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Abstract: We give a theoretical study on the near field enhancement and far field spectrum of an
adjacent graphene-wrapped sphere dimer with different radii. The Fano profile is found in the near
field enhancement spectrum of such a symmetry-broken dimer system, which is, however, hidden in
the far field spectrum. We demonstrate that this kind of Fano profile is rising from the coupling of
dimer’s plasmon hybridization modes by analyzing the dipole moments of each sphere. Moreover,
different orientation of incident wave polarization will lead to the different plasmon hybridization
coupling, thus giving rise to a different Fano profile. By changing the Fermi energy level, we could
achieve tunable Fano profile in near field enhancement.
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1. Introduction

As a promising plasmonic materials, graphene has unique optical and electronic properties due
to its high electron mobility, unique field enhancement by the plasmons in THz [1–5] as well as
nonlinearity [6–9], so that it has potential applications in modulators [10,11], optical sensing, polarizers,
mid-infrared photodetectors [5,12]. The plasmonic property of the graphene layer is comparable to
that of thin metal sheets with the thickness of tens of nanometers [13]. In comparison with surface
plasmon on a metal–dielectric interface, the graphene’s plasmon is more superior due to the strong
confinement of electromagnetic energy [14]. The high-sensitivity tunable plasmonic biosensor has
been demonstrated, and the spatial light confinement in graphene is up to two orders of magnitude
higher than that in metals [15]. The multi-band perfect plasmonic absorptions have been achieved in
single-layer graphene-based rectangular gratings via the excitation of standing-wave graphene surface
plasmon polaritons [16].

On the other hand, coupled plasmonic nano-elements (nanoparticle or nanocrystal) attract more
and more attention due to the new freedom of operation of localized surface plasmon resonances [17,18].
The coupling of nano-element plasmons could not only dramatically shift the spectrum and increase the
field enhancement, but also cause new plasmon modes [19]. Therefore, these coupled nano-elements
have a lot of potential applications in sensing [20], Raman spectroscopy [21,22], optical switches [23],
optical tweezers [24], and meta-lenses [25]. Such kinds of plasmonic coupled hybridized nano-elements
could form the basic uni-cell to support many functional devices. Actually, graphene-based coupled
plasmonic structure could benefit from the advantages of both superior plasmons in THz and new
coupled plasmon modes. In many previous studies, graphene acts as a 2D material due to its nature
geometric property. Few works are aimed to investigate the 3D graphene-based structure [26–29]. In this
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paper, we aim to study the near field and far field property of a novel adjacent 3D graphene-wrapped
spheres dimer in which the spheres have different radii. Based on the dipole–dipole approximation,
we demonstrate that the different coupling modes of the dimer will lead to different Fano profiles in
their near field enhancement spectrum, and this kind of Fano profile will be generally hidden in the
far-field spectrum.

2. Materials and Methods

We consider the dielectric dimer with permittivity ε covered by graphene layer, as shown in Figure 1.
In experiment, the graphene-wrapped spheres can be obtained by using layer-by-layer self-assembly
or precursor-assisted chemical vapor deposition [30–32]. Assuming the electric displacement vector
Dn inside (n = c) and outside (n = h) the sphere have linear relation with the electric field En,
i.e., Dn = εnEn. In the case r1 and r2 are far less than the wavelength of the incident light, we can adopt
the so-called quasi-static approximation. Hence, the electric potentials both inside and outside a single
spherical particle would satisfy the Laplace equation: ∇2ϕn = 0. Under the linearly polarized plane
wave illumination, the general solutions of the Laplace equations would be written as

ϕc = −BE0r cosθ,
ϕh = −E0(r−Cr−2) cosθ.

(1)

Figure 1. Schematic diagram of the graphene-wrapped dielectric dimer in vacuum illuminated by the
linear polarized light whose E direction is along the dimer axis. The radii of two particles are r1 and r2,
respectively, and the center-to-center distance is d.

The electric potential inside the particle includes the incident part and the induced one,
i.e., Ei + Eind = −∇ϕc. As to ϕh, we have Ei + Es = −∇ϕh, in which Es is the scattering field
in the host. E0 is the amplitude of the external applied field, and B,C are the unknown coefficients
to be determined. For the monolayer graphene coated dielectric sphere in which graphene layer is
considered as an extremely thin conducting shell with conductivity σ, due to the fact that the thickness
of monolayer graphene is much smaller than the dielectric core. Generally, zone folding for planar
graphene quantizes the allowable electronic momenta and hence modifies the linear energy dispersion.
However, these perturbations incur only negligible changes to the conductive response provided the
inverse circumference remains small relative to the Fermi momentum [26]. Therefore, the graphene
coating could be characterized well as a two-dimension homogenized conducting film, as we will
show below. We introduce the non-source-free boundary conditions [27],

n̂× [(Ei + Es) − (Ei + Eind)]r=r1,r2
= 0,

n̂ · [(Di + Ds) − (Di + Dind)]r=r1,r2
= ρ,

(2)

where ρ is the surface density of charge, which has relation ∇s · j// = iωρwith surface density of linear
current j// at the frequency ω. Here, the operator ∇s stands for surface divergence, and j// = σE//
with the tangential field component E// of the induced field and the surface conductivity σ.
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Solving the above equations, we yield the unknown coefficients for each single particle,

B1,2 =
3εh

ε+ 2εh + 2Θ1,2
, C1,2 =

ε− εh + 2Θ1,2

ε+ 2εh + 2Θ1,2
r3

1,2, (3)

where Θ1,2 = iσ/(ωr1,2ε0) and the effective polarizability for the graphene-wrapped dielectric particle
would be,

α1,2 = 4πC1,2. (4)

The subscript 1,2 denotes that for particle 1 or 2. Next, to consider the particle–particle interaction,
two particles are modeled as point dipoles with the present effective polarizability in dipole–dipole limit.
The external field along with the incident field at each particle positions satisfy the following equations,

E1 =
1− α2A12

1− α1α2A12A21
E0, E2 =

1− α1A21

1− α1α2A12A21
E0, (5)

where A12 = A21 = eikd

2π

(
ik
d2 −

1
d3

)
denoting the dipole–dipole interaction factor, and k is the wave vector

in the host medium. The dipole moments for each particle are thus given by,

p1,2 = ε0α1,2E1,2 (6)

The term α1α2A12A21 shows the dipole–dipole interaction strength of the two coupled particles.
The internal field in each graphene-wrapped particle will be

Ein1,2 = B1,2E1,2. (7)

To model the surface conductivity of the graphene, we introduce the simplified linear version
within the random-phase approximation in THz frequencies [33]

σ = σintra + σinter. (8)

where σintra and σinter are the intraband and interband terms, which have the following forms

σintra =
ie2kBT

πh2(ω+i/τ)

[
EF

kBT + 2 ln(e−
EF

kBT + 1)
]
,

σinter =
ie2

4πh ln
∣∣∣∣ 2EF−(ω+iτ−1)h
2EF+(ω+iτ−1)h

∣∣∣∣. (9)

where EF = h̄νF(πn2D)
1/2 is the Fermi energy, which can be electrically controlled by an applied

gate voltage due to the strong dependence of the carrier density n2D on the gate voltage, τ is the
electron–phonon relaxation time, and T is the temperature in K. e,h̄,kB, and νF are the electron charge,
reduced Planck’s constant, Boltzmann constant, and the Fermi velocity of electrons, respectively. In the
case of frequencies 2EF > h̄ω, σ ≈ σintra because the interband transitions in graphene are forbidden
by Pauli exclusion principle. Additionally, EF � kBT in the room temperature (T = 300 K), the linear
surface conductivity reduced to a simplified version as

σ0 =
ie2

πh̄
EF

h̄(ω+ iτ−1)
. (10)

To investigate the far field properties, we give the general expression for the extinction
cross-sections (ECS) of adjacent graphene-wrapped dielectric dimer with dipole moments and incident
fields as

σext =
2∑

i=1

k
ε0|E0|

2 Im
(
E∗0,i · pi

)
, (11)



Photonics 2020, 7, 124 4 of 11

and total absorption cross-sections (ACS) for the dimer is the linear combination of all contributions
from two particles, which has the following expression

σabs =
2∑

i=1

−
k

ε0|E0|
2

 k3

6π

∣∣∣pi

∣∣∣2 − Im


∣∣∣pi

∣∣∣2
αi


. (12)

3. Results and Discussion

In Figure 2, we plot internal field enhancement for the proposed graphene-wrapped dielectric
dimers with various geometry parameters at a fixed center-to-center separation d = 210 nm in THz
frequency. The dielectric core is chosen as silica with the dielectric constant ε = 2.25. The radii of
small particle vary from 50 to 80 nm, and the large one is kept constant at 100 nm. As the small
particle (NP1) grows, the internal field enhancement spectra for each particle show additional peaks
indicating strong interaction between the graphene-wrapped dimer particles, and these additional
resonant peaks dominate with stronger particle–particle interaction. Compared to the single particle
case (see the dotted lines in Figure 2), the main peaks of the internal field enhancement curves for
two particle have different shifting behaviors: NP1 illustrates blue-shifting along with magnitude
dramatically decreasing, and NP2 shows red-shifting with peak magnitude slightly growing. For details,
the main peak wavelength and corresponding magnitudes are listed as follows: 9.74 µm (123.6),
10.65 µm(102.5), 11.45 µm(79.1), and 12.12 µm(50.5) for NP1; 13.84 µm (100.2), 13.89 µm(103.4)
13.99 µm(107.7), and 14.19 µm(110.7) for NP2. It demonstrated that the dipole–dipole interaction will
reduce internal field in small particle and enhance the field inside the large particle in the main peak
near their individual resonant wavelength.

Figure 2. Internal field enhancement spectra for graphene-wrapped dielectric dimers with constant
center-to-center distance of d = 210 nm, for small particle (NP1, upper panels) and the large particle
(NP2, middle panels) with various radii of small particle (I) r1 = 50 nm, (II) r1 = 60 nm, (III) r1 = 70 nm,
and (IV) r1 = 80 nm, and with a fixed radius of large particle r2 = 100 nm. The dashed line in each
panel shows the analytical single particle field enhancement. Down panels illustrate the phase of each
dipole moments in dimer calculated by Equation (6). The host medium is chosen as vacuum, ε = 2.25,
EF = 0.3 eV, and τ = 1 ps.

Note that additional resonant peaks in field enhancement spectra are due to the particle–particle
interaction, however they arise from different origins. We plot the phase spectra for NP1 and NP2
in Figure 2. Dipole moments of NP1 and NP2 are in-phase in resonant peak at long wavelength
(λ ≈ 14 µm, see Figure 2IV(c)), so that the peak for both particles are dramatically enhanced when
the particle–particle interaction becomes strong. In this case, not only NP1 but also NP2 benefit
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from the particle–particle coupling. On the other hand, NP1 and NP2 are out-of-phase at a short
wavelength (see Figure 2IV(c)), hence field enhancement is eliminated for NP1 and additional resonant
peak in NP2 shows less dominating. These “in-phase” and “out-of-phase” coupling modes result
from the so-called cascaded plasmon resonances [34,35] in adjacent nanoparticles with different radii,
as indicated schematically in the inset in Figure 2IV(b). Alternately, they are relevant to “bonding”
and “anti-bonding” modes due to the different coupling symmetry of charge distributed around
two adjacent particles. Similar to the plasmon hybridization of metallic shell [19], we introduce the
hybridization theory to explain the two resonant modes in the cascaded dimer, of which schematic
diagram is shown in Figure 3. Besides that, the sharp anti-bonding mode interferes with the relatively
broadband bonding mode thus leads to a well-pronounced asymmetric sharp line profile–Fano
resonant profile in the internal field enhancement spectra for NP2 (see the middle panels in Figure 2).
Additionally, the Fano curve becomes obvious as the coupling strength grows. However, no Fano
profile exists in NP1’s internal field enhancement spectra. This kind of Fano profile is different from the
coupling of optical excitations existing in different materials, for instance, a silver-gold heterogeneous
dimer, whose Fano profile is arising from the coupling of localized surface plasmon resonance of silver
component and the continuum of interband transitions of the gold one [36–39]. To further illustrate,
we start next with the mathematical analysis.

Figure 3. The schematic diagram of the plasmon hybridization in the cascaded graphene-coated dimer.
The Fano resonance arises due to the interference between antibonding and bonding modes.

In Equation (5), the numerator term 1−α1A21 (or 1−α2A12) and denominator term 1−α1α2A12A21

are both convergent, thus the resonant peak will mathematically occur when 1 − α1α2A12A21 = 0,
and the resonant dip will consequently show when 1 − α1A21 = 0. We calculate the denominator
and numerator terms within the present model in Figure 4a, and it illustrates the two main resonant
peaks (denoted as points p1 and p2 in Figure 4a) in the near field enhancement spectrum of NP1 and
NP2. Point d1(blue) indicates the Fano dip of the antibonding mode for NP2. Although there is no
obvious Fano profile in the near field spectrum of NP1, numerator term 1− α1A21 has zero value in the
spectrum, which is denoted as d1(red). Calculation results show that the zero point d1(red) varies
with the particle geometric parameters; for instance, for particle radius and particle–particle distance,
it indicates less dependence on the p1 point, so that no obvious Fano-like curve exists in the position of
anti-bonding mode in NP1’s near field spectrum, especially when the particle-particle interaction is
weak. However, d1(blue) goes together with p1, therefore the Fano curve keeps well in NP2’s near
field spectrum no matter how the geometric parameter changes. It is easy to understand that the dipole
excitation of NP1 predominates in the existence of antibonding mode for both NP1 and NP2, as to the
internal field enhancement its self, antibonding coupling has less influence on the near field in NP1
than that in NP2, so that the Fano profile is not obvious in NP1 especially when the particle–particle
interaction is weak. Once the coupling strength becomes strong, we will see a slight “zero dip” in
Figure 2IV(a). For NP2, internal field enhancement mainly relies on antibonding coupling, hence the
Fano profile keeps well.
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Figure 4. (a) Calculated results of denominator term 1 − α1α2A12A21 (black) and numerator terms
1 − α2,1A12,21 (red for NP1 and blue for NP2) in the function of incident wavelength. (b,c) are the
local enlarged images cut from (a), located around 12.3 µm and 13.8 µm, respectively. The physical
parameters used in the calculation are the same as in Figure 2IV.

Besides the “zero points” remarked in Figure 4a, there exists other ones at the very narrow band
spectrum around 12.3 µm and 13.8 µm. It is clearly shown in Figure 4b,c that the “zero points” of
denominator and numerator are not located exactly at the same position where it is expected to exhibit
Fano profile. However, due to the retarded effects resulting from the electron damping in graphene
layer, no Fano curve occurs. To further demonstrate, we investigate influence of the electron relaxation
times on the near field Fano profile in Figure 5. It clearly shows that the peaks of Fano curves have
been eliminated with very short relaxation time in the graphene layer.

Figure 5. The same as in Figure 4 but with different relaxation times: (a) τ = 0.1 ps, (b) τ = 0.5 ps,
(c) τ = 1 ps. Corresponding internal field enhancements are shown in (d–f), respectively.

The sharp anti-bonding mode interferes with the relatively broadband bonding mode, thus leading
to a sharp Fano resonant profile in internal field enhancement spectra for NP2 (see the middle panels
in Figure 2). Additionally, the Fano curve becomes obvious as the coupling strength grows. However,
this intrinsic Fano resonance existing in near field might be hidden in the curve of the far field spectrum.
To demonstrate, we plot the extinction cross-section spectrum (ECS) in Figure 6 according to the general
expression for the extinction cross-sections of adjacent particles with dipole moments and incident field
as follow in Equation (11). As Equation (11) contains two separated terms corresponding to NP1 and
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NP2, respectively, which indicate different contributions of adjacent dimer to the total ECS, we separate
the two different contributions accordingly in Figure 6. It is clearly shown that the ECS curves are
typically symmetric line shape for both total and separate contributions. The opposite sign of separate
ECS in the antibonding resonance demonstrates the different contributions of the adjacent dimer to the
total ECS especially for NP2. The negative value of ECS means the enhanced forward light passing by
the particle along the incident direction, which is abnormal for a lossy particle. The particle–particle
interaction in the adjacent dimer leads to the enhanced forward light for NP2 (with negative ECS value
−0.072 µm2) but more extinct forward light for NP1 (with positive ECS value 0.158 µm2) so that the
total ECS still keeps positive.

Figure 6. Extinction cross-section spectrum of total (black solid), NP1 (red dashed), and NP2 (blue dotted)
contributions from the graphene-wrapped dimer.

The situation is similar in the total absorption cross-section as shown in Figure 7. The total
absorption cross-section (ACS) for the dimer is defined in Equation (12). Contrary to the total ACS,
the separate contributions of NP1 and NP2 show asymmetric Fano profiles in the ACS curves around
anti bonding position, respectively. Unlike the separate contributions in the ECS, the separate terms in
Equation (12) are more relative to the dipole moments itself, so that the line shape is similar to the
internal field showing the Fano profile.

Figure 7. Absorption cross-section spectrum of total (black solid), NP1 (red dashed), and NP2
(blue dotted) contributions from the graphene-wrapped dimer, respectively.

Figure 8 illustrates the dependence of internal field enhancements on particle distance and Fermi
energy level. Tuning the density of the charge carriers through the external electrical gating field or
chemical doping will result in the changing of Fermi level of the graphene covering, thus altering the
surface plasmon resonance of the particle dimmer. Blue shift of the resonant peaks occurs with the
increase in the Fermi energy level, which was concluded in other similar structures [28]. Besides the
blue-shift resonances, higher Fermi energy level leads to the stronger internal field intensities both in
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NP1 and NP2, as showed in Figure 9 for a clear view. It is shown that when EF = 0.2 eV, resonant
wavelengths for both NP1 and NP2 lay at 14.86 µm and 17.38 µm with peak values 41.18 and 46.45 for
NP1, and with 14.08 and 90.57 for NP2. Once EF is increased to 0.6 eV, then we yield the resonant
wavelengths and corresponding peak values as follows: 8.57 µm (71.77) and 10.04 µm (79.17) for NP1;
8.57 µm (23.58) and 1.

Figure 8. Internal field enhancement as the functions of center-to-center distance d and incident
wavelength λ in NP1 (Upper panel) and NP2 (lower panel) with different Fermi energy levels:
(a,d) EF = 0.2 eV, (b,e) EF = 0.4 eV, and (c,f) EF = 0.6 eV, respectively. The radius of NP1 is 80 nm and
other parameters are the same as used in Figure 2.

Figure 9. Internal field enhancement spectra with different Fermi energy levels in (a) NP1 and (b) NP2,
respectively. Other geometric parameters are the same as in Figure 2IV.

Up to now, we analyze the near field enhancement and far field properties of adjacent graphene
dimer under linearly polarized light illumination with the polarization direction parallel to the dimer
axis. In this case, “out-of-phase” anti-bonding and “in-phase” bonding modes are excited according to
the plasmon hybridization model. Note that such a plasmonic dimer structure shall generally predict
four plasmon hybridization formations within the dipole approximation [18,40,41], which corresponds
to different orientation of exciting incident polarization. If the polarization direction is perpendicular to
the dimer axis, paralleled dipole moments of NP1 and NP2 exhibit “in-phase” anti-bonding mode and
“out-of-phase” bonding mode. Additionally, the “in-phase” anti-bonding mode has higher energy than
the “out-of-phase” bonding one, as shown in Figure 10. Although the coupling strength of plasmon
hybridization in this situation is weaker, the Fano profile in the near field enhancement still exists.
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Figure 10. Internal field enhancement spectra in (a) NP1 and (b) NP2 with different polarization
direction of incident wave: E perpendicular to dimer axis (solid) and E parallel to dimer axis (dashed).
(c) Phase of the dipole moments for NP1 and NP2 in case of E perpendicular to dimer axis. Other physical
parameters are the same as in Figure 2IV. The insert denotes the plasmon hybridization.

In the end, we should mark that the full wave numerical approach [36–38] will give more accurate
description of near field and far field response due to the plasmons in the dimer system, especially for
the dimer system with the dimension not smaller enough to the incident wavelength. In the present
model, we learn, on one hand, that the size of the particle is about one tenth of the incident wavelength,
hence the dipole excitation of the particle plays the dominating role in the plasmonic resonances,
and the influence of the other higher order mode can be neglected. On the other hand, physically,
the Fano profile here arises from the coupling of the dipole modes. Consequently, the conclusion
we made with the dipole–dipole approach will stay the same with that obtained by a more accurate
numerical approach, except for some very limited deviation (that could be neglected) in the near field
and far field configurations.

4. Conclusions

In summary, with a dipole–dipole approximation, we investigate the near field enhancement and
far field property of a graphene-wrapped sphere dimer. When the graphene-wrapped sphere in dimer
has different radius, the symmetry of the dimer system is broken, and the Fano profile arises in the near
field enhancement spectrum. This Fano profile is due to the coupling of the bonding and antibonding
mode of the dimer’s plasmon hybridization and is sensitive to the sphere whose individual plasmon
give more contribution to the bonding mode. We fix the Fano dip with mathematical analysis and find
that the relaxation time play the role in the appearance of the Fano profile. In the far field spectrum,
however, no Fano profile occurs neither in extinction cross-section nor in the overall absorption
cross-section spectrum. The Fano profile in the near field could be tuned by variable Fermi energy
levels both in resonant wavelength and amplitude of peak value. In the end, we show that different
orientation of polarization direction of incident waves corresponding to the dimer axis will cause
different plasmon hybridization coupling; then, the position of the Fano profile will be different.
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