours in
Equation (1). In Equation (7), we neglected the amplitude modulation of the photon field
due to nonrelativistic motion of the absorber (see also [34]). The frequency modulation
of the field in Equation (7) due to the Doppler effect is represented in the form of (i) the
modulation at the central frequency of the photon wave packet, the amplitude of which is
determined by the average modulation index p (the term before brackets in Equation (7)),
and (ii) the additional frequency modulation of each Lorentz contour in Equation (1) with
amplitude δp (the term inside brackets in Equation (7)). Since δp/p = ∆/ωSC ' 3× 10−13,
one can represent the wave packet Equation (4) at the entrance of the absorber in the
vibrating reference frame in the form of the frequency modulated Lorentz-squared single-
photon pulse:

E′S(τa) = 2iE0eiϕθ(τa) sin
(

∆
2

τa

)
e−γSτa−iωSCτa+ip sin (Ωτa+ϑ), (8)

where the reflection of the field from the absorber surface is neglected. Using the Jacobi–Anger

expansion, exp(ip sin α) =
∞
∑

n=−∞
Jn(p) exp(inα), and taking the Fourier transform of Equa-

tion (8), we obtain the spectrum of the SMS photon at the entrance to the resonant absorber
in the vibrating reference frame:

Ẽ′S(ω) =
∞
∑

n=−∞
J−n(p)e−inϑẼS(ω− nΩ)

= E0eiϕ

2πγS

∞
∑

n=−∞
J−n(p)e−inϑ

[
1

1+i(ωSC−∆/2−ω+nΩ)/γS
− 1

1+i(ωSC+∆/2−ω+nΩ)/γS

]
.

(9)
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It can be considered as a superposition of the Lorentz-squared spectral lines of the incident
field Equation (1) (see the term in square brackets) with the central frequencies ωSC, sepa-
rated from each other by the absorber vibration frequency, Ω, with amplitudes determined
by the n-th Bessel function of the first kind, depending on the modulation index p, and
with phases determined by the initial phase of the absorber vibration, ϑ.

The transformation of each Fourier constituent of the incident field, Ẽ′S(ω), dur-
ing its propagation through the vibrating resonant absorber in the vibrating reference
frame, is well-known (see [6,7,9,29,33–37] and references therein). It corresponds to the
Beer–Lambert–Bouguer law. Assuming that the resonant transition of the 57Fe nucleus has
the natural linewidth with half-width γa = Γ0/2, the spectral constituent of the photon
field at the exit from the absorber of the thickness, L, can be written in the form:

Ẽ′OUT(ω) = Ẽ′S(ω) exp
(
−Te/2− Ta/2

1 + i(ωa −ω)/γa

)
, (10)

where Ẽ′S(ω) is described by Equation (9), Te is the exponent factor of photoelectric ab-
sorption (the non-resonant optical depth of the absorber), Ta = fLMσNL is the Mössbauer
thickness of the absorber resonant transition corresponding to the optical depth of the
medium, fLM is the Lamb–Mössbauer factor accounting for the probability of recoilless
absorption, σ is the resonant cross-section of the nuclear transition, N is the concentration of
57Fe nuclei in the absorber, and ωa is the frequency of the nucleus resonant transition. Below,
we will consider the stainless-steel foil of a compound Fe:Cr:Ni at 70:19:11 wt.% that is 90%
enriched by nuclide 57Fe in iron fraction. In this case, one can consider Te ' Ta/180. The

inverse Fourier transform of Equation (10), E′OUT(τa) =
∞∫
−∞

Ẽ′OUT(ω)e−iωτa dω, determines

the temporal form of the single-photon wave packet behind the absorber in the vibrating
reference frame. As shown in [9,33–36], the electric field of a single-photon at the exit from
the absorber in the laboratory reference frame can be obtained by changing τa → τlab in
E′OUT(τa) and multiplying it by exp[−ip sin(Ωτlab + ϑ0)]. Thus, the time dependence of
the intensity of the single-photon wave packet behind the vibrating nuclear absorber is the
same in both the vibrating and laboratory reference frames and has the form (more detailed
and alternative derivation can be found in [36]):

IOUT(t) =
c

8π

∣∣E′OUT(t)
∣∣2 =

I0e−Te

4π2γ2
S

∣∣∣∣∣ ∞

∑
n=−∞

J−n(p)e−inϑ
[
E′1,n(t)− E′2,n(t)

]∣∣∣∣∣
2

, (11)

where τa ≡ t and I0 = cE2
0/(8π). The fields E′1,n(t) and E′2,n(t) can be written as

E′1(2),n(t) =
∞∫
−∞

1

1 + i
(

ω1(2) + nΩ−ω
)

/γS

exp
[
− Ta/2

1 + i(ωa −ω)/γa

]
e−iωtdω. (12)

According to Equations (11) and (12), the term [E′1,n(t)− E′2,n(t)] characterizes the time
dependence of the electric field of the n-th Lorentz-squared spectral line at the exit from
the vibrating absorber in the vibrating reference frame, while E′1,n(t) corresponds to the
“left” Lorentzian spectral line at the frequency ω1 = ωSC −∆/2 in Equation (1), and E′2,n(t)
corresponds to the “right” spectral line at the frequency ω2 = ωSC + ∆/2.

In contrast to the time dependence of the intensity of the single-photon wave packet at
the exit from the vibrating absorber, its spectrum in the laboratory reference frame differs
from that in the vibrating reference frame. The output spectrum of the Lorentz-squared
single-photon pulse in the laboratory reference frame can be obtained in the same way as
in the supplementary material of [33] in the form:

ẼOUT(ω) = e−Te/2
∞

∑
q,n=−∞

Jn+q(p)Jq(p)ẼS(ω− nΩ) exp
{
− Ta/2

1 + i[ωa + (n + q)Ω−ω]/γa

}
. (13)
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In the next sections, based on Equations (11) and (12), we will analyze the possibility of
transforming the incident 14.4 keV Lorentz-squared single-photon wave packets, Equations
(1) and (4), into a regular sequence of an arbitrary number of short, nearly bandwidth-
limited pulses, including a single short pulse via its transmission through the vibrating
57Fe resonant absorber.

3. Formation of Ultrashort Pulse Train

The basic method of formation of the ultrashort pulse train from the quasi-
monochromatic single-photon wave packet of SMS (Equations (1) and (4)) is the same
as the method proposed in [26,27], implemented in [9,10], and discussed in detail in [34,35]
for the Lorentzian single-photon pulse. The method is based on the transmission of the
single-photon pulse through the resonant frequency tuned absorber vibrating along the
photon propagation direction. The physical mechanism of the pulse formation is most
clear when the vibration frequency significantly exceeds the source linewidth, Ω/γS � 1.
In this case, the spectrum of the incident field in the vibrating reference frame is a set of
well-separated Lorentz-squared spectral lines (Figure 2) corresponding to Equation (9). As
can be seen in Figure 2, for p = 1.84 all lines are phase-aligned, except two lines with indexes
n = −1 and n = −3 in Equation (9), which are antiphase to the others. The destructive in-
terference of these spectral lines compensates for the constructive interference of other lines,
so that any amplitude modulation of the incident field in the vibrating reference frame is
absent. There is only the phase modulation. Even if only one of these lines is removed, the
amplitude–phase balance between them will be destroyed and the amplitude modulation
in the photon waveform will appear due to constructive interference of the remaining lines.
The case of removing one antiphase line from the spectrum of the Lorentzian single-photon
pulse was implemented in [9,10] via tuning the line to be removed into resonance with
the absorber spectral line. The case of removing all antiphase spectral lines of significant
intensity from the Lorentzian single-photon wave packet was discussed in [37].
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Figure 2. Normalized squared spectral amplitudes (left axis, blue line) and spectral phases at peaks
of the squared spectral amplitude (right axis, red stars) (see Equation (9)) of the 14.4 keV Lorentz-
squared single-photon wave packet in the vibrating reference frame at p = 1.84, Ω/γa = 90 (Ω/(2π)
≈ 51 MHz), and ϑ = 0. The “−1” spectral line will be removed at the exit from the optically thick
absorber. The spectrum normalization is the same as for the red solid curve in Figure 1a.

Consider the case of removing the minus first line from the spectrum of the Lorentz-squared
single-photon wave packet. If the absorber vibrates with amplitude R ' 0.25Å, corresponding
to the modulation index p ' 1.84, the first plus and minus Lorentz-squared spectral lines of the
incident field in the vibrating reference frame (Equation (9) and Figure 2) take the maximum
value due to maximization of J2

±1(1.84). Therefore, the resonant suppression of the minus
first spectral line will lead to maximum destruction of the amplitude–phase balance in
the spectrum of the transmitted field and, hence, to maximum amplitude modulation
in the photon waveform behind the absorber. As implemented in [9] for the Lorentzian
photons, in this case, the amplitude modulation takes the form of a regular sequence of
short nearly bandwidth-limited pulses with pulse duration determined by the full width of
the spectrum in the vibrating reference frame and with the repetition rate of Ω.
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Let us analytically find the conditions for the formation of the most intense short pulses
from the SMS Lorentz-squared single-photon wave packet when the vibration frequency is
high enough, i.e., Ω/γS � 1. In this case, only the minus first spectral line is resonantly
absorbed by the absorber. This allows one to separate the terms in Equation (11) into
two parts. The first part includes all non-resonant spectral lines with n 6= −1. For this
group, Equation (12) can be represented in the form of Equation (A10) (see Appendix A).
As follows from Equation (A10), the interaction of the non-resonant spectral lines with the
absorber can be neglected if

Taγa

2Ω
� 1. (14)

Assuming the validity of the condition Equation (14), one can write for all n 6= −1:

E′1,n(t)− E′2,n(t) ' 4πiγSθ(t) sin
(

∆
2

t
)

e−i(ωSC+nΩ)t−γSt. (15)

The second part includes the Lorentz-squared spectral line with n = −1 resonant to
the absorber quantum transition. This term in Equation (12) can be represented in the form
of Equation (A9) (see Appendix A):

E′1,−1(t)− E′2,−1(t) = 2πγSθ(t)e−iωat−γat
∞
∑

k=0

{[
i∆/2−(γS−γa)

Taγa/2

]k

−
[
−i∆/2−(γS−γa)

Taγa/2

]k
}(

Taγat
2

) k
2 Jk

(
2
√

Taγa
2 t
)

.
(16)

As follows from Equation (16), the term with k = 0 equals zero. Other terms in the sum
of Equation (16) can be neglected, except for the term with k = 1, if:√

(∆/2)2 + (γS − γa)
2

Taγa/2
� 1 (17)

Under the considered parameter values of the absorber and the incident field, namely,
γS = 2.35Γ0, γa = 0.5Γ0, and ∆ = 0.94Γ0, the inequality (17) determines the minimum
Mössbauer thickness of the absorber, namely, Ta � 7.6. In this case, the amplitude of the
resonant spectral component with n = −1 has the form:

E′1,−1(t)− E′2,−1(t) ' 4πiγSθ(t)e−i(ωSC−Ω)t−γat ∆
Taγa

√
Taγat

2
J1

(
2

√
Taγa

2
t

)
, (18)

where we have considered that ωa = ωSC −Ω. Substituting Equations (15) and (18) into
Equation (11), we can obtain an analytical solution for the 14.4 keV SMS Lorentz-squared
photon waveform:

I(analyt)
OUT (t) = 4I0θ(t)e−2γSt−Te

∣∣∣∣sin
(

∆
2

t
)

eip sin (Ωt+ϑ) + J1(p)AFS(t)ei(Ωt+ϑ)

∣∣∣∣2, (19)

where,

AFS(t) ≡ |AFS(t)| exp[iΦFS(t)] =
∆

Taγa
e(γS−γa)t

(√
Taγat/2

)
J1

(
2
√

Taγat/2
)
− sin

(
∆
2

t
)

. (20)

According to Equation (19), the radiation at the exit from the vibrating resonant
absorber can be represented as the interference of the incident field (the first term inside the
modulus), which in the vibrating reference frame is phase-modulated, and the coherently
scattered field (the second term inside the modulus) at the central frequency of the removed
minus first spectral line (with amplitude proportional to J1(p)). The time dependence of
the coherently scattered field is determined by Equation (20). As discussed above, the
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modulation index p ' 1.84 corresponds to the absolute maximum of the first-order Bessel
function. Therefore, at this value, the amplitude of the coherently scattered field is the
maximum. According to Equation (19), the time moments of formation of pulse peaks,
tpulse, are determined by the condition that the phase difference between the incident and
coherently scattered fields is 2πn, n ∈ Z:

Ωtpulse + ϑ + ΦFS

(
tpulse

)
− p sin

(
Ωtpulse + ϑ

)
−Φinput

(
tpulse

)
= 2πn, (21)

where Φinput(t) is an addition to the phase of the incident field due to sign reversal of

the function sin
(

∆
2 t
)

. Since the amplitudes of the incident and coherently scattered

fields, i.e., sin
(

∆
2 t
)

and AFS(t), are the real functions of time, the phases ΦFS

(
tpulse

)
and Φinput

(
tpulse

)
represent only a change in the sign of the slowly varying (compared to

Ω) amplitudes of the corresponding fields. Thus, according to Equation (21), the times of
pulse formation are determined by Ωtpulse + ϑ. Therefore, the change in the initial vibration
phase of the absorber, ϑ, leads to the time shift of the pulses within one vibration period of
the absorber, while the pulse repetition period is equal to the absorber vibration period. As
a result, at a high vibration frequency, a regular train of short pulses with high repetition
rates is formed. The pulse peaks form the envelope, which is obtained by substituting
Equation (21) into Equation (19):

I(analyt)
OUT

(
tpulse

)
≡ Ipeak = 4I0θ

(
tpulse

)
e−2γStpulse−Te

[∣∣∣∣sin
(

∆
2

tpulse

)∣∣∣∣+ ∣∣∣J1(p)AFS

(
tpulse

)∣∣∣]2
. (22)

As can be seen from Equation (22), at the above parameter values of the incident field and
the vibrating absorber, the envelope of the pulse train as a function of the moments, tpulse,
is determined by the resonant Mössbauer thickness of the absorber, Ta (Figure 3). One can
see that at 15 ≤ Ta ≤ 150, the peak intensity of the produced pulses can be higher than the
peak intensity of the incident single-photon wave packet. The corresponding time interval
is determined by Ta. For example, at Ta = 15, this time interval is 50 ns < tpulse < 110 ns,
while at Ta = 150 − 39 ns < tpulse < 57 ns. The pulses with the highest intensity, which
exceeds the peak intensity of the incident single-photon wave packet by 2.34 times, are
formed in the vibrating absorber with Ta = 44 in the vicinity of tpulse = 72 ns. This optical
depth satisfies the condition Equation (17), while for applicability of the analytical solution,
Equation (14), the oscillation frequency of the absorber should be Ω/(2π)� 12.4 MHz.
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Figure 3. Dependence of Ipeak on the optical thickness, Ta, and time, tpulse, according to
Equations (20) and (22) at p = 1.84, γS = 2.35Γ0, γa = 0.5Γ0, ∆ = 0.94Γ0, and Te = Ta/180. The white
dashed line corresponds to Ta = 44, at which the peak pulse intensity is the maximum at the moment
tpulse = 72 ns and is 2.34 times higher than the peak intensity of the incident photon. Here, Ipeak is
normalized to the peak intensity of the incident photon wave packet.

In Figure 4a, we show the time dependence of the intensity of the 14.4 keV SMS
Lorentz-squared single-photon wave packet at the exit from the resonant 57Fe absorber
with the optimal Mössbauer thickness, Ta = 44, vibrating at frequency Ω/(2π) ≈ 51 MHz
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(Ω/γa = 90), with the amplitude R ' 0.25Å corresponding to the modulation index
p = 1.84. At the considered vibration frequency, the FWHM pulse duration is 3.6 ns, while
the repetition period is 19.7 ns. A good agreement is seen between the curve, based on the
analytical solution in Equations (19) and (20) (blue dotted line), and the curve, showing the
numerical integration of the accurate solution in Equations (11) and (12) (red solid line).
The slight difference between the numerical and analytical solutions is mainly due to the
neglect of terms with powers of k > 1 in Equation (16).
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Figure 4. (a) Time dependence of the intensity of the 14.4 keV SMS Lorentz-squared single-photon
wave packet (γS = 2.35Γ0 and ∆ = 0.94Γ0) at the exit from the resonant 57Fe absorber with Ta = 44,
Te = Ta/180, and γa = 0.5Γ0, which harmonically oscillates at the frequency Ω/γa = 90 (Ω/(2π) ≈
51 MHz) with the amplitude R ≈ 0.25 Å (p = 1.84) and the initial vibration phase ϑ = 0. The red
solid curve corresponds to the numerical integration of Equations (11) and (12), the blue dotted
curve corresponds to the analytical solution in Equations (19) and (20), while the black solid curve
shows the photon waveform at the entrance to the absorber. Here, the intensity is normalized to the
peak intensity at the entrance to the medium. (b) Time dependence of the intensity of the 14.4 keV
Lorentzian single-photon wave packet (γS = 0.5Γ0) at the exit from the same vibrating resonant 57Fe
absorber plotted according to [34]. The intensity is normalized to the peak intensity of the Lorentzian
single-photon wave packet at the entrance to the medium.

As can be seen from the comparison of Figure 4a,b, the absence of the stepwise front
edge of the Lorentz-squared single-photon pulse leads to the absence of the Sommerfeld–
Brillouin precursor in the output waveform and to a qualitative difference in the produced
pulse sequence. The pulse sequence produced from the Lorentz-squared single-photon
wave packet is more similar to pulses used in laser quantum optics and more suitable for
potential applications.

As shown in Figure 4a, the total duration of the produced pulse sequence is determined
by the duration of the incident single-photon wave packet. The pulse repetition period is
equal to the period of the absorber vibration. A decrease or increase in the absorber vibration
period at a fixed vibration amplitude, R ' 0.25Å, results in a proportional shortening or
lengthening of both the pulse duration and the repetition period, leading to an increase or
decrease, respectively, in the number of pulses in the sequence. Thus, the absorber vibration
frequency controls the number of significant pulses in the produced sequence. At the available
vibration frequency up to 24 GHz [38], the produced pulses can have a duration down to 10 ps,
corresponding to formation of more than 104 significant pulses. On the other hand, if the
period of the absorber vibration is comparable to the duration of the incident single-photon
wave packet, then only several short pulses can be produced. In this case, the produced short
pulses, except for one, can appear in low-intensity regions of either the front edge or the tail
of the photon waveform and, therefore, can be much weaker than one of the pulses. This
corresponds to the compression of the incident long Lorentz-squared single-photon pulse
into a short single pulse and is possible owing to a gradual increase in the front edge and the
absence of the Sommerfeld–Brillouin precursor.

4. Compression of the Lorentz-Squared Single-Photon Pulse

Let us consider the conditions for compression of the 14.4 keV Lorentz-squared
single-photon pulse into a relatively intense and short single pulse in the vibrating 57Fe
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resonant absorber. Since a low vibration frequency is required in this case, the analyti-
cal solution in Equations (19) and (20) becomes unsuitable, and the general solution in
Equations (11) and (12) should be numerically analyzed.

The condition for the formation of a single intense pulse in the photon waveform
implies a maximum in its peak intensity and a minimum in the intensity of adjacent pulses
within the waveform. This condition can be searched as the maximum value of the function:

∆I =
(

I(max1)
OUT − I(max2)

OUT

)
/I(max)

INPUT , (23)

where I(max1)
OUT and I(max2)

OUT are the peak intensities of the two most intense pulses within the

single-photon waveform (I(max1)
OUT > I(max2)

OUT ) normalized to the peak intensity of the incident

photon wave packet, I(max)
INPUT . Maximization of ∆I means the formation of an intense and

short single nearly bandwidth-limited pulse.
Let us consider ∆I using Equations (11) and (12) under the above parameter values

as a function of three variables: the resonant Mössbauer thickness of the absorber, Ta, the
absorber vibration frequency, Ω, and the initial phase of the absorber vibration, ϑ, locked
to the front edge of the single-photon waveform.

First, we fix some Mössbauer thickness of the absorber, Ta. Figure 5a represents 2D
dependence of the function ∆I on the frequency of the absorber vibration, Ω, and the initial
vibration phase, ϑ, at Ta = 21. As can be seen in Figure 5a, if the vibration frequency is high,
the value of ∆I is small, whereas the dependence of ∆I on ϑ is weak. This is because the
repetition period of the short pulses in a sequence is small, so that the two most intense
pulses (the red line in Figure 4a) are formed near the maximum of the incident photon
waveform (black line in Figure 4a) and have a comparable intensity. As discussed above,
variation of ϑ causes the time shift of the produced short pulses within one period of the
absorber vibration. In a small vibration period (high Ω), this shift relative to the envelop of
the incident single-photon wave packet (black line in Figure 4a) is also small, which results
in a weak dependence of ∆I on ϑ.
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Figure 5. (a) Dependence of the function ∆I (according to (23)) for the Lorentz-squared single-
photon pulse at the exit from the 57Fe absorber (γa = 0.5Γ0) with Ta = 21, harmonically vibrating
with amplitude R ≈ 0.25 Å (p = 1.84), frequency Ω, and the initial phase ϑ. The spectral-temporal
properties of the incident field correspond to Equations (1) and (4), with γS = 2.35Γ0 and ∆ = 0.94Γ0.
The non-resonant optical thickness is Te = Ta/180. The upper and lower dashed horizontal lines
mark the absorber vibration period, 2π/Ω = 55.4 ns (Ω/γa = 32) and 98.4 ns (Ω/γa = 18), respectively.
Stars mark ϑ = 0.4π and Ω/γa = 32 for (b), ϑ = 1.1π and Ω/γa = 32 for (c), ϑ = 1.6π and Ω/γa

= 18 for (d), and ϑ = 0.1π and Ω/γa = 18 for (e). The green circle marks the maximum value of
∆I ≡ ∆Iopt ≈ 1.76 achieved at Ωopt/γa ≈ 18 and ϑopt ≈ 1.1π. In panels (b–e) red and black curves
show the time dependences of the intensity of the 14.4 keV SMS Lorentz-squared single-photon wave
packet at the exit from and entrance to the medium, respectively.
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At low vibration period comparable to the duration of the incident single-photon
wave packet, 2π/Ω ~100 ns, only several short pulses are formed at the exit from the
absorber (Figure 5b–e). Therefore, (i) the difference between the peak pulse intensities,
∆I, becomes larger, and (ii) the dependence of ∆I on ϑ becomes much stronger. Both
take place since the formed short pulses are separated by a large interval comparable
to the duration of the incident wave packet. As shown in Figure 5b–e, in this case, one
can control the relative amplitudes of the produced short pulses via change of the initial
phase of the absorber vibration, ϑ. For Ta = 21 and other parameter values in Figure 5,
the maximum of ∆I is achieved at Ωopt(Ta = 21)/γa ' 18 and ϑopt(Ta = 21) ' 1.1π. It is
∆Iopt(Ta = 21) ≡ max{∆I(Ta = 21)} ' 1.76 (green circle in Figure 5a).

Further, to find the Mössbauer thickness, T∗a , providing the absolute maximum value of
∆I marked as ∆Imax ≡ max

{
∆Iopt(Ta)

}
≡ ∆I

(
T∗a , Ω∗opt, ϑ∗opt

)
, we plotted 2D dependences

of ∆I on Ω and ϑ for various values of Ta similar to Figure 5a. Then, for each value of Ta, we
determined ∆Iopt(Ta) achieved at Ωopt(Ta) and ϑopt(Ta). The obtained set of dependences
is shown in Figure 6. Finally, from this set, the absolute maximum, ∆Imax ' 1.76, together
with the corresponding values of Ω∗opt/γa ' 18 and ϑ∗opt ' 1.1π achieved at T∗a ' 21,
was determined (Figure 6). These optimum values correspond to the vibration frequency
Ω∗opt/(2π) ' 10.2 MHz, the physical thickness of the considered stainless-steel foil of
about 2.1 µm, and the time delay of the moment of emission of 14.4 keV photons from the
synchrotron storage ring relative to the zero absorber’s vibration phase of about 54 ns.

Photonics 2022, 9, 829  14  of  19 
 

 

 

Figure 5. (a) Dependence of the function ΔI (according to (23)) for the Lorentz‐squared single‐pho‐

ton pulse at the exit from the  57Fe absorber (γa = 0.5Γ0) with Ta = 21, harmonically vibrating with 

amplitude R ≈ 0.25 Å (p = 1.84), frequency Ω, and the initial phase ϑ. The spectral‐temporal proper‐

ties of the incident field correspond to Equations (1) and (4), with γS = 2.35Γ0 and Δ = 0.94Γ0. The 

non‐resonant optical thickness is Te = Ta/180. The upper and lower dashed horizontal lines mark the 

absorber vibration period, 2π/Ωns (Ω/γa = 32) and 98.4 ns (Ω/γa = 18), respectively. Stars mark 

ϑ = 0.4π and Ω/γa = 32 for (b), ϑ = 1.1π and Ω/γa = 32 for (c), ϑ = 1.6π and Ω/γa = 18 for (d), and ϑ = 

0.1π and Ω/γa = 18 for (e). The green circle marks the maximum value of ΔI ≡ ΔIopt ≈ 1.76 achieved at 

Ωopt/γa ≈ 18 and ϑopt ≈ 1.1π. In panels (b–e) red and black curves show the time dependences of the 

intensity of the 14.4 keV SMS Lorentz‐squared single‐photon wave packet at the exit from and en‐

trance to the medium, respectively. 

Further,  to  find  the Mössbauer  thickness, 
*
aT ,  providing  the  absolute maximum 

value of  I  marked as      * * *
max max , ,opt a a opt optI I T I T      , we plotted 2D 

dependences of  I   on     and     for various values of Ta similar to Figure 5a. Then, 

for each value of Ta, we determined  ( )opt aI T   achieved at  ( )opt aT   and  ( )opt aT . The 

obtained set of dependences is shown in Figure 6. Finally, from this set, the absolute max‐

imum,  max 1.76I  ,  together with  the  corresponding  values  of  * 18opt a    and 

* 1.1opt    achieved at 
* 21aT  , was determined  (Figure 6). These optimum values 

correspond to the vibration frequency   * 2 10.2 MHzopt   , the physical thickness of 

the considered stainless‐steel foil of about 2.1 μm, and the time delay of the moment of 

emission of 14.4 keV photons from the synchrotron storage ring relative to the zero ab‐

sorber’s vibration phase of about 54 ns. 
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(c) on the absorber Mössbauer thickness, Ta. Maximum of ∆Iopt(Ta) is achieved at Ta = T∗a ' 21. At
this value, Ωopt(T∗a )/γa ≡ Ω∗opt/γa ' 18, and ϑopt(T∗a ) ≡ ϑ∗opt ' 1.1π.

The intensity and spectrum of the Lorentz-squared single-photon wave packet trans-
mitted through the 57Fe absorber in this case is shown in Figure 7. The transmitted photon
waveform consists of one high-intensity bell-shaped short pulse, both preceded and fol-
lowed by weak bursts, the highest of which is 7 times smaller than the high-intensity
pulse. This can be interpreted as the compression of the incident single-photon pulse. The
peak intensity of the compressed pulse is 2.1 times higher than the peak intensity of the
incident single-photon pulse. The duration of the output high-intensity short pulse is
18.2 ns, which corresponds to 5.5-fold compression of the incident single-photon wave

packet. The spectrum of the output field in the laboratory reference frame,
∣∣∣ẼOUT(ω)

∣∣∣2,
plotted using Equation (13), has an effective width of 2.4 Ω, which exceeds the width of the
incident field spectrum by more than six times (black line in Figure 7b).
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As can be seen from Figure 6, compression of the ESRF SMS Lorentz-squared single-
photon pulse into a single bell-shaped short pulse, similar to the pulse shown in Fig-
ure 7, can be obtained not only under the above-determined parameter values. About
a two-fold increasing peak intensity and five-fold shortening the ESRF SMS Lorentz-
squared single-photon pulse can be implemented with 57Fe stainless-steel foil, having
the Mössbauer thickness 15 ≤ Ta ≤ 25, the vibration frequency 16 ≤ Ωopt/γa ≤ 19
(9 MHz ≤ Ωopt/(2π) ≤ 10.7 MHz), and the initial vibration phase π ≤ ϑopt ≤ 1.2π. These
conditions are similar to the conditions realized in [9] for the case of a 57Co source, and
hence can be readily implemented in the case of SMS.

5. Conclusions

In this paper, we have shown the possibility and proposed an experiment for trans-
forming the waveform of a 14.4 keV photon (time dependence of the photon detection
probability or, equivalently, the intensity of the single-photon wave packet) emitted by a
synchrotron Mössbauer source (SMS) into a regular sequence of short nearly bandwidth-
limited pulses with a controlled number of pulses in an oscillating recoilless 57Fe resonant
absorber. The case of the single-photon wave packet with a Lorentz-squared spectrum
produced by SMS at the European Synchrotron Radiation Facility (ESRF) was discussed.
The main feature of this single-photon pulse is a smooth front edge of the intensity, in
contrast to the stepwise front edge of 14.4 keV single-photon wave packet with the Lorentz
spectrum emitted by the 57Co radioactive Mössbauer source. As a result, a waveform of
the Lorentz-squared photon transmitted through a resonant medium does not contain the
Sommerfeld–Brillouin precursor (a part of the photon waveform containing the front edge
that is not changed in the medium). This opens the possibility of compressing the waveform
of SMS photons into a single short pulse, which is impossible with the Lorentzian photons.

The proposed method is similar to the method implemented in the proof-of-principle
experiments with photons emitted by a 57Co source, where the Lorentzian single-photon
pulse with a stepwise front edge was transformed into various regular sequences of short
pulses [9,10]. The method is based on the transmission of the SMS photons through a
piston-like vibrating stainless-steel foil enriched with 57Fe nuclide. However, in contrast
to the case of the 57Co source, the initial phase of the absorber vibration can be locked
to the front edge of the single-photon wave packet if the absorber vibration frequency is
a multiple of the synchrotron pulse repetition rate. This makes it possible to produce a
specific single-photon wave packet with a controlled waveform, suitable for applications
in X-ray quantum optics, in particular for implementation of quantum nuclear memory,
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i.e., storage of the single X-ray photon in a nuclear coherence of an ensemble of nuclei and
its retrieval on demand [25].

We have proposed the experimentally available conditions for compression of a 100 ns-
length 14.4 keV single-photon wave packet produced by SMS at the ESRF into a single
bell-shaped pulse of less than 20 ns duration and more than twice the peak intensity. These
conditions can be satisfied in a relatively wide region of the parameter values. On demand,
one can also obtain two, three, or several pulses, for which the relative peak intensities can
be varied by changing the initial phase of the absorber vibration.

Such single-photon coherent pulses are promising for applications in the field of X-ray
quantum optics, including the potential implementation of quantum memory and quantum
information processing.
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Appendix A

Let us calculate the integral Equation (12) using the theory of residues. Similar calcula-
tions were performed in [5,39]. First, let us rewrite Equation (12) in the equivalent form:

E′1(2),n(t) = 2πγS ·
1

2πi

∞∫
−∞

1
ω + ω1(2) + nΩ− iγS

exp
[

iTaγa/2
ω + ωa − iγa

]
eiωtdω. (A1)

The expression under the integral has two poles on the complex plane: −
(

ω1(2) + nΩ
)
+ iγS

and −ωa + iγa. Thus, E′1(2),n(t) can be represented as the sum of two contour integrals
around the singular points:

E′1(2),n(t) = 2πγS ·

 1
2πi

∮
−(ω1(2)+nΩ)+iγS

Qdω +
1

2πi

∮
−ωa+iγa

Qdω

, (A2)

where Q = 1
ω+ω1(2)+nΩ−iγS

exp
[

iTaγa/2
ω+ωa−iγa

]
eiωt. Let us start with the first contour integral.

Making the change of variables z = ω + ω1(2) + nΩ− iγS, it is easy to show that:

1
2πi

∮
−(ω1(2)+nΩ)+iγS

Qdω = θ(t)e−i(ω1(2)+nΩ)t−γSt exp

[
iTaγa/2

ωa −ω1(2) − nΩ + i(γS − γa)

]
. (A3)

Using the formula for generating Bessel functions, exp[x(u− 1/u)/2] =
∞
∑

n=−∞
um Jm(x),

Equation (A3) can be rewritten as:
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1
2πi

∮
−(ω1(2)+nΩ)+iγS

Qdω = θ(t)e−iωat−γat
∞

∑
k=−∞

[
iTaγa/2

ωa −ω1(2) − nΩ + i(γS − γa)

]k(
Taγat

2

)− k
2

Jk

(
2

√
Taγa

2
t

)
. (A4)

Next, we turn to the calculation of the second contour integral in Equation (A2). Let
us make a change z = ω + ωa − iγa and rewrite it in the form:

1
2πi

∮
−ωa+iγa

Qdω =
1

2πi
e−iωat−γat

∮
z=0

dz
z + ω1(2) −ωa + nΩ− i(γS − γa)

exp
[

i
(

tz +
Taγa/2

z

)]
. (A5)

Further, we expand the functions under the integral in a Laurent series in the vicinity
of the singular point z = 0:

1
z + ω1(2) −ωa + nΩ− i(γS − γa)

= −
∞

∑
k=0

zk[
ωa −ω1(2) − nΩ + i(γS − γa)

]k+1 , (A6)

exp
[

i
(

tz +
Taγa/2

z

)]
=

∞

∑
m=−∞

im
(

t
Taγa/2

)m/2
zm Jm

(
2
√

Taγat/2
)

. (A7)

Substituting Equations (A6) and (A7) in Equation (A5) and considering that the value of the
integral is proportional to the factor corresponding to z−1 in the expansion of the integrand
in Equation (A5), we obtain:

1
2πi

∮
−ωa+iγa

Qdω = −θ(t)e−iωat−γat
∞

∑
k=1

[
iTaγa/2

ωa −ω1(2) − nΩ + i(γS − γa)

]k(
Taγat

2

)− k
2

Jk

(
2

√
Taγa

2
t

)
. (A8)

Thus, by substituting Equations (A3) and (A8) or Equations (A4) and (A2), one can
write two equivalent expressions for Ẽ′1(2),n(t):

E′1(2),n(t) = 2πγSθ(t)e−iωat−γat
∞

∑
k=0

 i
(

ωa −ω1(2) − nΩ + i(γS − γa)
)

Taγa/2

k(
Taγat

2

) k
2

Jk

(
2

√
Taγa

2
t

)
, (A9)

E′1(2),n (t) = 2πγSθ(t)
{

e−i(ω1(2)+nΩ)t−γSt exp
[

iTaγa/2
ωa−ω1(2)−nΩ+i(γS−γa)

]
−e−iωat−γat

∞
∑

k=1

[
iTaγa/2

ωa−ω1(2)−nΩ+i(γS−γa)

]k(
Taγat

2

)− k
2 Jk

(
2
√

Taγa
2 t
)}

.
(A10)

As can be seen, Equation (A9) is convenient to use at a small absolute value
of i
[
ωa −ω1(2) − nΩ + i(γS − γa)

]
/(Taγa/2) , or Equation (A10) otherwise.
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