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Abstract

:

We studied paraxial light beams, obtained by a continuous superposition of off-axis Gaussian beams with their phases chosen so that the whole superposition is invariant to free-space propagation, i.e., does not change its transverse intensity shape. Solving a system of five nonlinear equations for such superpositions, we obtained an analytical expression for a propagation-invariant off-axis elliptic Gaussian beam. For such an elliptic beam, an analytical expression was derived for the orbital angular momentum, which was shown to consist of two terms. The first one is intrinsic and describes the momentum with respect to the beam center and is shown to grow with the beam ellipticity. The second term depends parabolically on the distance between the beam center and the optical axis (similar to the Steiner theorem in mechanics). It is shown that the ellipse orientation in the transverse plane does not affect the normalized orbital angular momentum. Such elliptic beams can be used in wireless optical communications, since their superpositions do not interfere in space, if they do not interfere in the initial plane.
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1. Introduction


Among the different kinds of light fields, of special interest are form-invariant (or, propagation-invariant) fields. The transverse intensity shape of such beams remains unchanged on free-space propagation (up to scale and rotation). Nonparaxial examples of such fields are plane waves, diffraction-free Bessel beams [1], Mathieu beams [2], and parabolic beams [3]. Well-known paraxial examples are the Hermite−Gaussian and Laguerre−Gaussian beams [4], Gaussian beams with arbitrary located optical vortices [5], and some superpositions of such beams [6,7]. In [8], a general procedure is described for calculating the paraxial propagation-invariant beams, whose transverse intensity distribution has the shape of an arbitrary curve. The procedure is based on using an elementary spiral beam (off-axis Gaussian beam with a wavefront tilt) as a building block. In [9], other building blocks, highly localized wavepackets, were suggested to construct nondiffracting pulsed beams.



In some tasks, however, using light beams with an elliptic intensity cross-section can be advantageous. For example, as shown in [10], adopting elliptic vortex beams for optical data transmission in a turbulent atmosphere reduces the scintillation index [11]. In [12], elliptic vortex beams with a fractional topological charge (number of 2π phase jumps along a contour encompassing either a single optical vortex, i.e., local topological charge, or the whole beam [13]) are used in free-space information transfer to increase the throughput and security. In [14], partially coherent four-petal elliptic Gaussian beams are investigated, also in turbulent atmosphere. It is shown that the number of petals can change on propagation. In optical trapping, elongated intensity distribution is convenient for preventing a particle from moving along one coordinate [15]. In [16,17,18], elliptic Gaussian beams are used to increase the recording throughput of thermochemical laser-induced periodic surface structures.



The interest in the elliptic beams motivates their analytical studies. Generally, the paraxial propagation of a light beam is described by the integral Fresnel transform [19], whose kernel is a quadratic exponential. Thus, analytical description of a Gaussian beam with an arbitrary ellipticity, tilt angle, center position, parabolic wavefront curvature is possible, in principle. Such a description is given in [20]. However, such beams are not propagation invariant and their transverse cross section changes on space propagation. In our paper [21], propagation-invariant elliptic Gaussian beams were considered with an optical vortex in the center, and their orbital angular momentum was derived. On propagation in space, such beams rotate around their center.



In this work, based on the theory of paraxial structurally stable light beams developed in [8], we studied paraxial propagation-invariant elliptic Gaussian beams, similar to [21], but with an arbitrary position of the ellipse center in the transverse plane and with an arbitrary ellipse tilt. For this purpose, as in [8,9], we also use simple beams as building blocks and construct a continuous superposition of elementary spiral light beams [8] on a plane. Then, solving a nonlinear system of five equations to determine the weight coefficients of this superposition, we obtained an analytical expression for the complex amplitude distribution. In addition, we obtained a formula for the orbital angular momentum of such beams. Similar to the Steiner theorem in mechanics, it consists of two terms. The first one coincides with Equation (4) from [22] and describes the intrinsic OAM with respect to the beam center. This term grows with the beam ellipticity. The second term depends parabolically on the distance between the beam’s “center of mass” and the optical axis. It turns out that the ellipse orientation in the transverse plane (tilt angle of the ellipse’s axes to the Cartesian coordinate axes) does not affect the normalized orbital angular momentum.




2. Propagation-Invariant Off-Axis Gaussian Beams


As has been shown in [8] (Formula (6.1)), any function of the following form


   E ±   (  x , y , z  )  =  1 q  exp  (  −    x 2  +  y 2    q  w 0 2     )  f  (    x ± i y   q  w 0     )   



(1)




where (x, y, z) are the Cartesian coordinates, w0 is the Gaussian beam waist radius, q = 1 + iz/z0,    z 0  = k  w 0 2  / 2   is the Rayleigh range, k = 2π/λ is the wavenumber of light with the wavelength λ, f(x ± iy) is an arbitrary entire analytical function, is a solution of the paraxial wave equation:


  2 i k   ∂ E   ∂ z   +    ∂ 2  E   ∂  x 2    +    ∂ 2  E   ∂  y 2    = 0  



(2)




and describes a propagation-invariant light field (travelling along the optical axis z), i.e., a field with its transverse intensity shape conserving on free-space propagation, changing only in scale and rotating. Off course, it is meant that the waist radius is much greater than the wavelength, i.e., w0 >> λ, so that the paraxial approximation is valid.



The freedom in choosing the functions f(.) allows the describing of optical fields with very different physical properties. For example, if we choose the cosine function:


  E  (  x , y , z  )  =  1 q  cos  (    x + i y    α 0  q    )  exp  (  −    x 2  +  y 2    q  w 0 2     )   



(3)




with    α 0    being a complex-valued parameter, then we obtain a cosine vortex beam [23] with its intensity distribution consisting of two light spots (Figure 1a,c) and with an infinite topological charge, since the beam contains an infinite number of optical vortices (Figure 1b,d).



If, instead of the cosine, we choose the exponential, i.e., if we consider a light beam


  E  (  x , y , z  )  =  1 q  exp  (    x + i y    α 0  q    )  exp  (  −    x 2  +  y 2    q  w 0 2     )   



(4)




then, it is expectable that the beam should contain one light spot, rather than two. Such a beam is described in [8] and is called an elementary spiral beam. In contrast to the cosine vortex beam from Figure 1a–d, the intensity distribution of the beam (4) contains a single off-axis spot (Figure 1e,g) and the topological charge of such a beam is zero, since the beam does not contain optical vortices (Figure 1f,h). Thus, despite the cosine is just a sum of two exponentials, using these functions in Equation (1) leads to light beams with drastically different phase distributions.



If we denote 1/α0 = (2q/w2)(xc − iyc) with xc and yc being real numbers (z-dependent), then, separating in Equation (4) the real and the imaginary parts in the exponentials, and dividing by the constant multiplier exp[(xc2 + yc2)/w2] = exp[|w0/(2α0)|2], we can rewrite Equation (4) as follows


  E  (  x , y , z  )  =    w 0   w  exp  [  −      (  x −  x c   )   2  +    (  y −  y c   )   2     w 2    + i  2   w 2     (   x c  y −  y c  x  )  +   i k   2 R    (   x 2  +  y 2   )  − i ζ  ]   



(5)




with w(z), R(z), ζ(z) being respectively the beam width, the wavefront curvature radius, and the Gouy phase at the distance z [4]:


    w  ( z )  =  w 0    1 +    z 2   /   z 0 2      ,     R  ( z )  = z  (  1 +    z 0 2   /   z 2     )  ,     ζ  ( z )  = arctan  (   z /   z 0     )  ,    



(6)







As seen from Equation (5), xc and yc are the Cartesian coordinates of the intensity maximum (center of the Gaussian beam) at the distance z, which are related with the Cartesian coordinates of the beam center (xc0, yc0) in the initial plane as follows:


     x c  =  (   w /   w 0     )   (   x   c 0    cos ζ −  y   c 0    sin ζ  )  ,      y c  =  (   w /   w 0     )   (   y   c 0    cos ζ +  x   c 0    sin ζ  )  .    



(7)







It is also seen from Equation (5) that the light field is an off-axis Gaussian beam and an inclined plane wave is added to the wavefront with the inclination angle matching the shift of the light spot and inclination direction orthogonal to the direction from the optical axis to this spot [Figure 1e,f]. It is this matching that makes the beam propagation invariant, since, on space propagation, the widening of the Gaussian beam is proportional to its moving away from the optical axis. For example, at the Rayleigh distance, z = z0, the beam width grows    2    times, and its distance from the optical axis also grows    2    times, and it is rotated by the angle π/4. Thus, all such beams would together make a pattern that does not change on propagation.



The beam given by Equations (4) and (5) is a basic beam for constructing other propagation-invariant light beams. In [8], a general procedure is described for constructing the propagation-invariant beams with the shape of an arbitrary curve. Below we investigate analytically a superposition of the beams (5), but in the whole transverse plane, rather than along a curve (as in [8]). We show that it leads to the analytical description of an off-axis elliptic Gaussian beam, which is invariant to space propagation and rotating around the optical axis.




3. Propagation-Invariant Elliptic Gaussian Beams


Since our approach is different from that in Ref. [8], we give in this Section all the intermediate expressions.



Using Equation (7), Equation (5) can be rearranged and written via the coordinates of the beam center in the initial plane:


  E  (  x , y , z  )  =    w 0   w  exp  [  −    x 2  +  y 2     w 2    +   i k   2 R    (   x 2  +  y 2   )  − i ζ −    x   c 0   2  +  y   c 0   2     w 0 2    +  2  q  w 0 2     (  x + i y  )   (   x   c 0    − i  y   c 0     )   ]   



(8)







Using the beams from Equation (8) as a basis, we can construct a continuous superposition with the weight coefficients in a Gaussian-like (quadratic-exponential) dependence on the beams’ center positions:


    E  (  x , y , z  )  =    w 0   w  exp  [  −    x 2  +  y 2     w 2    +   i k   2 R    (   x 2  +  y 2   )  − i ζ  ]              ×    ∫  − ∞   + ∞       ∫  − ∞   + ∞    exp  [  −  p  x x      x   c 0   2     w 0 2    −  p  y y      y   c 0   2     w 0 2    − 2  p  x y      x   c 0     y   c 0       w 0 2    − 2  p x     x   c 0       w 0    − 2  p y     y   c 0       w 0     ]                    × exp  [  −    x   c 0   2  +  y   c 0   2     w 0 2    +  2  q  w 0 2     (  x + i y  )   (   x   c 0    − i  y   c 0     )   ]  d  x   c 0    d  y   c 0    ,    



(9)




where pxx, pyy, pxy, px, py are some numbers (generally, complex) that define the most contributing constituent beam (8) in the superposition (9) and how fast the contributions decay for other constituent beams.



Rearrangement of the exponentials in Equation (9) yields


    E  (  x , y , z  )  =    w 0   w  exp  [  −    x 2  +  y 2     w 2    +   i k   2 R    (   x 2  +  y 2   )  − i ζ  ]              ×    ∫  − ∞   + ∞       ∫  − ∞   + ∞    exp  [  −  (  1 +  p  x x    )     x   c 0   2     w 0 2    −  (  1 +  p  y y    )     y   c 0   2     w 0 2    − 2  p  x y      x   c 0     y   c 0       w 0 2     ]                    × exp  [  −  2   w 0     (   p x  −   x + i y   q  w 0     )   x   c 0    −  2   w 0     (   p y  + i   x + i y   q  w 0     )   y   c 0     ]  d  x   c 0    d  y   c 0    .    



(10)







The integral of the quadratic-exponential is well known and, therefore,


    E  (  x , y , z  )  =    w 0 3   w   π   G    exp  [  −    x 2  +  y 2     w 2    +   i k   2 R    (   x 2  +  y 2   )  − i ζ  ]              × exp  {    1 +  p  x x    G     (   p y  + i   x + i y   q  w 0     )   2  +   1 +  p  y y    G     (   p x  −   x + i y   q  w 0     )   2   }              × exp  {  −   2  p  x y    G   (   p x  −   x + i y   q  w 0     )   (   p y  + i   x + i y   q  w 0     )   }  ,    



(11)




with G = (1 + pxx)(1 + pyy) − (pxy)2.



In the dimensionless Cartesian coordinates, rotated by an angle equal to the Gouy phase and normalized by the beam width w:


   (     u     v     )  =  1 w   (      cos ζ     sin ζ       − sin ζ     cos ζ      )   (     x     y     )   



(12)




the complex amplitude (11) reads as


    E  (  x , y , z  )  =    w 0 3   w   π   G    exp  [  −  u 2  −  v 2  + i  z 0     | q |   2   R  − 1    (   u 2  +  v 2   )  − i ζ  ]              × exp  {    1 +  p  x x    G     [   p y  + i  (  u + i v  )   ]   2  +   1 +  p  y y    G     [   p x  −  (  u + i v  )   ]   2   }              × exp  {  −   2  p  x y    G   [   p x  −  (  u + i v  )   ]   [   p y  + i  (  u + i v  )   ]   }  ,    



(13)




or


  E  (  x , y , z  )  =  C 0  exp  (  −  A  x x    u 2  −  A  y y    v 2  −  A  x y   u v −  A x  u −  A y  v  )   



(14)




with


     C 0  =    w 0 3   w   π   G    exp  (  − i ζ +   1 +  p  x x    G   p y 2  +   1 +  p  y y    G   p x 2  −   2  p  x y    G   p x   p y   )  ,      A  x x   = 1 − i  z 0    | q |  2   R  − 1   +    p  x x   −  p  y y   − 2 i  p  x y    G  ,      A  y y   = 1 − i  z 0    | q |  2   R  − 1   −    p  x x   −  p  y y   − 2 i  p  x y    G  ,      A  x y   = 2 i    p  x x   −  p  y y   − 2 i  p  x y    G  ,      A x  =   − 2  G   [  i  p y   (  1 +  p  x x    )  −  p x   (  1 +  p  y y    )  − i  p  x y    (   p x  + i  p y   )   ]  ,      A y  = i   − 2  G   [  i  p y   (  1 +  p  x x    )  −  p x   (  1 +  p  y y    )  − i  p  x y    (   p x  + i  p y   )   ]  .    



(15)







The real parts of these coefficients (15) define the position, sizes, and orientation of the elliptic light spot. On the other hand, if an elliptic Gaussian light spot in the initial plane is located in the point (x0, y0) (spot center), is tilted by the angle α from the x-axis, and has the sizes σx and σy (Figure 2), its complex amplitude is given by


    E  (  x , y , 0  )  = exp  (  −     x ″  2     σ x 2    −     y ″  2     σ y 2     )              = exp  {  −      [   (  x −  x 0   )  cos α +  (  y −  y 0   )  sin α  ]   2     σ x 2    −      [   (  y −  y 0   )  cos α −  (  x −  x 0   )  sin α  ]   2     σ y 2     }  .    



(16)







Thus, for the beam (14) to describe such an elliptic spot, the following conditions should be fulfilled (we suppose that all the superposition coefficients, pxx, pyy, pxy, px, py are real valued):


   {     1   w 0 2     (  1 +    p  x x   −  p  y y    G   )  =     cos  2  α    σ x 2    +     sin  2  α    σ y 2    ,      1   w 0 2     (  1 −    p  x x   −  p  y y    G   )  =     cos  2  α    σ y 2    +     sin  2  α    σ x 2    ,      1   w 0 2      4  p  x y    G  =  (   1   σ x 2    −  1   σ y 2     )  sin 2 α ,      1   w 0     2 G   [   (  1 +  p  y y    )   p x  −  p  x y    p y   ]  = − 2  (      cos  2  α    σ x 2    +     sin  2  α    σ y 2     )   x 0  −  (   1   σ x 2    −  1   σ y 2     )   y 0  sin 2 α ,      1   w 0     2 G   [   (  1 +  p  x x    )   p y  −  p  x y    p x   ]  = − 2  (      sin  2  α    σ x 2    +     cos  2  α    σ y 2     )   y 0  −  (   1   σ x 2    −  1   σ y 2     )   x 0  sin 2 α .      



(17)







The system (17) consists of 5 nonlinear equations. However, it turned out that it can be solved analytically. Summing the first two equations, we obtain the following condition:


   1   σ x 2    +  1   σ y 2    =  2   w 0 2     



(18)







This condition means that the beams (5) do not allow the construction of an elliptic beam with an arbitrary size. The transverse sizes of the ellipse should be related by Equation (18), according to which, the −2-th power mean [24] of these sizes (i.e., [(σx–2 + σy–2)/2]–1/2) equals the waist radius w0 of the elementary spiral beams (4), (5), used in constructing the superposition. We call this radius w0 an effective waist radius, since the elliptic Gaussian beam propagates in space with the same phase velocity (Gouy phase) as does a circular Gaussian beam with the waist radius w0.



As it turns out, the rest of the parameters of the ellipse (x0, y0, α) can be arbitrary and, for any of their values, the system (17) has a solution. Substituting the derived values pxx, pyy, pxy, px, py into Equation (13), we obtain:


    E  (  x , y , z  )  =    w 0   w  exp  [  −  (  1 − i  z 0     | q |   2   R  − 1   − μ  )   u 2  −  (  1 − i  z 0     | q |   2   R  − 1   + μ  )   v 2  + 2 i μ u v  ]              × exp  {  − 2  [     x 0     w 0     (  μ − 1  )  + i    y 0     w 0     (  μ + 1  )   ]   (  u + i v  )  − i ζ  }  ,    



(19)




with


  μ = γ  e  − 2 i α    



(20)






  γ = 1 −    w 0 2     σ x 2    =    w 0 2     σ y 2    − 1  



(21)







Returning from the coordinates (12) to the original coordinates, we obtain the final expression for the complex amplitude:


    E  (  x , y , z  )  =    w 0   w  exp  [  −  (   1   w 2    −   i k   2 R   −  μ   w 2     e  − 2 i ζ    )   x 2  −  (   1   w 2    −   i k   2 R   +  μ   w 2     e  − 2 i ζ    )   y 2   ]              × exp  {  2 i  μ   w 2     e  − 2 i ζ   x y − 2  (   1   w 2    −   i k   2 R    )   [   x 0   (  μ − 1  )  + i  y 0   (  μ + 1  )   ]   (  x + i y  )  − i ζ  }  .    



(22)







Equation (22) is the main result if this paper. In the next Section, we show the simulation results based on Equation (22).




4. Numerical Modeling


Figure 3 illustrates the intensity and phase distributions of two elliptic beams (22) in the initial plane and at the Rayleigh distance.



Figure 3 confirms that, after free-space propagation, the intensity distributions change only in scale and are rotated with respect to the origin (optical axis), i.e., the solution (22) of the paraxial wave Equation (2) is stable.



On propagation, both these beams acquire the same Gouy phase as a circular Gaussian beam with the waist radius w0 = 500 μm. Therefore, the superposition of such beams also does not change its shape on propagation.



For instance, such beams can be used to construct a propagation-invariant two-petal superposition. Such fields are used in single-molecule microscopy and for improving the longitudinal resolution in imaging systems [25]. In addition, controllable rotation makes it possible to use these beams for distance measurement. The ellipse orientation (tilt angle φ to the horizontal axis x) depends on the propagation distance along the optical axis z: φ(z) = α + ζ(z), where α is the initial orientation (Figure 2) and ζ(z) is the Gouy phase given by Equation (6). Figure 4 depicts the intensity and phase distributions of the two-petal beam, composed of two opposite elliptic Gaussian beams (22), in the initial plane and at the Rayleigh distance.



The same way, we can construct, for instance, triangular or square propagation-invariant beams. Figure 5 depicts the intensity and phase distributions of the triangular beam, composed of three elliptic Gaussian beams (22), in the initial plane, near field (z = z0/2), at the Rayleigh distance (z = z0), and in the far field (z = 5z0). Figure 6 depicts the intensity and phase distributions of the off-axis square beam, composed of four elliptic Gaussian beams (22), in the same planes.



As seen in Figure 5 and Figure 6, both beams rotated on propagation (by π/4 at the Rayleigh distance and almost by π/2 in the far field) around the optical axis, but their transverse shape remained the same as it was in the initial plane.




5. Beam Power and the Orbital Angular Momentum


For a paraxial light beam, its power and orbital angular momentum are obtained by the following formulae [26]:


  W =    ∫  − ∞  ∞      ∫  − ∞  ∞    E *   (  x , y  )  E  (  x , y  )  d x d y        



(23)






   J z  = Im    ∫  − ∞  ∞      ∫  − ∞  ∞    E *   (  x , y  )   [  x   ∂ E  (  x , y  )    ∂ y   − y   ∂ E  (  x , y  )    ∂ x    ]  d x d y        



(24)







Substituting the complex amplitude (22) into these formulae, we obtain expressions for the power and OAM of the off-axis elliptic propagation-invariant Gaussian beam:


  W =   π  w 0 2    2   1 −  γ 2      exp  {  2    r 0 2     w 0 2     [  1 − γ cos  (  2  φ 0  − 2 α  )   ]   }   



(25)






     J z    = 2    r 0 2     w 0 2     (  1 − γ cos 2 β  )  W      +   π  w 0 2  γ   2   1 −  γ 2       (   γ  1 −  γ 2    + 2    r 0 2     w 0 2    cos 2 β  )  exp  {  2    r 0 2     w 0 2     [   (  1 + γ  )    sin  2  β +  (  1 − γ  )    cos  2  β  ]   }  .    



(26)







Dividing the OAM by power, we obtain the normalized OAM:


     J z   W  = 2    r 0 2     w 0 2    +    γ 2    1 −  γ 2    = 2    r 0 2     w 0 2    +  1 4     (     σ y     σ x    −    σ x     σ y     )   2   



(27)







Equation (27) shows that shifting the beam from the optical axis leads to a parabolic growth of the normalized OAM with the shift distance r0, which is consistent with the Steiner theorem in mechanics. It is also seen from Equation (27) that the OAM depends on the beam ellipticity, but the tilt of the ellipse to the coordinate axes does not affect the normalized OAM. At r0 = 0, the obtained expression coincides with that given in [21].



Numerical computation confirms the expression (27). For instance, the theoretical normalized OAM value of the beam from Figure 3a–c is 35.328. The numerical computation by Equations (23) and (24) yields the values 35.022 in the initial plane (Figure 3a) and 34.881 at the Rayleigh distance (Figure 3c). For a narrower beam from Figure 3d–f, the theoretical OAM is 491. By numerical computation (but over a wider domain, |x|, |y| ≤ R with R = 30 mm, and with finer sampling, 8192 × 8192 pixels), we obtained the values of 473 in the initial plane (Figure 3d) and 471 at the Rayleigh distance (Figure 3f). Thus, the error between the numerical and theoretical normalized OAM is 4%.




6. Conclusions


Constructing a continuous superposition of the elementary spiral beams [8] in the transverse plane and solving a system of five nonlinear equations to obtain the weight coefficients of this superposition, we obtained an analytical expression describing monochromatic paraxial propagation-invariant elliptic Gaussian beams with a transverse shift from the optical axis (Equation (22)). The theory is also valid for partially coherent beams, but for distributions of the cross spectral density function, instead of intensity. Qualitatively, the patterns are the same, but have distorted near edges [27].



On free-space propagation, such a beam is rotated, but around the optical axis, rather than around its center. It turns out, that both the shift of such an elliptic beam and its orientation (tilt angle) in the transverse plane can be arbitrary, but the waist radii are related to each other: the −2-th mean power [24] of these two waist radii should be equal to the waist radius of a circular Gaussian beam propagating with the same phase velocity (Gouy phase).



We also derived a formula for the orbital angular momentum of such beams (Equation (27)). Similar to the Steiner theorem in mechanics, it is a sum of two terms. One of them describes the intrinsic OAM, relative to the “mass center” (the center of the ellipse) and it increases with the beam ellipticity. The second term is proportional to the squared distance from the ellipse center to the optical axis. It turns out that the ellipse orientation (tilt angle) in the transverse plane does not affect the normalized orbital angular momentum.



The studied beam is of finite energy and is thus realizable by using a spatial light modulator and, possibly, some encoding techniques [28,29]. The limitation is that the elliptic spot should fit within the modulator area in order to avoid the edge-diffraction effects.
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Figure 1. Intensity (a,c,e,g) and phase (b,d,f,h) distributions of the vortex cosine beam (3) and of the elementary spiral beam (4) in the initial plane (a,b,e,f) and at the Rayleigh distance (c,d,g,h) for the following parameters: wavelength λ = 532 nm, Gaussian beam waist radius w0 = 0.5 mm, scaling factor α0 = w0/4, computation domain |x|, |y| ≤ R with R = 2 mm (in the initial plane) and R = 3 mm (at the Rayleigh distance). The cross in the center shows the optical axis, around which the diffraction pattern rotates on propagation (at the Rayleigh distance, the rotation angle is π/4). 
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Figure 2. Geometric parameters of an elliptic light spot. 
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Figure 3. Intensity (a,c,d,f) and phase (b,e) distributions of the propagation-invariant off-axis elliptic Gaussian beam (22) in the initial plane (a,b,d,e) and at the Rayleigh distance z = z0 (c,f) for the following parameters: wavelength λ = 532 nm, Gaussian beam waist radii σx = 1425 μm and σy = 365 μm (w0 = 500 μm) (a–c) and σx = 4583 μm and σy = 355 μm (w0 = 500 μm) (d–f), coordinates of the beam center (x0, y0) = (2, 0) mm (a–c) and (x0, y0) = (0, 7.5) mm (d–f), tilt angle of the major ellipse axis to the x-axis α = π/2 (a–c) and α = π/4 (d–f), computation domain |x|, |y| ≤ R with R = 5 mm (a–c) and R = 15 mm (d–f). The cross in the center shows the optical axis, around which the diffraction pattern rotates on propagation. Distributions in the initial plane are obtained by Equation (22), whereas at the Rayleigh distance they are computed numerically with the Fresnel transform and, for comparison, also by Equation (22) (the differences are visually undistinguishable). The triangular area of homogeneous phase (e) is the area of ultralow intensity, which is treated by the computation software as the exact zero. 
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Figure 4. Distributions of intensity (a,c) and phase (b) of the propagation-invariant two-petal beam in the initial plane (a,b) and at the Rayleigh distance z = z0 (c) for the following parameters: wavelength λ = 532 nm, waist radii of the two opposite elliptic Gaussian beams σx = 1617 μm and σy = 362 μm (i.e., w0 = 500 μm), positions of the beam centers (x0, y0) = (±2.5, 0) mm, tilt angle of the major ellipse axis to the x-axis α = 0, computation domain |x|, |y| ≤ R (R = 5 mm). The cross in the center shows the optical axis, around which the diffraction pattern rotates on propagation. 
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Figure 5. Intensity (a,c–e) and phase (b) distributions of the triangular propagation-invariant beam in the initial plane (a,b), in the near field z = z0/2 (c), at the Rayleigh distance z = z0 (d), and in the far field z = 5z0 (e) for the following parameters: wavelength λ = 532 nm, waist radii of all three elliptic Gaussian beams σx = 3102 μm and σy = 356 μm (w0 = 500 μm), coordinates of the beam centers (x0p, y0p) = (r0 cos φp, r0 sin φp) (r0 = 1.768 mm, φp = π/6 + 2πp/3, p = 0, 1, 2), tilt angles of the major axes of the ellipses to the x-axis αp = φp + π/2, computation domain |x|, |y| ≤ R with R = 5 mm (a,b), R = 10 mm (c,d), and R = 20 mm (e). The cross in the center shows the optical axis, around which the diffraction pattern rotates on propagation. The initial field (a,b) was obtained by Equation (22) (with a phase shift 2π/3 between the beams to avoid the destructive interference in the corners), whereas distributions in the other planes (c–e) were obtained by the numerical Fresnel transform. 
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Figure 6. Intensity (a,c–e) and phase (b) distributions of the off-axis square propagation-invariant beam in the initial plane (a,b), in the near field z = z0/2 (c), at the Rayleigh distance z = z0 (d), and in the far field z = 5z0 (e) for the following parameters: wavelength λ = 532 nm, waist radii of all four elliptic Gaussian beams σx = 2152 μm and σy = 358 μm (w0 = 500 μm), coordinates of the beam centers (x0p, y0p) = (r0 + r0 cos φp, r0 sin φp) (r0 = 2.5 mm, φp = π/4 + πp/2, p = 0, 1, 2, 3), tilt angles of the major axes of the ellipses to the x-axis αp = φp + π/2, computation domain |x|, |y| ≤ R with R = 10 mm (a–d) and R = 30 mm (e). The cross in the center shows the optical axis, around which the diffraction pattern rotates on propagation. The initial field (a,b) was obtained by Equation (22), whereas distributions in the other planes (c-e) were obtained by the numerical Fresnel transform. 
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