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Abstract

Dissipation can fundamentally reconstruct the multicritical structure of driven-dissipative
light–matter systems. In the interpolating Dicke–Tavis–Cummings model, cavity loss elimi-
nates the U(1)-symmetric superradiant phase on the Tavis–Cummings line λx = λy and
splits the original multicritical point into a pair of dissipation-induced tricritical points.
Here, we show that intracavity optical squeezing provides a coherent means of continu-
ously reshaping this loss-generated multicritical structure. The single-mode parametric
interaction acts asymmetrically on the two cavity quadratures, thereby deforming the phase
boundaries and continuously tuning the dissipation-induced tricritical points. We analyti-
cally determine the phase boundaries and the evolution of the tricritical structure with the
parametric gain and cavity dissipation, and show that the two tricritical points coalesce in
the weak-loss limit. Photon-number fluctuations provide clear quantum signatures of the
squeezing-controlled multicritical structure.

Keywords: superradiant phase transition; multicriticality; optical squeezing; driven-dissipative
systems; Dicke model

1. Introduction
Understanding quantum phase transitions and criticality is a central topic in modern

condensed matter physics and quantum optics [1,2]. A paradigmatic example is the super-
radiant phase transition in Dicke-type models, where an ensemble of two-level systems
collectively interacts with a single bosonic cavity mode [3,4]. When the atom–field coupling
strength exceeds a critical value λc, the system undergoes a transition from the normal
phase to a superradiant phase [5–14]. Beyond conventional critical points, multicritical
structures have attracted considerable attention. Of particular interest are tricritical points
(TCPs) [15–18] where the first- and second-order phase transition boundaries meet. In addi-
tion to their fundamental importance in nonequilibrium many-body physics, multicritical
regimes are expected to enhance the response of a system to external perturbations [19]
and therefore offer potential applications in quantum sensing and metrology [20–26].

A paradigmatic model exhibiting such multicritical behavior is the interpolating
Dicke–Tavis–Cummings (IDTC) model [27]. In this model, the two quadratures of a single
cavity field couple independently to two orthogonal components of a collective spin,
with coupling strengths λx and λy. A key feature of the IDTC model is the emergence of a
continuous U(1) symmetry along the Tavis–Cummings line (λx = λy), where the normal
phase and two superradiant phases meet at a tricritical point.
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Realistic light–matter systems are inevitably coupled to their environment.
Remarkably, even infinitesimal cavity dissipation fundamentally reconstructs the
phase diagram [28–32], destroying the U(1)-symmetric superradiant phase on the
Tavis–Cummings line and opening a normal-phase sliver between the two Dicke-like
superradiant phases [33]. Consequently, the original multicritical point splits into two
nonequilibrium tricritical points. However, once the system is fixed, the cavity decay rate
is generally difficult to tune by external fields.

Optical squeezing and parametric driving have been explored as effective means of
controlling critical phenomena in light–matter systems. In particular, intracavity squeezing
has been shown to induce symmetry-breaking superradiant transitions in Tavis–Cummings-
type systems [34], and squeezed-light-induced phase transitions have also been studied
in the Jaynes–Cummings model [35,36]. More recently, squeezing-assisted multicritical
phenomena have been explored in other cavity-QED configurations [37,38]. In contrast
to these studies, which focus on squeezing-induced superradiant transitions or tricriti-
cality, the present work addresses the coherent control of a tricritical pair generated by
cavity dissipation.

In this work, we introduce intracavity optical parametric amplification into the dis-
sipative IDTC model to achieve coherent control of the dissipation-induced multicritical
structure. A classically pumped χ(2) nonlinear medium generates a coherent two-photon
term of the form G(a2 + a†2), where the parametric gain G is controlled by the external
pump amplitude [39–42]. The squeezing interaction reduces the continuous U(1) symmetry
on the Tavis–Cummings line to the discrete Z2 symmetry, allowing superradiant solutions
to reappear on this line, consistent with the squeezing-induced symmetry-breaking mecha-
nism reported previously [34]. The coherent interaction continuously changes the superra-
diant phase boundaries and displaces the two dissipation-induced tricritical points in the
(λx, λy) plane. We derive the first- and second-order phase boundaries and obtain explicit
expressions for the locations of both tricritical points as functions of G and κ. We further
show that finite squeezing breaks the λx ↔ λy exchange symmetry and asymmetrically
deforms the tricritical pair, whereas the two points coalesce in the weak-loss limit. We
further characterize their evolution through photon-number fluctuations.

The remainder of this paper is organized as follows. In Section 2, we introduce the
dissipative interpolating Dicke–Tavis–Cummings model with intracavity optical parametric
amplification, discuss its symmetry properties, and formulate the corresponding open-
system dynamics. In Section 3, we derive the semiclassical steady-state solutions and the
analytical phase boundaries, and characterize the resulting superradiant phase diagram.
In Section 4, we focus on the tunable tricritical structure, derive the locations of the two
tricritical points, and analyze their evolution under variation of the parametric gain and
cavity dissipation. In Section 5, we investigate quantum fluctuations around the stable
mean-field steady states and identify their signatures near the critical boundaries. Finally,
Section 6 summarizes our main results and conclusions.

2. Model
We consider an ensemble of N identical two-level atoms, each coupled to both quadra-

tures of a bosonic mode (e.g., the electric and magnetic field components of an electro-
magnetic field) that contains a second-order χ(2) nonlinear crystal. Such two-quadrature
light–matter couplings can, in principle, be engineered in circuit-QED architectures, where
artificial atoms couple capacitively and inductively to a resonator, or through cavity-assisted
Raman interaction channels [10,27]. The nonlinear medium is driven by a strong classical
pump field with frequency ωp, giving rise to intracavity optical parametric amplification
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(OPA) [34,37,38,41,42]. Setting h̄ = 1, the effective Hamiltonian in the rotating frame at half
the pump frequency, ωp/2, is

Heff = ∆ca†a + ∆qSz +
2λx√

N
Sx(a + a†) + i

2λy√
N

Sy(a − a†) + G(a2 + a†2), (1)

where a (a†) denotes the annihilation (creation) operator of the cavity mode,
and Sµ = 1

2 ∑N
j=1 σ

(j)
µ (µ = x, y, z) are the collective spin operators, with σ

(j)
µ the

Pauli matrices for the jth atom. The parameters λx and λy characterize the anisotropic
light–matter couplings. The effective parametric gain is given by G = χ(2)|β′|, where β′ is
the coherent pump amplitude and χ(2) denotes the effective three-wave-mixing strength.
The effective parametric gain G can be continuously controlled through the amplitude of
the external pump field. It therefore provides an experimentally accessible coherent control
parameter for tuning the phase structure while the cavity dissipation rate κ is kept fixed.
The cavity and atomic detunings are defined as ∆c = ωc − ωp/2 and ∆q = ωq − ωp/2,
respectively, where ωc and ωq denote the bare cavity-mode frequency and the atomic
transition frequency, respectively.

For G = 0, the symmetry of the Hamiltonian is determined by the anisotropy of the
light–matter coupling. Along the Tavis–Cummings line, λx = λy, the counterrotating terms
vanish, and the total excitation number N̂ = a†a+ Sz + N/2 is conserved. The Hamiltonian
is invariant under the continuous transformation U(θ) = eiθN̂ , which gives rise to a U(1)
symmetry. Away from the Tavis–Cummings line, λx ̸= λy, the counterrotating terms break
excitation-number conservation, reducing the continuous U(1) symmetry to the discrete Z2

symmetry generated by Π = eiπ(a†a+Sz+N/2). The parametric drive G(a2 + a†2) explicitly
breaks the U(1) symmetry even along the Tavis–Cummings line. Under the transformation
a → e−iθa, the two-photon terms acquire phase factors e∓2iθ and are therefore not invariant
for a general θ. The discrete Z2 symmetry, however, remains preserved because a2 + a†2

is invariant under a → −a. Thus, the OPA reduces the continuous U(1) symmetry to Z2.
Meanwhile, the parametric drive acts differently on the two cavity quadratures, which are
governed by the effective coefficients ∆c + 2G and ∆c − 2G, respectively. This quadrature-
dependent renormalization provides the microscopic origin of the asymmetric deformation
of the phase boundaries discussed below.

We now turn to the open-system dynamics by incorporating cavity photon loss. In con-
trast to the closed system, where the phase structure is determined solely by the effective
Hamiltonian, the steady states of the driven–dissipative system arise from the compe-
tition between coherent light–matter interactions, parametric driving, and dissipation.
Within the Markovian approximation, the system dynamics is governed by the Lindblad
master equation

ρ̇ = − i[Heff, ρ] + κ
(

2aρa† − a†aρ − ρa†a
)

, (2)

where κ denotes the cavity decay rate.

3. Steady-State Phase Diagram
To determine the steady-state phase structure, we first derive the semiclassi-

cal equations of motion. In the thermodynamic limit, we introduce the variables
⟨a⟩ =

√
Nα, ⟨Sx⟩ = NX, ⟨Sy⟩ = NY, ⟨Sz⟩ = NZ, where α = αRe + iαIm. Factoriz-

ing mixed atom–field correlations as ⟨aSµ⟩ ≃ ⟨a⟩⟨Sµ⟩, the equations of motion become
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α̇Re = − καRe + (∆c − 2G)αIm − 2λyY, (3a)

α̇Im = − (∆c + 2G)αRe − καIm − 2λxX, (3b)

Ẋ = − ∆qY − 4λyαImZ, (3c)

Ẏ = ∆qX − 4λxαReZ, (3d)

Ż = 4λxαReY + 4λyαImX. (3e)

The OPA introduces a quadrature-dependent modification of the semiclassical dynamics,
with αRe and αIm governed by the effective coefficients ∆c + 2G and ∆c − 2G, respectively.

The collective spin length is conserved within the mean-field approximation,

X2 + Y2 + Z2 =
1
4

. (4)

The steady states are obtained by setting the time derivatives in Equation (3) to zero
together with the spin-length constraint. The normal-phase solution is

αRe = αIm = X = Y = 0, Z = −1
2

. (5)

For a superradiant steady state, eliminating the spin components from the stationary
mean-field equations gives (see details in Appendix A.1)

(
∆c + 2G +

8λ2
xZ

∆q

)(
∆c − 2G +

8λ2
yZ

∆q

)
+ κ2 = 0. (6)

Solving for the spin polarization gives two formal branches,

Z± = −
∆q

16λ2
xλ2

y

[
(∆c + 2G)λ2

y + (∆c − 2G)λ2
x ±

√
D
]
, (7)

with
D =

[
(∆c + 2G)λ2

y − (∆c − 2G)λ2
x

]2
− 4κ2λ2

xλ2
y. (8)

Mathematically, D = 0 determines the boundaries at which the two formal superradiant
stationary branches coalesce. The physically relevant segments become discontinuous
transition boundaries when the dynamically stable Z− solution terminates with a finite
order parameter, as confirmed by the linear-stability analysis in Appendix B and by the
cuts shown below.

Real superradiant stationary solutions require D ≥ 0. Introducing

Ξ =
√

κ2 + ∆2
c − 4G2, (9)

the condition D = 0 yields two branches,

λy =
Ξ ± κ

∆c + 2G
λx, (10)

which together define the discontinuous (first-order) transition boundary. In addition to
the phase boundaries, the analytic form of the superradiant solution changes across

λy = λx

√
∆c − 2G
∆c + 2G

, (11)
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where the two analytic representations of the superradiant branch exchange their roles,
as detailed in Appendix A.1. We refer to Equation (11) as the branch-exchange line; it does
not by itself represent a phase-transition boundary.

Throughout this work, we restrict the parametric drive to the below-threshold regime
4G2 < ∆2

c + κ2, for which the uncoupled parametrically driven cavity possesses a stable
stationary state. This condition also ensures that Ξ =

√
κ2 + ∆2

c − 4G2 is real. All parameter
sets considered below satisfy this condition. The continuous normal-to-superradiant
transition is reached when the stable superradiant branch continuously merges with the
normal state, i.e., when Z− → −1/2. Substituting Z = −1/2 into Equation (6) yields

(
∆c + 2G − 4λ2

x
∆q

)(
∆c − 2G −

4λ2
y

∆q

)
+ κ2 = 0, (12)

which determines the continuous (second-order) transition boundary. Solving Equation (12)
for λy gives

λy =
1
2

√
∆q

[
∆c − 2G +

κ2∆q

(∆c + 2G)∆q − 4λ2
x

]
. (13)

Physical superradiant states are further constrained by dynamical stability. For the
parameter regimes considered here, the Z− branch is dynamically stable, whereas the Z+

branch is unstable; see Appendix B. In the following, we retain only the stable Z− branch.
To visualize the steady-state phase structure, we use the real and imaginary parts of the

cavity field, αRe and αIm, as the superradiant order parameters. For a given stable polariza-
tion Z−, these amplitudes are obtained from the stationary mean-field equations together
with the spin-length constraint; their explicit expressions are given in Appendix A.1.

We now examine the mean-field phase structure in the (λx, λy) coupling plane.
Figure 1a,b show the real and imaginary components of the cavity order parameter, αRe

and αIm, respectively. The black dashed lines denote the first-order phase-transition
boundaries, while the solid purple curves indicate the second-order transition bound-
aries. The two types of boundaries meet at the tricritical points, marked by red stars.
For G ̸= 0, the λx ↔ λy exchange symmetry is explicitly broken, so that the diagonal
λx = λy no longer serves as a symmetry axis of the phase diagram. This asymmetry
originates from the opposite OPA-induced shifts ∆c + 2G and ∆c − 2G of the two cavity
quadratures. Consequently, the superradiant regions on the two sides of the diagonal
become inequivalent.

The one-dimensional cuts in Figure 1c–f make the distinction between the continuous
and discontinuous phase boundaries more explicit. For λy/∆ = 0.20 [Figure 1c], both
components of the cavity order parameter remain zero up to λx/∆ ≃ 0.596 and then
increase continuously from zero, indicating a continuous normal-to-superradiant transition.
A similar behavior is observed for the complementary cut at λx/∆ = 0.30 [Figure 1e],
where the superradiant order parameter emerges continuously at λy/∆ ≃ 0.390. In con-
trast, for λy/∆ = 0.50 [Figure 1d], the initially superradiant state terminates abruptly
at λx/∆ ≃ 0.685, where both components of the order parameter drop discontinuously
to zero. The system remains in the normal phase over a finite interval and reenters the
superradiant phase through another discontinuous transition at λx/∆ ≃ 0.852, yielding a
characteristic SP–NP–SP sequence. Likewise, for λx/∆ = 0.59 [Figure 1f], the order param-
eter exhibits a finite jump at λy/∆ ≃ 0.431, providing direct signature of a discontinuous
normal-to-superradiant transition.
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Figure 1. Mean-field phase diagram in the (λx, λy) plane. (a,b) Real and imaginary parts of the cavity
order parameter, αRe and αIm, respectively. The black dashed lines indicate the first-order superradiant
phase transition boundaries, and the solid purple curves denote the second-order phase transition
boundary. The red stars indicate the tricritical points. The white region corresponds to the normal
phase with αRe = αIm = 0. (c,d) Order parameters as functions of λx/∆ for fixed λy/∆ = 0.20 and
0.50, respectively. (e,f) Corresponding cuts as functions of λy/∆ for fixed λx/∆ = 0.30 and 0.59. Here
∆c = ∆q = ∆ = 1, κ/∆ = 0.1, and G/∆ = 0.2.

4. Tunable Tricritical Structure
The discontinuous boundaries in Equation (10) intersect the continuous boundary in

Equation (13) at two tricritical points (TCPs). Using the definition of Ξ in Equation (9), their
coordinates are

λTCP1
x =

1
2

√
(Ξ2 + κΞ)∆q

∆c − 2G
,

λTCP1
y =

Ξ − κ

∆c + 2G
λTCP1

x , (14)

and

λTCP2
x =

1
2

√
(Ξ2 − κΞ)∆q

∆c − 2G
,

λTCP2
y =

Ξ + κ

∆c + 2G
λTCP2

x . (15)

The detailed derivation of Equations (14) and (15) is given in Appendix A.2.
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For G = 0 and finite cavity loss, the two tricritical points are related by the exchange
λx ↔ λy, reflecting the symmetry of the dissipative IDTC model. A finite parametric
drive removes this exchange symmetry and continuously deforms the tricritical pair in the
(λx, λy) plane.

In the weak-loss limit κ → 0, the two tricritical points coalesce at

λ
(0)
x =

1
2

√
(∆c + 2G)∆q, λ

(0)
y =

1
2

√
(∆c − 2G)∆q. (16)

In the absence of parametric driving, G = 0, Equation (16) is reduced to λx = λy = λc,
with λc =

√
∆c∆q/2.

Figure 2 illustrates the resulting evolution of the tricritical structure as the squeezing
strength G is varied. At G = 0, the two tricritical points form a pair symmetric about the di-
agonal λx = λy. Increasing G breaks this symmetry: one tricritical point is displaced toward
larger λx and smaller λy, whereas the other moves toward smaller λx and larger λy. Simul-
taneously, the branch-exchange line (denoted by the dashed line) in Equation (11) is shifted
away from the diagonal. Therefore, the optical squeezing provides an independent control
parameter for continuously reshaping the dissipation-induced multicritical structure.
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Tricritical points as G varies (5=" = 0:1)
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TCP pair link
branch-exchange line

Figure 2. Evolution of the tricritical points in the (λx, λy) plane as the parametric-drive strength G is
varied. The black circles and orange squares denote the trajectories of TCP1 and TCP2, respectively,
with the adjacent numbers indicating G/∆. For each value of G, the dot-dashed line connects the
corresponding pair of tricritical points, while the dashed line indicates the branch-exchange line
λy/λx =

√
(∆c − 2G)/(∆c + 2G). The parameters are the same as in Figure 1.

The full control space is three dimensional, (λx, λy, G). To visualize the pump-driven
evolution while retaining both tricritical points in a single two-dimensional section, we
introduce a fixed coupling-space trajectory:

λx ≡ λ, λy = kλx + c0∆. (17)

The line is chosen to pass through the two tricritical points at the reference parameters
G/∆ = 0.20, κ/∆ = 0.10, and ∆c = ∆q = ∆. This gives k = −0.6547, c0 = 0.7780, as derived
explicitly in Appendix A.2. Varying λ moves the system along this fixed trajectory in the
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coupling plane, whereas varying G tracks the deformation of the phase structure induced
by the parametric drive. Consequently, the original three-dimensional parameter space
(λx, λy, G) is represented by the reduced (λ, G) plane shown in Figure 3. Unless otherwise
specified, ∆c = ∆q = ∆ = 1, κ/∆ = 0.1, and G/∆ = 0.2.
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Figure 3. Mean-field order parameter in the (λ, G) plane along the linear cut defined in Equation (17).
(a) Real part of the cavity order parameter, αRe. The white region denotes the normal phase with
αRe = 0, while the colored regions correspond to superradiant solutions. The vertical dash-
dotted lines labeled I–IV indicate representative values of λ/∆, and the locations of TCP1 and
TCP2 are marked by red stars. (b,c) Evolution of αRe with the parametric-drive strength G at fixed
λ/∆ = 0.50 and 0.70, respectively. (d,e) Order-parameter profiles associated with TCP1 and TCP2 for
different cavity decay rates κ/∆ = 0.10, 0.05, and 0.01. Other parameters are the same as in Figure 1.

Figure 3a shows the real part of the cavity order parameter, αRe, in the reduced (λ, G)

plane along the linear trajectory defined in Equation (17). The white region corresponds to
the normal phase, while a finite αRe indicates the superradiant phase. The four vertical cuts
I–IV are chosen according to their positions relative to the two tricritical points: cut I lies to
the left of TCP2, cuts II and III pass through the vicinity of TCP2 and TCP1, respectively,
and cut IV lies to the right of TCP1.

The corresponding one-dimensional cuts reveal qualitatively distinct behaviors.
At λ/∆ = 0.50 [Figure 3b], the cavity field remains zero at weak parametric driving
and develops continuously beyond a critical value of G, indicating a transition from the
normal to the superradiant phase. By contrast, for λ/∆ = 0.70 [Figure 3c], the system is in
superradiant phase at weak driving, enters a finite normal-phase window at intermediate G,
and returns to a superradiant state upon further increasing the parametric strength. Thus,
the OPA can either induce or suppress superradiance depending on the position along the
coupling-space trajectory, leading to a characteristic reentrant SP–NP–SP structure.

The effect of cavity dissipation is further illustrated in Figure 3d,e, where λ is fixed at
the values corresponding to TCP1 and TCP2, respectively, for the reference loss κ/∆ = 0.10.
For the TCP1 cut [Figure 3d], a finite normal-phase window opens on the high-G side of
the reference point G/∆ = 0.20. As κ is reduced from 0.10 to 0.01, the upper boundary of
this window moves toward G/∆ = 0.20, so that the normal-phase interval progressively
narrows. The complementary evolution is observed for the TCP2 cut [Figure 3e]. Here the
normal-phase window extends toward lower G, and decreasing κ shifts its lower boundary
toward G/∆ = 0.20. Thus, the normal-phase regions associated with the two tricritical
points contract from opposite sides as the cavity loss is reduced. This behavior directly
illustrates the dissipative origin of the splitting between the two tricritical points and their
coalescence in the weak-loss limit.
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5. Quantum Fluctuation Signatures
Having determined the stable mean-field steady states, we now investigate the quan-

tum fluctuations around them. In the thermodynamic limit, the collective spin is rep-
resented by a Holstein–Primakoff boson bs, S+ = b†

s
√

N − b†
s bs, S− =

√
N − b†

s bs bs,
Sz = b†

s bs − N/2. We then expand the cavity and collective-spin fields around their mean-
field values according to a =

√
Nα + c, bs =

√
Nβ + d, where c and d describe the cavity

and atomic quantum fluctuations, respectively. Because the mean-field amplitudes satisfy
the steady-state equations, all linear terms in the fluctuation operators c and d vanish,
leaving the terms of order N0 to define the quadratic fluctuation Hamiltonian. Up to
quadratic order, the fluctuation Hamiltonian can be written as

Hfl = ∆cc†c + G
(

c2 + c†2
)
+ Ωad†d +

(
Γ1c†d + Γ2cd + Γ3d†2 + H.c.

)
, (18)

where Ωa and Γ1,2,3 depend on the mean-field solution (αRe, αIm, X, Y, Z). Their explicit
expressions are given in Appendix C. The OPA contribution appears explicitly as the single-
mode squeezing term G(c2 + c†2), and therefore modifies the cavity fluctuation spectrum.

To characterize the phase diagram in open-system dynamics, we use Heisenberg’s
equation of motion to obtain a closed set of ten linear equations for the second-order corre-
lators: ⟨c†c⟩, ⟨c2⟩, ⟨c†2⟩, ⟨cd⟩, ⟨c†d†⟩, ⟨cd†⟩, ⟨c†d⟩, ⟨d2⟩, ⟨d†2⟩, and ⟨d†d⟩ (see Appendix D).
Their stationary values are obtained by setting all ten time derivatives to zero. As a mea-
sure of the cavity fluctuations, we consider the photon number ⟨c†c⟩, where c denotes the
fluctuation operator around the macroscopic cavity field. Figure 4a shows ln(⟨c†c⟩+ 1)
in the reduced (λ, G) plane along the linear cut defined in Equation (17). The logarithmic
scale is introduced to display the large variation of the fluctuation amplitude near the phase
boundaries. Away from the critical regions, ⟨c†c⟩ remains small, while strong fluctuation
enhancement occurs near the analytical phase boundaries.
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Figure 4. Photon-number fluctuations along the linear cut defined in Equation (17). (a) ln(⟨c†c⟩+ 1)
in the (λ, G) plane. Separate color scales are used for the normal phase and the two superradiant
branches. The dashed curves denote the first-order phase boundaries, while the solid white curves
indicate the second-order phase boundaries. The horizontal lines mark cuts I–III at G/∆ = 0.10, 0.40,
and 0.20, respectively. (b,c) Photon-number fluctuations along cuts I and II, respectively. (d) Photon-
number fluctuations along cut III for κ/∆ = 0.10, 0.05, and 0.01. Other parameters are the same as in
Figure 1.

Figure 4b,c further illustrate the fluctuation behavior across the two types of phase
transitions. Along cut I [Figure 4b], the system crosses two second-order phase boundaries,
at which the photon-number fluctuation is strongly enhanced and develops sharp peaks.
These peak positions coincide with the continuous normal-to-superradiant transitions
identified from the mean-field order parameter. In contrast, cut II [Figure 4c] crosses first-
order phase boundaries. In this case, the fluctuation behavior changes abruptly across
the transition points, consistent with the finite jumps of the mean-field order parameter.
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The fluctuation profiles provide a clear distinction between the continuous and discontinu-
ous transitions in the phase diagram.

The effect of cavity dissipation is illustrated in Figure 4d, where cut III is shown for
several values of κ. For finite cavity loss, the two critical boundaries appear as two well-
separated fluctuation peaks. As κ is reduced, the peaks move progressively toward one
another and the interval between them becomes narrower. This evolution mirrors the
shrinking normal-phase region found in the mean-field phase diagram and is consis-
tent with the coalescence of the dissipation-induced tricritical structure in the weak-loss
limit. Thus, the photon-number fluctuation provides a direct quantum signature of the
dissipation-induced splitting and its coherent control by the parametric drive.

These signatures are directly relevant to experimental measurements. The cavity order
parameter can be accessed through the coherent component of the output field. Through the
standard input–output relation [43], the intracavity fluctuation quantity considered above is
directly related to fluctuations of the cavity output field [8,44] and can be probed by photon
counting or homodyne detection [45]. From an experimental perspective, the relevant
signature is the displacement and enhancement of the fluctuation peaks as the parametric
pump strength is varied. These output-field observables provide a possible route for
identifying the squeezing-controlled evolution of the multicritical structure.

6. Conclusions
In summary, we have investigated the coherent control of dissipation-induced multi-

criticality in the interpolating Dicke–Tavis–Cummings model by intracavity optical squeez-
ing. The parametric interaction acts differently on the two cavity quadratures and thereby
provides a coherent method for continuously reshaping this loss-generated tricritical struc-
ture. Within the mean-field approximation, we obtained the steady-state solutions and
the corresponding phase boundaries analytically. We showed that the parametric drive
continuously displaces the dissipation-induced pair of tricritical points whose positions can
be controlled by the pump strength. We further studied quantum fluctuations around the
stable mean-field steady states using a Holstein–Primakoff expansion and the correspond-
ing quadratic fluctuation dynamics. The intracavity parametric interaction enters directly
as a single-mode squeezing term in the fluctuation Hamiltonian and strongly modifies the
cavity fluctuation spectrum.
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Abbreviations
The following abbreviations are used in this manuscript:

IDTC Interpolating Dicke–Tavis–Cummings
OPA Optical parametric amplification
NP Normal phase
SP Superradiant phase
TCP Tricritical point

Appendix A. Mean-Field Steady States and Tricritical Structure
This Appendix presents the derivation of the explicit superradiant steady-state am-

plitudes and the associated branch-exchange condition. We then derive the coordinates
of the two tricritical points and construct the linear trajectory used in the reduced (λ, G)

phase diagrams.

Appendix A.1. Explicit Superradiant Amplitudes and Branch Exchange

For a chosen polarization Z satisfying Equation (7), the stationary spin equations give

X =
4λxZ

∆q
αRe, Y = −

4λyZ
∆q

αIm. (A1)

The stationary cavity equations provide an equivalent expression,

X = − (∆c + 2G)αRe + καIm

2λx
, (A2)

Y =
(∆c − 2G)αIm − καRe

2λy
. (A3)

It is useful to define
Q ≡ 1

4
− Z2. (A4)

Using the spin-length constraint Equation (4) gives

Q = a1α2
Re + a2α2

Im, (A5)

where

a1 =
16Z2λ2

x
∆2

q
, a2 =

16Z2λ2
y

∆2
q

. (A6)

Alternatively, using Equation (A3), one obtains

Q = b1α2
Re + b2αReαIm + b3α2

Im, (A7)

with

b1 =
1
4

[
(∆c + 2G)2

λ2
x

+
κ2

λ2
y

]
, (A8a)

b2 =
κ

2

[
∆c + 2G

λ2
x

− ∆c − 2G
λ2

y

]
, (A8b)

b3 =
1
4

[
κ2

λ2
x
+

(∆c − 2G)2

λ2
y

]
. (A8c)
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Subtracting Equations (A5) and (A7), and defining

r ≡ αIm

αRe
, (A9)

gives
(a2 − b3)r2 − b2r + (a1 − b1) = 0. (A10)

The two analytic ratios are therefore

r± =
b2 ±

√
b2

2 − 4(a2 − b3)(a1 − b1)

2(a2 − b3)
. (A11)

For either analytic branch, the cavity amplitudes can then be written compactly as

αRe = σ

√
Q

a1 + a2r2
±

, αIm = r±αRe, σ = ±1. (A12)

The two values of σ are related by the Z2 parity symmetry and therefore describe the
degenerate pair of symmetry-broken steady states. The associated spin components follow
directly from Equation (A1). In the parameter regimes used in the main text, dynamical sta-
bility selects the Z− polarization branch together with the appropriate analytic continuation
of Equation (A11); see Appendix B.

The mixed coefficient b2 controls the coupling between the two cavity quadratures in
Equation (A7). For finite cavity loss, the two analytic superradiant continuations exchange
their labeling when this mixed term vanishes,

b2 = 0. (A13)

Using Equation (A8b), this condition becomes

∆c + 2G
λ2

x
=

∆c − 2G
λ2

y
, (A14)

or

λy = λx

√
∆c − 2G
∆c + 2G

, (A15)

which reproduces the branch-exchange line Equation (11) in the main text.

Appendix A.2. Tricritical Points and Construction of the Linear Cut

The tricritical points are obtained by intersecting the two superradiant-existence
boundaries with the continuous normal-to-superradiant boundary. For compactness, define

A ≡ ∆c + 2G, B ≡ ∆c − 2G, Ξ =
√

κ2 + AB. (A16)

The two branches of the existence boundary, Equation (10), can then be parameterized as

λy = msλx, ms =
Ξ + sκ

A
, s = ±1. (A17)

Substituting Equation (A17) into the continuous-boundary condition, Equation (12), gives

(
λ
(s)
x

)2
=

Ξ(Ξ − sκ)∆q

4B
, λ

(s)
y =

Ξ + sκ

A
λ
(s)
x . (A18)
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The choice s = −1 gives TCP1, whereas s = +1 gives TCP2. Equation (A18) therefore
reproduces Equations (14) and (15) of the main text.

Several limiting cases follow immediately. For G = 0, A = B = ∆c, and the two
points satisfy

λTCP1
x = λTCP2

y , λTCP1
y = λTCP2

x , (A19)

so that the tricritical pair is symmetric about λx = λy for finite κ.
In the weak-loss limit,

κ → 0, Ξ →
√

AB, (A20)

the two solutions of Equation (A18) coalesce at

λx =
1
2

√
A∆q, λy =

1
2

√
B∆q, (A21)

which is Equation (16). For G = 0 this further reduces to λx = λy =
√

∆c∆q/2.
We finally construct the linear trajectory used in Figures 3 and 4. For the reference

parameters G/∆ = 0.20, κ/∆ = 0.10, and ∆c = ∆q = ∆, Equations (14) and (15) give

(λTCP1
x , λTCP1

y )

∆
≃ (0.6266, 0.3679), (A22)

and
(λTCP2

x , λTCP2
y )

∆
≃ (0.5619, 0.4102). (A23)

The slope of the straight line passing through these two points is therefore

k =
λTCP2

y − λTCP1
y

λTCP2
x − λTCP1

x
≃ −0.6547, (A24)

and its dimensionless intercept is

c0 =
λTCP1

y

∆
− k

λTCP1
x
∆

≃ 0.7780. (A25)

Hence the fixed trajectory is

λx ≡ λ, λy = kλx + c0∆, (A26)

which is Equation (17) in the main text.

Appendix B. Linear Stability Analysis
Let each mean-field variable be written as its stationary value plus a small fluctuation.

The spin constraint eliminates the longitudinal component:

δZ = −XδX + YδY
Z

. (A27)

For f = (δαRe, δαIm, δX, δY)T , the linearized dynamics is ḟ = Mst f , where

Mst =


−κ ∆c − 2G 0 −2λy

−(∆c + 2G) −κ −2λx 0
0 −4λyZ 4λyαImX/Z −∆q + 4λyαImY/Z

−4λxZ 0 ∆q + 4λxαReX/Z 4λxαReY/Z

. (A28)
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A fixed point is linearly stable when every eigenvalue µj of Mst satisfies Re µj < 0; a phase
boundary is reached when the largest real part becomes zero.

For the normal fixed point (αRe, αIm, X, Y, Z) = (0, 0, 0, 0,−1/2), Equation (A28)
reduces to

MNP =


−κ ∆c − 2G 0 −2λy

−(∆c + 2G) −κ −2λx 0
0 2λy 0 −∆q

2λx 0 ∆q 0

. (A29)

For a superradiant phase, the solutions in Equation (A12) are substituted into
Equation (A28) before diagonalization. Figure A1 shows the linear stability in (λ, G) plane.
The normal-phase solution is stable only in the finite region shown in Figure A1a, and the
stability of the superradiant phase is shown in Figure A1b. The boundaries of these regions
are determined by the condition max Re(µj) = 0, where µj are the eigenvalues of the lin-
earized stability matrix. In particular, the loss-induced normal-phase strip identified from
the stability analysis agrees closely with that obtained from the mean-field order parameter.

0 0.5 1
6

0

0.2

0.4

G

(a)

0 0.5 1
6

0

0.2

0.4

G

(b) Stable
Unstable / no solution

Figure A1. Linear-stability diagrams in the (λ, G) plane for (a) the normal phase and (b) the superra-
diant Z− branch. Green regions indicate dynamically stable steady states, for which all eigenvalues of
the corresponding stability matrix have negative real parts. White regions denote parameter regimes
where the considered steady state is unstable. Only the Z− superradiant branch is shown in panel
(b), since the Z+ branch is unstable in the parameter regime considered.

Throughout this work, we use the Z− branch to construct the mean-field phase di-
agrams and the corresponding fluctuation spectra. As confirmed by the linear-stability
analysis, the Z− solutions are dynamically stable in the parameter regimes considered in
Figures 3 and 4. By contrast, whenever the Z+ branch satisfies the spin constraint, it pos-
sesses at least one eigenvalue with a positive real part and is therefore dynamically unstable.
The Z+ branch is thus excluded from the physical phase diagrams and is not shown.

Appendix C. Holstein–Primakoff Expansion and Fluctuation Coefficients
For a collective spin of length S = N/2, we introduce a Holstein–Primakoff boson

bs through

S+ = b†
s

√
N − b†

s bs, S− =
√

N − b†
s bs bs,

Sz = −N
2
+ b†

s bs.
(A30)

We displace the cavity and atomic bosons according to

a =
√

Nα + c, bs =
√

Nβ + d. (A31)
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Expanding the square root in Equation (A30) in powers of N−1/2, the terms of order
N1/2 vanish when the mean-field equations are satisfied. The terms of order N0 give
Equation (18). For the convention in Equation (A31), its coefficients are

Ωa =
(1 − 2Z)2∆q − 2λyY(−5 + 6Z)αIm + 2λxX(−5 + 6Z)αRe

(1 − 2Z)2 , (A32a)

Γ1 =
λx[4X(X + iY)− (1 − 2Z)2] + λy[−4Y(iX − Y)− (1 − 2Z)2]

√
2 − 4Z(−1 + 2Z)

, (A32b)

Γ2 =
λx[4X(X + iY)− (1 − 2Z)2] + λy[4iXY − 4Y2 + (1 − 2Z)2]

√
2 − 4Z(−1 + 2Z)

, (A32c)

Γ3 =
2(X − iY)
(−1 + 2Z)3

{
[−2XY + i(2Y2 + (1 − 2Z)2)]λyαIm + [2X(X − iY) + (1 − 2Z)2]λxαRe

}
. (A32d)

At the normal fixed point (X, Y, Z, α) = (0, 0,−1/2, 0), these expressions reduce to

Ωa = ∆q, Γ1 = λx + λy,

Γ2 = λx − λy, Γ3 = 0.
(A33)

The OPA term contributes directly to the quadratic fluctuation Hamiltonian through
G(c2 + c†2). The remaining coefficients retain the same functional structure as in the
IDTC model, but depend implicitly on G through the G-dependent mean-field steady state.

Appendix D. Equations of Motion for Second-Order Correlations
The equal-time two-operator correlators are obtained directly from Heisenberg’s

equation of motion. For example, the cavity photon-number operator obeys

d
dt

[
c†(t)c(t)

]
= −i

[
Hfl, c†(t)c(t)

]
− 2κc†(t)c(t), (A34)

where h̄ = 1, and the last term accounts for cavity loss. Evaluating the corresponding
commutator for each two-operator product gives the following closed equations of motion:

d
dt
⟨c†c⟩ = − 2κ⟨c†c⟩ − iΓ1⟨c†d⟩+ iΓ∗

1⟨cd†⟩+ iΓ2⟨cd⟩ − iΓ∗
2⟨c†d†⟩+ 2iG

(
⟨c2⟩ − ⟨c†2⟩

)
, (A35a)

d
dt
⟨c2⟩ = − 2(i∆c + κ)⟨c2⟩ − 2iΓ1⟨cd⟩ − 2iΓ∗

2⟨cd†⟩ − 2iG
(

2⟨c†c⟩+ 1
)

, (A35b)

d
dt
⟨c†2⟩ = 2(i∆c − κ)⟨c†2⟩+ 2iΓ∗

1⟨c†d†⟩+ 2iΓ2⟨c†d⟩+ 2iG
(

2⟨c†c⟩+ 1
)

, (A35c)

d
dt
⟨cd⟩ = − (i∆c + κ + iΩa)⟨cd⟩ − iΓ∗

1⟨c2⟩ − iΓ1⟨d2⟩ − iΓ∗
2

(
⟨c†c⟩+ ⟨d†d⟩+ 1

)
− 2iΓ3⟨cd†⟩ − 2iG⟨c†d⟩, (A35d)

d
dt
⟨c†d†⟩ = (i∆c − κ + iΩa)⟨c†d†⟩+ iΓ1⟨c†2⟩+ iΓ∗

1⟨d†2⟩+ iΓ2

(
⟨c†c⟩+ ⟨d†d⟩+ 1

)
+ 2iΓ∗

3⟨c†d⟩+ 2iG⟨cd†⟩, (A35e)

d
dt
⟨cd†⟩ = i(Ωa − ∆c + iκ)⟨cd†⟩+ iΓ1

(
⟨c†c⟩ − ⟨d†d⟩

)
+ iΓ2⟨c2⟩ − iΓ∗

2⟨d†2⟩+ 2iΓ∗
3⟨cd⟩ − 2iG⟨c†d†⟩, (A35f)

d
dt
⟨c†d⟩ = i(∆c − Ωa + iκ)⟨c†d⟩ − iΓ∗

1

(
⟨c†c⟩ − ⟨d†d⟩

)
− iΓ∗

2⟨c†2⟩+ iΓ2⟨d2⟩ − 2iΓ3⟨c†d†⟩+ 2iG⟨cd⟩, (A35g)

d
dt
⟨d2⟩ = − 2iΩa⟨d2⟩ − 2iΓ∗

1⟨cd⟩ − 2iΓ∗
2⟨c†d⟩ − 2iΓ3

(
2⟨d†d⟩+ 1

)
, (A35h)

d
dt
⟨d†2⟩ = 2iΩa⟨d†2⟩+ 2iΓ1⟨c†d†⟩+ 2iΓ2⟨cd†⟩+ 2iΓ∗

3

(
2⟨d†d⟩+ 1

)
, (A35i)

d
dt
⟨d†d⟩ = iΓ1⟨c†d⟩ − iΓ∗

1⟨cd†⟩+ iΓ2⟨cd⟩ − iΓ∗
2⟨c†d†⟩ − 2iΓ3⟨d†2⟩+ 2iΓ∗

3⟨d2⟩. (A35j)

https://doi.org/10.3390/photonics13090885

https://doi.org/10.3390/photonics13090885


Photonics 2026, 13, 885 16 of 17

The constant terms appearing in Equations (A35a)–(A35j) originate from the bosonic
commutation relations, such as cc† = c†c + 1. For each stable mean-field steady state, we
first evaluate the corresponding coefficients Ωa and Γ1,2,3 and collect the ten second-order
correlators into the vector

v =
(
⟨c†c⟩, ⟨c2⟩, ⟨c†2⟩, ⟨cd⟩, ⟨c†d†⟩, ⟨cd†⟩, ⟨c†d⟩, ⟨d2⟩, ⟨d†2⟩, ⟨d†d⟩

)T . (A36)

The coupled Equations (A35a)–(A35j) can be written in the compact linear form

v̇ = Mflv + s, (A37)

where Mfl is determined by the fluctuation coefficients and s contains the constant terms
generated by the bosonic commutators. In the stationary state, v̇ = 0, and the correlation
functions are obtained by solving

Mflvss = −s. (A38)

The cavity photon-number fluctuation ⟨c†c⟩ is then extracted from the first component
of vss.
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