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Abstract: The spontaneous-emission enhancement effect of a single metallic rectangular-aperture
optical nanoantenna on a SiO, substrate was investigated theoretically. By considering the excitation
and multiple scattering of surface plasmon polaritons (SPPs) in the aperture, an intuitive and
comprehensive SPP model was established. The model can comprehensively predict the total
spontaneous emission rate, the radiative emission rate and the angular distribution of the far-field
emission of a point source in the aperture. Two phase-matching conditions are derived from the
model for predicting the resonance and show that the spontaneous-emission enhancement by the
antenna comes from the Fabry—Perot resonance of the SPP in the aperture. In addition, when scanning
the position of the point source and the aperture length, the SPP model does not need to repeatedly
solve the Maxwell’s equations, which shows a superior computational efficiency compared to the

full-wave numerical method.

Keywords: optical nanoantenna; spontaneous emission enhancement; surface plasmon polariton;
semi-analytical model

1. Introduction

In the field of life sciences, particle-type optical nanoantennas [1-4] and aperture-
type optical nanoantennas [5-10] can achieve single-molecule fluorescence detection even
under high concentrations in physiological environments [9-11]. Optical nanoantennas
support surface plasmons polaritons (SPPs) with a mode volume well below the diffraction
limit [12,13]; therefore, they enable an enhancement of the electromagnetic field and spon-
taneous emission rate, which can increase the fluorescence intensity [2,6,14]. Compared
with particle-type nanoantennas, aperture-type nanoantennas can obtain an excitation
region that breaks the diffraction limit during the fluorescence excitation and can shield the
background fluorescence outside the aperture during the fluorescence collection. There-
fore, aperture-type nanoantennas are more conducive to the detection of single-molecule
fluorescence under high concentrations [6-9].

According to whether the antenna supports resonance, the aperture-type nanoanten-
nas can be divided into non-resonant aperture nanoantennas [8,10,15-18] and resonant
aperture nanoantennas [19-24]. For example, the zero-mode waveguide [5,8,10,15,16] is a
non-resonant aperture nanoantenna. Compared with non-resonant aperture nanoantennas,
resonant aperture nanoantennas can achieve a stronger fluorescence-excitation electric field
and a higher spontaneous emission rate [6,19-23,25-31]. Until now, a variety of aperture
nanoantennas that can support resonance have been proposed, such as circular-aperture
nanoantennas [27,28], bowtie-aperture nanoantennas [21,22], an antenna in a box [29-31],
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rectangular-aperture nanoantennas [6,19,20,23,25,26], etc. Among them, a rectangular-
aperture nanoantenna is one of the most basic structures. Thus, it can be of great theoretical
significance to investigate the mechanism of the resonance and its resultant spontaneous
emission enhancement for the rectangular-aperture nanoantenna.

In previous theoretical works of resonant aperture nanoantennas, the resonance en-
hancement properties of the antenna are attributed to the excitation of localized surface
plasmon resonance (LSPR) [6,19-21,24,28,29], for which resonance will occur when the
excitation frequency matches the resonance frequency of the LSPR. The LSPR can be de-
fined as the quasinormal mode (QNM), which is the eigensolution of source-free Maxwell’s
equations and corresponds to a complex resonance/eigen frequency [32,33]. Moreover,
the resonant aperture nanoantenna can be treated as an equivalent circuit composed of
resistance, inductance and capacitance, and the antenna resonance can be predicted by
considering the resonance of the alternating current in the circuit [34-36]. However, in the
above models, the SPP does not appear in an explicit form. Some works assume that the
SPP in the aperture nanoantenna forms a Fabry—Perot resonance, and then provide the
conditions of antenna resonance [23,26]. In these models, some parameters (such as the
SPP propagation constant and reflection coefficient) are obtained by fitting experimental
data [23] or numerical simulation results [26].

In this paper, we investigate the fundamental resonant rectangular-aperture nanoan-
tenna, and establish an SPP model by considering the excitation and multiple scattering of
the SPP in the aperture in order to clarify the role of the SPP in the spontaneous emission
enhancement by the antenna. All the parameters in the model are calculated based on
the first principle of Maxwell’s equations, which ensures that the model has a rigorous
electromagnetic foundation and can give quantitative predictions. The model can com-
prehensively predict the total spontaneous emission rate, the radiative emission rate and
the angular distribution of the far-field emission of a point source in the aperture. Two
phase-matching conditions are derived from the model for predicting the resonance and
show that the enhancement of spontaneous emission by the antenna comes from a Fabry-
Perot resonance of the SPP in the aperture. Moreover, the SPP model also shows superior
computational efficiency compared with the full-wave numerical method.

This article is organized as follows. In Section 2, the SPP model is introduced. In
Section 3, the predictions of the model in comparison to the full-wave numerical results are
discussed. Conclusions are summarized in Section 4.

2. Methods

The considered aperture antenna is composed of a single rectangular nanoaperture
in gold film on a SiO; substrate, and the medium inside and above the aperture is water,
as shown in Figure 1a. The aperture has a length L and a rectangular cross section with
a width D and a depth & (i.e., the gold film thickness, which is set to be 50 nm unless
otherwise specified).

A point electric-current source is set in the aperture and represents a fluorescent
molecule [2,14]. The point source is set to be polarized in the y direction, which can achieve
the highest spontaneous emission rate compared with other polarization directions. The
refractive indices of the SiO, substrate and water are ns = 1.5 and n,, = 1.333, respec-
tively. The wavelength-dependent refractive index ny, of gold is given by a Drude model,
mm(A)? = oA, 2 /AT AT + iA1)], where eq = 8.842, A, = 0.164 um and A, = 20.689 pm
are determined by fitting the tabulated data (from visible to far-infrared wavelengths) in
Ref. [37] (nm = 0.169 + 5.331i at wavelength A = 1 um, which is adopted throughout the

paper).
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Figure 1. (a) Schematic diagram of the rectangular-aperture nanoantenna and the unknown SPP
coefficients a1, ap, by and b; in the SPP model. (b,c) Definitions of coefficients j, r and electromagnetic
fields ¥source and ‘I’;?;irmg used in the SPP model. (d) Distribution of the electric-field components
(IEx!, IEyI, I E; 1) of the fundamental SPP mode on the transversal y-z plane. The y component
of the SPP electric field E, is normalized to be 1 at (y,z) = (0,2/2). The superimposed solid lines
represent the boundaries of the aperture. The results are calculated with the full-wave a-FMM for

D =30 nm and & = 50 nm at wavelength A =1 um.

The y-polarized electric-current point source can be expressed as a current density
= yo(x—xs,y—Ys,2—2s), where (xs,Ys,2s) = (—L/2 + d,0,h/2) is the point-source coordinates,
d is the distance from the point source to the left termination of the aperture, ¢ is the Dirac
function and y is the unit vector in the y direction. The origin O of the coordinate system is
set at the center of the aperture on the surface of the SiO, substrate. The total spontaneous
emission rate of the point source can be expressed as 'y = —Re [Ey(xs,ys,25)] /2 [38], where
Re[Ey(xs,ys,25)] denotes the real part of the y component of the electric field at the point-
source position. The total emission rate I'yy,] contains the following two parts: the far-field
radiative emission rate I',,q and the non-radiative rate 'y, i.e., ['jota] = I'rad + ['nr, Wwhere
I'1aq is radiated to the far-field free space in the form of photons and I'y, is lost in the metal
in the form of heat. The T';,4 can be calculated as I'yag = [ 4 S+nda, where A is an arbitrary
closed surface encircling the antenna and the point source, n is the outward-pointing
unitary vector on A and S is the time-averaged Poynting vector of the electromagnetic field
excited by the point source.

To characterize the enhancement of the spontaneous emission rate, the enhance-
ment factors of total and radiative emission rates are defined as 7ta1 = T'iotal / T water and
Yrad = T'rad/T'water, respectively. Here, T'yater = Uvacnwk% /(127) is the spontaneous emission
rate of the point source in a homogeneous reference material (which is water for the present
case, or other materials with a refractive index of n,, for other applications), with #yac
being the wave impedance in a vacuum and kg = 271/ A being the wavenumber. 7y, is
also called the Purcell factor [14,39]. For high-speed nanoscale light sources (such as single-
photon sources) [40,41], the fluorescence lifetime can be shortened by achieving a high
value of 7iota1- For applications such as surface enhanced fluorescence or Raman-scattering
molecular sensing [14,42—44] and super-bright light sources [40,41,45,46], the fluorescence
intensity can be enhanced by improving the value of the quantum yield # = I';aq/ (Ttotal
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+ Tabs) = Trad/ (Yiotal + 77()_1 — 1) [2,44], where 779 = T'water/ (T'water + I'aps) € (0, 1) denotes
the intrinsic quantum yield of fluorescent emitters (I'y, represents the intrinsic loss rate
of the emitters in the homogeneous reference material). When 7y ~ 1 (such as quantum
dots [14]), there is 17 &= Yrad/ Viotal (called the radiation efficiency of the antenna [2]), and
when 7 is very low, there is # ~ 179Y1aq.

To obtain rigorous data of spontaneous emission enhancement, a full-wave aperiodic-
Fourier modal method (a-FMM) was adopted [47,48]. Then, to analyze the physical
mechanism of spontaneous emission enhancement of the antenna, a semi-analytical SPP
model was established based on an intuitive excitation and multiple scattering process of
SPPs. In this model, the rectangular-aperture nanoantenna was treated as a waveguide
along the x direction. Since the size of the cross section of the nanoaperture is much smaller
than the wavelength, only the fundamental SPP mode is propagative (with an almost
real propagation constant) and bounded (field decaying to null in the transversal y and z
directions) and thus is considered in the model, while all other higher-order waveguide
modes are either evanescent or unbounded [49] and are neglected in the model. The field
distribution of the fundamental SPP mode on the y—z cross section was calculated by the
full-wave a-FMM [Figure 1d], indicating that the dominant electric-field component E,
was concentrated within the rectangular aperture.

As shown in Figure 1a, suppose the y-polarized point source is located at the position
of the red dot in the aperture. We use a1, ay, by, by to denote the unknown coefficients of the
fundamental SPP modes propagating in the x direction in the aperture. Considering the
excitation and multiple scattering of the SPPs, the following set of SPP-coupling equations
can be written:

a1 = B+ bouy, 1)
by = ajuyr, )
ay = B+ byuy, 3)
bz = dyUsr. (4)

In Equations (1)—(4), u1 = exp(ikonegd) and up = explikoneg(L—d)] are the phase-shift
factors of the SPP accumulated when SPP propagates from the point source to the left and
right ends of the aperture, respectively; nqg is the complex effective index of the SPP mode;
and r is the reflection coefficient of the SPP at one end of the aperture. r and ¢ can be
calculated with the full-wave a-FMM [47,48]. B is the coefficient of the SPP excited by the
point source, and can be calculated using the following reciprocity theorem [50]:

—pP- ES_PP (0/ yS/ ZS)

= (o] [ee) — — * (5)
f—oo f—oo [ESPP(XO' y,Z) X H;PP('XOI Y, Z) - E;PP(XO’ Y, Z) X HSPP(XO’ ]/,Z)] . xdydz

p

In Equation (5), p =y is the unit vector in the polarization direction of the point source,
Xo can be selected arbitrarily and

YSiPP(er/rZ> = ‘I’éEPP(O,y,z) exp(Fikonesx) (6)

denotes the electromagnetic field of the right-going (+) and left-going (—) fundamental
SPP mode in the aperture, with ¥ = [E,H] denoting both the electric (E) and magnetic (H)
vectors. Equations (1)—(4) can be understood intuitively. For Equation (1), the left-going
SPP with coefficient a; on the left side of the point source arises from the following two
contributions: the first contribution from the direct excitation of the source (with excitation
coefficient 8), and the second contribution from the left-going SPP (with coefficient by) that
propagates from the right end of the aperture to the left side of the point source (with a
phase-shift factor u,). For Equation (2), the right-going SPP (with coefficient b;) on the
left side of the point source originates from the reflection (reflection coefficient r) of the
left-going SPP (with coefficient a1) that propagates from the left side of the point source
to the left end of the aperture (with a phase-shift factor u;). Equations (3) and (4) can be
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understood similarly. Solving Equations (1)—(4), one can obtain the following analytical
expressions of the SPP mode coefficients:

ay = ’i“_t;‘f? %
by = wulrr ®)
o= PR )
by, = Wuzr, (10)

where u = ujuy = exp(ikonegL). Then, the electromagnetic field in the aperture can be
expressed as follows:

Tin(r) = ‘Ysource(r) + bng_PP(X + L/2,y, Z) + bZTs_pp(x —L/2, Y, Z)/ (11)

where ¥source denotes the electromagnetic field excited by a point source in an infinitely
long slot [Figure 1b] and can be calculated with the full-wave a-FMM [47,48]. The last
two terms in Equation (11) represent the contributions of right-going and left-going SPPs,
respectively. With Equation (11), the total emission rate of the point source can be obtained
as follows:

Tiotal = *Re[Ey,source (xs/ Ys, Zs) + by E;:SPP(O/ Ys, Zs) + bZVZEJSPP(Or Ys, Zs)] /2. (12)

To calculate the radiative emission rate with the SPP model, the electromagnetic field
in the free space outside the antenna can be expressed as follows:

tteri tteri
Tout(r) = Ysource (1‘) + alulT;Cpapirmg(I‘) + azuz‘f;gaplirmg(r). (13)
In Equation (13), ‘I’;;alitiring and ‘ngflitfi“g denote the scattered fields for incident

unitary-coefficient left-going and right—going SPPs at the left and right ends of the aperture,
respectively, and can be calculated with the full wave a-FMM. In the calculation, the
scattered field is equal to the total field excited by the incident SPP mode minus the
incident SPP field in an infinitely long slot. The first term of Equation (13) represents the
field directly excited by the point source, and the second and third terms represent the
scattered fields at both ends of the aperture from the two SPPs (with coefficients a; and a,
and phase-shift factors u; and uy) propagating away from the point source. Then, I';,4 can
be calculated by Equation (13).

3. Results and Discussion

To analyze the spontaneous-emission enhancement properties of the antenna, we
calculated the enhancement factors Yiotal = Tiotal/ Twater and Yrad = Trad/ Twater Of the total
and radiative emission rates for different antenna lengths L. The point source is located
at a distance d = 63 nm from the left end of the aperture or at the center of the aperture
(d = L/2) with an excitation wavelength A =1 um.

The full-wave a-FMM results in Figure 2 show that with the increase in L, the normal-
ized total emission rate ¥y, (blue solid curves) and the normalized radiative emission
rate ;.4 (red solid curves) exhibit quasiperiodic resonance peaks with the peak values de-
creasing gradually. At the resonance peak positions, iota1 and y;aq are far larger than one,
indicating that the antenna can greatly enhance the total and radiative emission rates of the
point source. When the gold-film thickness / decreases from 50 nm (Figure 2a) to 30 nm
(Figure 2¢), I'iotal, [rad and = I'iaq /Tiotal (i-€., the radiation efficiency defined previously)
do not change significantly, but the antenna lengths L at the resonance peaks decrease.
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When the aperture width D decreases from 30 nm (Figure 2b) to 10 nm (Figure 2d), I'iota
and I';,4 increase, but their ratio # = I';,q /T'ioa1 decreases. For an aperture width D = 30 nm
and length L = 0.124 um, the radiation efficiency # can be up to 69.89% (with ¥, = 658.81
and 7y;,q = 460.43). For D =10 nm and L = 0.084 um, ;o1 and ;.4 can reach 5152 and 1971,
respectively (with = 38.26%).

500
250

= Tiotal/Twater» a-FMM == Trad/Twater» a-FMM
° l-‘tcvtal/l-‘w:-xterl SPP Model o rrad/l-‘water: SPP Model
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(a) — T : T T ! r
10001 § : D=30nm
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Figure 2. Normalized total and radiative emission rates (i.e., enhancement factors) I'yosa1/T'water (blue
curves) and I';,q/Twater (red curves) plotted as functions of the antenna length L at an excitation
wavelength A = 1 um. The solid curves and circles show the full-wave a-FMM results and SPP
model predictions, respectively. The green and black vertical dashed lines show the aperture lengths
determined by Equations (14) and (15), respectively. (a,c) The point source is at the center of the
aperture, the aperture width is D = 30 nm and the aperture depth is # =50 nm (a) and 30 nm (c).
(b,d) The distance from the point source to the left end of the aperture is d = 63 nm, D = 30 nm (b)
and 10 nm (d) and / = 50 nm. The value of T4 in (d) is multiplied by 2 for a clear display.

To understand the numerical results, we used the SPP model to predict the I'yy, and
I'taq- As shown in Figure 2, the model predictions (circles) agree well with the full-wave
a-FMM results (solid curves), which confirms the validity of the model. On the other hand,
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the prediction of the SPP model has an obvious error near the first resonance peak. This
shows that in addition to the SPP, other higher-order modes neglected in the model (the
field formed by their superposition is called the residual field [38]) also contribute to the
antenna radiation. To directly observe the SPP field and the residual field, we calculated
the residual field expressed as ¥res = ¥iota1 — ¥spp, Where ¥y is the total field and ¥spp
is the SPP field. Here, the ¥, is obtained with the full-wave a-FMM. The SPP coefficients
can be extracted from ¥,y by using the orthogonality relationship [50,51] between the
SPP mode and other higher-order modes in the aperture (the latter constituting the ¥yes).
The calculated SPP field | Egpp | (left column) and the residual field | Eyes | (right column)
obtained at the first four resonance peaks in Figure 2b under the point-source excitation
are shown in Figure 3. For a direct comparison, all the SPP fields | Espp | are normalized
to have a maximum value of one. At the first resonance peak (Figure 3a, N = 0), the
residual field is comparable to the SPP field. At other resonance peaks, the residual field is
significantly weaker than the SPP field (Figure 3b—-d, M = 0 and N = M = 1, respectively).
This explains the error of the model at the first resonance peak (N = 0) in Figure 2 and the
high accuracy of the model at other formants.

|Espe| 0 05 1 [Eres| 0 025 05
@) Nzo _:i (@2) N=0 [
1) M=0 - (b2) M=0
= B ]
(1) N=1 (c2) i=1
SRR R RNl
X X

Figure 3. SPP field |Egpp | (left column) and the residual field |Eyes | (right column). (a-d) are
obtained at the first four resonance peaks in Figure 2b (L = 124, 314, 514, 704 nm, respectively) under
the point-source excitation. The electric field amplitude | E| = (I Ey |2+ Eyl 24 1E; 1212 on the
z = h/2 plane in the rectangular aperture (width D = 30 nm) is shown. For a direct comparison, all
the SPP fields | Egpp | are normalized to have a maximum value of 1.

According to the model Equation (12), when the total emission rate I'yy, reaches
the maximum, the SPP mode coefficients by and b, are required to reach the maximum.
Equations (8) and (10) show that b; and b, will reach the maximum under one of the
following two phase-matching conditions:

koRe(neg)L + arg(r) = 2N, (14)

koRe(neg)L + arg(r) = (2M +1)m, (15)

where Re() denotes the real part, arg() denotes the argument, and N and M are integers
corresponding to different orders of resonance. Equations (14) and (15) are obtained by min-
imizing 1—ur and 1+ur, respectively, and with the following considerations. Firstly, due to
the strong reflection of the SPP at the end of the aperture, | 7! is close to one. Secondly, there
is lul = exp[—koIm(neg)L] ~ 1 due to Im(n) ~ O for the SPP that is a propagative mode.
For example, for the aperture sizes (D, k) = (30, 50), (30, 30), (10, 50) nm and at wavelength
A =1 um in the calculations of Figure 2, there are r = 0.859%exp(—2.029i), 0.822exp(—1.868i)
and 0.944exp(—2.149i), and nqg = 2.574 + 0.059i, 2.788 + 0.079i and 4.060 + 0.133i, respec-
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tively. Equations (14) and (15) can be used to determine the length of the aperture at
resonance, as shown by the vertical dashed lines in Figure 2. Equations (14) and (15) show
that when L is taken so that the emission rate is at the resonance peak, the phase shift expe-
rienced by the SPP propagating back and forth in the aperture for one cycle is an integral
multiple of 271, which makes the SPPs after multiple reflections interfere constructively, i.e.,
the Fabry—Perot resonance of SPP is formed.

Figure 4 shows the distributions of the dominant electric-field component E, in the
aperture excited by the point source at the resonance peak positions in Figure 2a,b, which
are obtained with the full-wave a-FMM [47,48]. It is seen that for the even-order resonances
(N =0, 1, 2), the field E, exhibits a symmetric distribution about the center of the aperture
(x = 0), while E, exhibits an antisymmetric distribution for the odd-order resonances
(M =0,1,2). As shown in Figure 4a—c, when the point source is located at the center of
the aperture (d = L/2), only the even-order resonant modes are excited. As shown in
Figure 4d—-i, when the point source deviates from the center of the aperture (d = 63 nm),
both the even-order and the odd-order resonant modes will be excited, and the field
distributions of the excited even-order resonant modes are very close to those when the
point source is located at the center of the aperture. As indicated by the phase-matching
conditions (14) and (15), the location of these resonant modes should be independent of the
location of the emitter. Figure 4 also shows that an interference of two counterpropagating
SPPs in the aperture forms the standing wave. With the increase in resonance orders (at
the same time, the antenna length L increases), the number of standing-wave nodes in the
aperture increases and the intensity of the field decreases. The latter is consistent with the
gradual decrease in the spontaneous emission rate I'yy,) as predicted by the model (see
Figure 2).

Re(Ey) |Ey| Re(Ey) |Ey| Re(Ey)

— B
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Figure 4. Under the point-source excitation, the distributions of the dominant electric-field component E,, at plane z = h/2

in the aperture, which are obtained with the full-wave a-FMM. (a—c) correspond to the first three resonance peaks (N =0, 1,

2) in Figure 2a. (d—i) correspond to the first six resonance peaks (N =0, 1,2, M =0, 1, 2) in Figure 2b. The superimposed

dotted lines show the aperture boundary. E; in the figure is normalized (divided by I'yater).

In addition, compared with the full-wave numerical methods, such as the a-FMM [47 48],
the SPP model can reduce the number of numerical calculations. For example, when
changing the position of the point source in the aperture, the SPP excitation coefficient
by the point source can be calculated with the reciprocity theorem (Equation (5)) without
having to solve the Maxwell’s equations repeatedly. When changing the aperture length L,
the SPP model can be executed as well without repeatedly solving the Maxwell’s equations.
In contrast, if the full-wave a-FMM is used, the Maxwell’s equations need to be solved
repeatedly when changing the position of the point source and the length of the aperture.
Figure 5 shows the results of the normalized total spontaneous emission rate I'yyq1 /T'water
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obtained with the SPP model depending on the point-source position d (distance from the
point source to the left end of the aperture) and the aperture length L. It can be seen that if
L takes the value determined by the phase-matching conditions of Equations (14) and (15)
(vertical dashed lines), with the increase in L, I’y can have 1, 2, ..., 6 maxima in turn
(when scanning d). These maxima correspond to the 1, 2, ... , 6 maxima (with the increase
in L) of the dominant electric-field component | Ey | (in the polarization y-direction of the
point source) of the resonant modes excited in the aperture, and the positions where | Ey |

takes the maxima are consistent with the values of d enabling the maxima of Iy, (for
instance, d = 63 nm or L/2 as shown by the white dashed or solid lines in Figure 5), as can be
seen through a comparison between Figures 4 and 5. The above-described correspondence
between the maxima of | Ey | and the maxima of ', is consistent with the prediction of
the QNM expansion theory [32,52], in which the resonant modes excited in the aperture
can be rigorously defined as the QNMs.
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Figure 5. Normalized total spontaneous emission rate I'yy,) /T'water depending on the point-source
position d (distance from the point source to the left end of the aperture) and the aperture length L.
The white solid and dashed lines are for d = L/2 (the point source being at the center of the aperture)
and d = 63 nm, respectively, corresponding to Figure 2a,b. The green and black vertical dashed lines
show the aperture lengths determined by the phase-matching conditions of Equations (14) and (15),
respectively. The results are obtained using the SPP model for an aperture width D = 30 nm and
depthh=50nmat A =1 pum.

Figure 6 shows the angular distributions of the far-field emission P(6,¢) = | S(r,6,¢) | / Swater
for the rectangular-aperture nanoantenna at the first six resonance peaks of I';,4 (as shown
in Figure 2b). |1S(r,0,¢) | is obtained by calculating the modulus | S| of the time-averaged
Poynting vector on a hemisphere in the z > 0 region (the water side), which is centered at the
center of the aperture on the SiO, substrate surface and has a radius of r >> A (the results
on the z < 0 hemisphere are similar to those on the z > 0 hemisphere). § and ¢ are the polar
angle and azimuth angle, respectively. Swater = I'water/ (471r?) is the average energy-flux
density on a sphere of radius r for the point source located in a uniform water environment.
Note that the P(0,¢) is asymptotically independent of r as r approaches infinity. S(r,0,¢) is
calculated using the near-to-far field transformation method [53]. This method needs to
use the electromagnetic field on a closed surface encompassing the antenna and the point
source. The latter can be calculated by using the full-wave a-FMM [47,48] or the SPP model
Equation (13). Figure 6 shows that the SPP model (the bottom row) can quantitatively
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SPP Model

reproduce the a-FMM results (the top row), which verifies the validity of the model, except
for the first resonance order (N = 0), the model has a certain error, which is due to the
presence of the residual field (see Figure 3). The results show different angular distributions
of the far-field emission at different orders of resonance (N =0, 1,2, M =0, 1, 2). According
to the SPP model, the resonance order has a strong influence on the antenna near-field
distribution, which is formed by the standing wave of two counter-propagating SPPs (see
Figure 4), and this near field finally determines the far-field emission pattern [23,54,55].
Moreover, Figure 6 shows that the antenna can achieve a strong far-field emission in a
central angular region (e.g., polar angle § < 60°) corresponding to a certain numerical
aperture of the objective (NA = ny,sinf, with n,, = 1.333 being the refractive index of water).
This is important for improving the portion of the radiative emission rate collected by the
objective [2,56] so as to improve the fluorescence intensity for single-molecule fluorescence

detection [57,58].
N=0 M=0 N=1 M=1 N=2 M=2
(al)() 205 410 (bl) 205 410 ( 1) 205 410 1) 270 P 1) 110 220 (fl)

0000

110 220

0 450 900 0 205 410 205 410 (401 0135 270
s (02) pm——— —0 ()

Figure 6. Angular distributions of the far-field emission P(6,¢) of the rectangular-aperture nanoantenna obtained at the
antenna resonance (the aperture length L satisfies Equations (14) and (15)) on a hemisphere in z > 0 region (the water side).
(@N=0,L=124nm. () M=0,L=314nm. (¢) N=1,L=514nm. (d)M=1,L=704nm. (e) N=2,L =904 nm. (ff M =2,
L =1094 nm. The results are obtained at the first six resonance peaks shown in Figure 2b for A =1 um, D = 30 nm and
d = 63 nm. The first and second rows are obtained using the full-wave a-FMM and the SPP model, respectively. The polar

angle 6 and azimuthal angle ¢ correspond to the superimposed green circles and radial lines, respectively.

4. Conclusions

The spontaneous-emission enhancement effect of a single metallic rectangular-aperture
optical nanoantenna on a SiO, substrate is investigated comprehensively and quantitatively.
The full-wave a-FMM numerical calculation results show that the rectangular-aperture an-
tenna can achieve a total emission rate enhancement factor 7y up to 5152 and a radiative
emission rate enhancement factor 7,4 up to 1971 (with an aperture width D = 10 nm, a
length L = 84 nm and a depth / = 50 nm), and can achieve a radiation efficiency I'yq/Ttotal
up to 69.89% (for which yota1 = 658.81, Yyagq = 460.43, D = 30 nm, L = 124 nm and & = 50 nm).
Moreover, the antenna can also achieve a strong far-field emission within a central angular
zone (polar angle 8 < 60° for instance) that corresponds to a certain numerical aperture
of the objective. These properties are of great significance for improving the fluorescence
intensity and achieving single-molecule fluorescence detection under high concentrations
in physiological environment with the aperture-type nanoantenna.

To explain the numerical results and clarify the underlying physics of the sponta-
neous emission enhancement of the rectangular-aperture nanoantenna, an intuitive semi-
analytical SPP model was built based on an intuitive excitation and multiple-scattering
process of the SPPs. The model can comprehensively predict the total spontaneous emis-
sion rate, the radiative emission rate and the angular distribution of the far-field emission
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of the antenna. A comparison between the prediction of the SPP model and the numerical
calculation results of the full-wave a-FMM verifies the validity of the model and shows
that for the lowest-order resonance (with a small value of antenna length L), the residual
field other than the SPP considered in the model also contributes to antenna radiation.
Two phase-matching conditions are derived from the model to predict the antenna reso-
nance and the resultant enhancement of the spontaneous emission rate and show that the
enhancement of the spontaneous emission rate comes from a Fabry—Perot resonance of
the SPP. In addition, when scanning the position of the point source and the length of the
aperture antenna, the SPP model shows a superior computational efficiency compared to
the full-wave numerical method. The Fabry—Perot SPP model presented in this paper may
be extended to other types of optical nanoantennas that support resonance formed by a
multiple scattering of propagative waveguide modes [21,22,59,60]. For instance, Fabry—
Perot models can be established by considering the multiple scattering of the fundamental
SPP mode for a single-nanowire antenna [61], dipole nanoantenna [38] and nanoparticle
with an arbitrary shape [62], or fundamental photonic mode for a semiconductor-nanowire
antenna [63]. The contribution of the residual field [64] may be further considered in the
model to improve its accuracy. The SPP model may have extended applications in various
fields such as biosensing [6,56,65], light-matter interaction enhancement [21,42,66], etc.
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