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Abstract

Landau–Zener–Stückelberg–Majorana (LZSM) interference describes the coherent superpo-
sition of nonadiabatic transitions when a quantum system is driven through an avoided
crossing, but its classical optical analog remains largely unexplored. This work establishes
an optical-resonator-based platform for exploring LZSM interference in atomic polarization
dynamics using temporal coupled-mode theory. By exploiting the formal correspondence
between the cavity mode and atomic polarization in a weakly driven two-level system
(TLS), exact analytical solutions are derived for linear frequency sweeps and sinusoidal
modulation. The results reveal that the Landau–Zener transition of atomic polarization
occurs even when the input frequency transiently sweeps across resonance. The finite
temporal memory inherent in the cavity response gives rise to Stückelberg interference,
manifesting as oscillations in transmission and cavity energy. The dependence of the inter-
ference pattern on sweep rate, linewidth, and modulation is systematically analyzed, and a
non-monotonic behavior of oscillation amplitude versus the cavity linewidth is identified.
Furthermore, the conventional critical coupling concept is reexamined in the nonadiabatic
regime, where counterintuitively the deepest transmission dip occurs under over-coupling
rather than critical coupling. Finally, an inverse-design approach engineering both the
amplitude and frequency of the input frequency is introduced to tailor the LZSM inter-
ference pattern. Our results provide a new platform to all-optical simulation of complex
quantum interference.

Keywords: LZSM interference; optical ring resonators; Stückelberg oscillation; nonadiabatic
response

1. Introduction
Landau–Zener–Stückelberg–Majorana (LZSM) interference describes the coherent

superposition of nonadiabatic transitions when a quantum system is driven through an
avoided crossing [1–10]. It has been extensively studied in diverse physical platforms,
including superconducting qubits [11–14], cold atoms and molecules [15–20], quantum
dots [21–25], solid-state defects [26–30], topological photonics [31–33] and optomechan-
ics [34,35]. Conventional LZSM theories focus primarily on level populations, as population
readout is natural in many quantum information contexts. However, in several atom–field
interaction systems, experimental observations increasingly focus on atomic polariza-
tion [36–43]. This quantity carries both amplitude and phase information, governs the
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optical absorption and dispersion of the medium, and is naturally measured via interfero-
metric techniques [44–46]. Moreover, its dephasing time is typically much shorter than the
population relaxation time, facilitating the observation of fast transient dynamics that are
inaccessible in population measurements. These considerations naturally raise the question
of whether the characteristic LZSM interference, conventionally associated with population
dynamics, can also emerge in the evolution of atomic polarization.

Optical resonators have achieved significant success in simulating quantum opti-
cal phenomena such as Rabi oscillation [47], electromagnetically induced transparency
(EIT) [48,49], and electromagnetically induced absorption (EIA) [50], where atomic polar-
ization plays a central role. Temporal coupled-mode theory (TCMT) provides a simple yet
powerful description of optical resonators [51–53]. In this theory, the cavity field obeys a
first-order linear differential equation that is mathematically isomorphic to the evolution
equation of atomic polarization in a two-level system (TLS) under the weak excitation
approximation. This isomorphism suggests that an optical resonator can serve as a classical
platform to emulate LZSM interference. Existing studies of transient responses in optical
ring resonators have mainly relied on round-trip series expansion methods [54,55], which
are well suited for describing distributed field propagation. However, these methods
primarily focus on the round-trip evolution of optical fields at specific points, and their
connection to the dynamics of atomic coherence is not explicit. Consequently, it remains
desirable to establish an analytical framework that directly connects nonadiabatic cavity
dynamics with LZSM interference in atomic polarization.

In this work, we explore LZSM interference from the perspective of atomic polarization
by exploiting the analogy between optical resonators and weakly driven TLS. By temporal
coupled-mode theory and the mapping between cavity mode and atomic polarization, we
establish an atomic polarization-based framework for investigating LZSM dynamics in
optical ring resonators. Within this framework, we derive exact analytical solutions for
both linear frequency sweeps and sinusoidal modulation. These analytical results demon-
strate that Landau–Zener transitions can be manifested in atomic polarization dynamics
when the input frequency sweeps through resonance, and that temporal memory arising
from the cavity response gives rise to Stückelberg interference, observed as oscillations in
transmission and intracavity energy with a non-monotonic dependence on cavity linewidth.
We further reexamine the critical coupling concept in the nonadiabatic regime, revealing
that the deepest transmission dip counterintuitively occurs under over-coupling rather
than critical coupling. Finally, we introduce an inverse-design approach that tailors the
nonadiabatic response by engineering the amplitude and frequency of the input field,
enabling the recovery of adiabatic Lorentzian transmission lineshapes. These results pro-
vide an all-optical platform for exploring nonadiabatic interference phenomena beyond
conventional population-based measurements.

2. Theoretical Models
2.1. LZSM Interference in Atomic Polarization Picture

We consider a TLS with diabatic ground state |g⟩ and excited state |e⟩, shown in
Figure 1a. The resonant angular frequency ω0(t) of the TLS is time-dependent, and the
laser interacting with the TLS has a constant angular frequency of ωL and a constant
Rabi frequency of g. Under the rotating wave approximation, the Hamiltonian in the
Schrödinger picture can be written as

HS = − h̄∆(t)
2

σz −
h̄g
2

σx, (1)
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where ∆(t) = ω0(t)− ωL is the detuning and the Pauli matrices are defined as

σx =

[
0 1
1 0

]
, σy =

[
0 −i
i 0

]
, σz =

[
1 0
0 −1

]
, (2)

with the basis states |g⟩ and |e⟩ represented by vectors
[
1 0

]T
and

[
0 1

]T
, respectively.

To establish a direct correspondence between atomic coherence dynamics and the evolution
of a classical resonator mode, we describe the TLS in the Heisenberg picture. In this picture,
the evolution of operators follows dynamical equations analogous to those of classical field
amplitudes, meaning the Pauli matrices become time-dependent and can be expressed as

σH
x,y,z(t) = U†(t)σx,y,zU(t), (3)

where the unitary evolution operator is defined as

U(t) = T e−
i
h̄
∫ t

t0
HS(t′)dt′ . (4)

Here, T denotes the time-ordering operator, which arranges operators at later times to
the left of those at earlier times, and t0 is the initial time. Following a similar transformation,
the Hamiltonian in the Heisenberg picture is given by HH(t) = U†(t)HSU(t) and is
expressed as

HH(t) = − ϵ(t)
2

σH
z (t)− G

2
σH

x (t). (5)

optical ring resonatorwaveguidesin(t)

sout(t)

coupling light  

(a) (b)

Figure 1. The illustrations of the LZSM inteference in a TLS (a) and an optical ring resonator
coupled to a waveguide (b). In (a), ε(t) is the time-varying energy bias in a rotating frame. In (b), a
quasi-continuous field with linear frequency sweep is incident into the system.

At this point, we replace h̄∆(t) and h̄g with the energy bias ϵ(t) and coupling strength
G, which are more preferred in studies of LZSM interference [2]. The Heisenberg equation

dσH
x,y,z(t)
dt

=
i
h̄
[HH(t), σH

x,y,z(t)], (6)

is then employed to study the time evolution of the Pauli matrices. The Bloch vector of the
TLS can be defined as [u(t), v(t), w(t)]T , with each component representing the ensemble
average of the corresponding Pauli matrix, namely, u(t) = ⟨σH

x (t)⟩, v(t) = ⟨σH
y (t)⟩ and

w(t) = ⟨σH
z (t)⟩. Substituting Equation (5) and the definition of the Bloch vector into

Equation (6), and introducing relaxation phenomenologically [56], we obtain

du(t)
dt

= −u(t)
T2

+
ϵ(t)

h̄
v(t),

dv(t)
dt

= −v(t)
T2

− ϵ(t)
h̄

u(t) +
G
h̄

w(t),

dw(t)
dt

= −
w(t)− weq

T1
− G

h̄
v(t),

(7)
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where T1 and T2 are the population relaxation time and the dephasing time, respectively,
and weq is the equilibrium population inversion.

The atomic polarization can be constructed via p(t) = u(t) + iv(t) to describe the
coherence in the TLS. Assuming that only the ground state is populated at equilibrium and
applying the weak-excitation limit, the evolution equation for p(t) simplifies to

dp(t)
dt

= −
[

1
T2

+ i
ϵ(t)

h̄

]
p(t)− i

G
h̄

. (8)

Assuming the system starts in the ground state at t → −∞, i.e., p(−∞) = 0, we can
express the solution of Equation (8) as

p(t) = −i
G
h̄

∫ t

−∞
e−

∫ t
τ

[
1

T2
+i ϵ(s)

h̄

]
dsdτ. (9)

This expression represents a convolution of the driving term −iG/h̄ with the mem-
ory kernel

K(t, τ) = e−
∫ t

τ

[
1

T2
+i ϵ(s)

h̄

]
ds. (10)

The convolution form reveals the memory effect of the system, wherein the atomic
polarization retains a memory of the energy bias history ε(t) that is exponentially weighted
by the dephasing time T2 and the accumulated phase.

This memory effect is essential for LZSM interference. Each time the system passes
through the avoided crossing, it acquires a phase that depends on the entire preceding trajec-
tory. When the bias is modulated periodically, the interference between different passages is
encoded in the convolution integral, leading to constructive or destructive superposition of
the atomic polarization amplitude. Thus, the atomic polarization picture naturally captures
the essence of Stückelberg oscillations as a history-dependent interference phenomenon.

2.2. Optical Analog of LZSM Interference in a Waveguide-Coupled Ring Resonator

We consider a single-mode ring resonator coupled to a straight waveguide, as illus-
trated in Figure 1b. The resonator supports a discrete cavity mode with resonant frequency
ωc and total decay rate Γ = γi + γe, where γi accounts for intrinsic losses and γe for the cou-
pling to the waveguide. The cavity field amplitude a(t) obeys the temporal coupled-mode
equation [57]

da
dt

= −(iωc + Γ)a −
√

2γe sin(t), (11)

where sin(t) is the input field. The output field from the straight waveguide is given by the
input–output relationship [57]

sout(t) = sin(t) +
√

2γe a(t). (12)

Physically, the input field excites the cavity mode, which subsequently re-radiates into
the waveguide. The interference between the directly transmitted field and the re-radiated
field determines the output. This configuration represents a coupled system with both
continuum and bound states.

In a rotating frame, we can define a(t) = ã(t)e−iω0t and sin(t) = s̃in(t)e−iω0t, where
ã(t) and s̃in(t) are the slowly varying envelopes of the cavity mode and input field with a
central angular frequency of ω0. Substituting these two transformations into Equation (11),
we obtain

dã
dt

= (i∆ − Γ)ã −
√

2γe s̃in(t), (13)
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where ∆ = ω0 − ωc is the detuning between the input field and the optical resonator.
Equations (8) and (13) clearly share a highly similar mathematical form. A key insight
for establishing the analogy with the LZSM problem is that the cavity mode amplitude
in Equation (13) can be treated as a mathematical analogue of the atomic polarization in
Equation (8) and Equation (13) can be solved explicitly as a convolution. For an arbitrary
input s̃in(t) and a zero initial condition ã(t) = 0, the solution is

ã(t) = −
√

2γe

∫ t

−∞
e(i∆−Γ)(t−t′) s̃in(t′) dt′. (14)

The cavity mode is thus the convolution of the input with a complex exponential
memory kernel h(t − t′) =

√
2γee(i∆−Γ)(t−t′)Θ(t − t′), where Θ(τ) is the Heaviside step

function. The slowly varying part of the output field then becomes

s̃out(t) = s̃in(t)− 2γe

∫ t

−∞
e(i∆−Γ)(t−t′) s̃in(t′) dt′. (15)

This history-dependent form—where the output depends on the entire history of the
input—is the precise analog of the atomic polarization dynamics in the LZSM problem,
where the atomic polarization at time t depends on the entire history of the applied field
via a convolution with a memory kernel determined by the atomic relaxation. This effect is
also responsible for the conventional cavity buildup and decay dynamics observed when
the input signal is switched on or off [58].

In the LZSM problem, the system itself is modulated; i.e., the energy bias ε(t) varies in
time. In an optical resonator, however, the system is static and the modulation is applied to
the input field. This distinction is physically crucial due to the fact that it is far easier to
modulate the laser frequency than to rapidly tune a cavity resonance. Nevertheless, despite
these structural differences, the two systems are mathematically equivalent if the input field
of the optical resonator has a time-dependent phase while keeping its amplitude constant.

We first consider a linear frequency sweep through resonance to construct the optical
analog of the Landau–Zener transition. In this case, the input phase is

φ(t) = ω0t +
α

2
(t − t0)

2, (16)

where α is the sweep rate and t0 is the time when the instantaneous angular frequency
reaches ω0. In the rotating frame defined above, the input envelope becomes s̃in(t) =

e−i α
2 (t−t0)

2
. In an ideal single-pass frequency sweep, ∆ can be arbitrary and here we assume

∆ = 0 for simplicity. Substituting this assumption and the expression for s̃in(t) into the
convolution integral in Equation (14) yields

ã(t) = −
√

2γe

∫ t

−∞
e−Γ(t−t′)e−i α

2 (t
′−t0)

2
dt′. (17)

This integral can be evaluated exactly as (see the details in the Supplementary Materials)

ã(t) = −
√

2γe

√
π

iα
e−Γ(t−t0)e−

Γ2
2iα

×
1 + erf

(√
iα
2

(
t − t0 +

iΓ
α

))
2

,

(18)

where erf(z) is the error function of a complex argument. This solution explicitly shows
how the cavity field builds up as the sweep passes through resonance. According to
Equation (12), the output intensity can then be obtained as Iout(t) = |s̃out(t)|2 = |s̃in(t) +
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√
2γe ã(t)|2, and the transmission can be defined as T(t) = Iout(t)/|s̃in(t)|2, which is exactly

Iout(t) if the input field has unit intensity.
Next, we consider a sinusoidal frequency modulation, which is the direct analog of

periodic LZSM driving, in order to capture the optical analog of Stückelberg-like oscillations.
In this case, the phase of the input signal is φ(t) = ω0t + A sin(Ωt)/Ω, where A is the
modulation depth and Ω is the modulation frequency. The instantaneous angular frequency
is ωin(t) = ω0 + A cos(Ωt), and the input envelope becomes s̃in(t) = e−iA sin(Ωt)/Ω when
transformed to a frame rotating at an angular frequency of ω0. Using the Jacobi–Anger
expansion e−iA sin(Ωt)/Ω = ∑∞

k=−∞ Jk(A/Ω)e−ikΩt and substituting it into the convolution
integral in Equation (14), we can express the convolution as a series summation

ã(t) = −
√

2γe

∞

∑
k=−∞

Jk

(
A
Ω

)
e−ikΩt

i(∆ + kΩ)− Γ
. (19)

This solution has a clear physical interpretation. The input field generates a series
of frequency sidebands, each of which can resonantly excite the cavity mode when its
frequency matches the cavity resonance (i.e., ∆ + kΩ = 0). This resonant excitation is
analogous to the Landau–Zener transition in a TLS. The interference among different
sidebands within ã(t) gives rise to Stückelberg-like oscillations. These oscillations manifest
in both the amplitude and the phase of ã(t). The amplitude oscillations reflect the coherent
superposition of contributions from multiple sidebands, while the phase oscillations capture
the varying interference condition as the relative phases among sidebands evolve over
time. The squared modulus |ã(t)|2 directly represents the intracavity energy, providing
a measure of the excitation stored in the bound state and revealing the Stückelberg-like
oscillations in the time domain. The transmission can then be expressed as

T(t) =
∣∣∣e−i A

Ω sin(Ωt) +
√

2γe ã(t)
∣∣∣2, (20)

where the interference term further reveals the oscillatory behavior of the complex ratio
between the continuum and the bound states. Therefore, both the intracavity energy |ã(t)|2
and the transmission serve as observables to characterize the Stückelberg-like oscillations.

3. Results and Discussion
3.1. Landau–Zener Transition Driven by Linear Frequency Sweep

To verify the validity of the exact analytical solution given by Equation (18), we
compare it with two independent numerical methods: numerically solving the ordinary
differential equation (ODE) in Equation (13), and numerically integrating the convolution
in Equation (17). Figure 2a shows the calculated transmission T(t) versus time for a linear
frequency sweep through resonance. The three curves—numerical convolution, analytical
solution, and numerical ODE—are plotted together and are nearly indistinguishable. The
inset displays the relative error of both the analytical solution and the numerical convolution
with respect to the ODE reference. Over the entire time range of interest, the relative error
remains below 0.2%, confirming excellent agreement among the three approaches. This
validation verifies the accuracy of Equation (13), which will be used in the subsequent
analysis of nonadiabatic cavity dynamics.

Figure 2b shows the time evolution of the transmission T(t) for four different sweep
rates α = 0.01, 0.4, 4, and 14 GHz/ns, with the cavity linewidth fixed at Γ = 0.2 GHz.
For the slowest sweep with α = 0.01 GHz/ns, the transmission closely resembles the
Lorentzian lineshape typically observed under adiabatic frequency sweeping, i.e., when
α is infinitesimally small. The slight differences are that the curve is asymmetric and the
minimum does not occur exactly at the cavity resonance frequency reached at t = 0. For
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the other three values of α, the transmission deviates significantly from the Lorentzian
lineshape. As the instantaneous frequency approaches the cavity resonance from below,
the transmission first decreases, reaching a minimum that is blue-shifted relative to the
resonance frequency. This dip results from destructive interference between the directly
transmitted field and the cavity mode re-radiation. Although the cavity mode builds up
near resonance, its phase is determined by the entire past history of the input via the
convolution integral in Equation (17) and is therefore no longer an integer multiple of 2π

as it is in the adiabatic case. Consequently, the deepest destructive interference occurs
at a frequency slightly above resonance. Immediately after passing the minimum, the
transmission rises rapidly, overshooting unity and forming a pronounced peak. This
overshoot is followed by a train of decaying oscillations, indicating that the cavity mode
continues to evolve and interfere with the input even after the instantaneous frequency
has moved away from resonance. Such oscillatory behavior is a direct manifestation of the
finite temporal memory inherent in the convolution solution.

Comparing the three faster sweep rates reveals a clear trade-off between the am-
plitude of the interference features and the frequency of the subsequent oscillations. For
α = 0.4 GHz/ns, the transmission dip is the deepest and the overshoot is the largest, but the
subsequent oscillations have a low frequency. For the fastest sweep with α = 14 GHz/ns,
the dip and overshoot are much shallower, yet the oscillations exhibit a markedly higher
frequency. The intermediate sweep rate α = 4 GHz/ns yields an intermediate behavior.
This can be understood from Equation (17), where the exponential kernel limits the effective
integration window to approximately 1/Γ. When α is small, the phase factor e−i α

2 (τ−t0)
2

varies little within this window, allowing the cavity mode to build up efficiently, which pro-
duces a deep dip and a large overshoot. The slow sweep weakens the phase accumulation
that governs the alternation between constructive and destructive interference, leading to
low-frequency oscillations in the output. Conversely, when α is large, the rapid oscillation
of the phase factor within the same window averages down the cavity amplitude, resulting
in a shallow dip and a small overshoot. However, the rapid frequency change forces the
accumulated phase to vary quickly, yielding high-frequency oscillations. This dependence
on the sweep rate differs fundamentally from the traditional Landau–Zener transition of
population, which typically increases with higher α. This distinction arises because the
LZSM interference of atomic polarization results from a first-order perturbation to the Bloch
equations, whereas population dynamics must be calculated self-consistently. Since a direct
classical counterpart to atomic population is absent in the optical resonator, population
dynamics cannot be accessed in the system illustrated in Figure 1b.

Figure 2c,d show the analytically calculated transmission and dimensionless cavity
energy, respectively, for three different cavity linewidths Γ = 0.04, 0.4, and 4 GHz at a fixed
sweep rate of α = 4 GHz/ns. The dimensionless cavity energy is defined as the intracavity
energy |ã(t)|2 under unit input power |s̃in(t)|2 = 1. For the largest linewidth of Γ = 4 GHz,
corresponding to a short photon lifetime of τc = 0.25 ns, the frequency changes negligibly
during the photon lifetime. Consequently, the transmission exhibits a single symmetric dip
and the intracavity energy appears as a single peak, both closely resembling the adiabatic
Lorentzian lineshape. When the linewidth is reduced to Γ = 0.4 GHz (τc = 2.5 ns), the
frequency sweeps by as much as 10 GHz within the photon lifetime, pushing the system into
the nonadiabatic regime. Under these conditions, clear nonadiabatic signatures emerge,
including that the transmission dip becomes asymmetric and is followed by a train of
decaying oscillations, while the intracavity energy develops pronounced oscillations on
the blue-detuned side of the resonance. Further reducing the linewidth to Γ = 0.04 GHz
still yields a nonadiabatic response; however, the amplitudes of both the transmission
oscillations and the intracavity energy are significantly reduced compared to the case with
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Γ = 0.4 GHz. This reduction can be understood by noting that the photon lifetime becomes
so long (25 ns) that the frequency sweeps over a wide range of ∼100 GHz during the
convolution window. The rapidly oscillating phase factor e−i α

2 (τ−t0)
2

averages out the
convolution integral, effectively suppressing the buildup of the cavity mode.

G 
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H
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Figure 2. (a) Temporal evolution of the transmission under a linear frequency sweep of the input
signal, calculated using the analytical expression (red stars), numerical integration of the convolution
(black circles), and direct numerical solution of the dynamic equation (cyan diamonds). The inset
shows the relative errors of the analytical method (navy line) and numerical convolution (red line)
with respect to the numerical solution of the dynamic equation. (b) Analytically calculated temporal
evolution of the transmission for sweep rates α = 0.4 GHz/ns (black line), 4 GHz/ns (red line), and
14 GHz/ns (blue line). The evolution over a longer time scale for α = 0.01 GHz/ns is shown in
the left inset, while the magnified details within the shaded yellow rectangle are shown in the right
inset. (c) Analytically calculated transmission and (d) dimensionless cavity energy for Γ = 0.04 GHz
(black dashed line), 0.4 GHz (red dotted line), and 4 GHz (blue solid line). The inset in (c) shows a
magnified view of the curves within the shaded yellow-green rectangle. (e) shows the analytically
calculated transmission with Γ set at 0.04 GHz (black dashed line), 0.4 GHz (red dotted line), and
4 GHz (blue solid line), while (f) shows the corresponding dimensionless cavity energy. (g) Calculated
trajectories of the discrete–continuum ratio ξ in the complex plane for α = 0.4 GHz/ns (red line) and
α = 4 GHz/ns (blue line). (h) Calculated trajectories of ξ for Γ = 0.4 GHz (green line) and Γ = 4 GHz
(violet line). The black solid line represents the unit circle of ξ.

Figure 2e,f illustrate the temporal evolution of the transmission and intracavity energy,
respectively, as the cavity linewidth Γ is continuously varied from 0.04 to 4 GHz at a fixed
sweep rate of α = 4 GHz/ns. As Γ increases, the amplitude of the transient oscillations
first grows, reaches a maximum, and then weakens, eventually recovering the adiabatic
Lorentzian lineshape. This non-monotonic behavior reflects a trade-off between two
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competing factors. For very small Γ, the photon lifetime is long, providing an extended
memory for phase accumulation. However, the coupling between the waveguide and the
cavity is proportionally weak. Consequently, the cavity mode builds up slowly and the
overall excitation efficiency is low, resulting in weak transient oscillations. As Γ increases,
the coupling becomes stronger, allowing the cavity mode to be excited more efficiently.
Simultaneously, the photon lifetime remains sufficiently long for the nonadiabatic phase
to accumulate over several oscillations, leading to pronounced transient features. If Γ
becomes too large, the photon lifetime is so short that the frequency sweep does not
change appreciably within the integration window. The system then exhibits a nearly
steady-state response to each instantaneous frequency, recovering the adiabatic Lorentzian
lineshape and suppressing transient oscillations. Thus, the most intense nonadiabatic
response—characterized by the strongest transient oscillations—occurs at an intermediate
linewidth, where the coupling is strong enough to efficiently excite the cavity, yet the
memory time is long enough to support phase accumulation and interference. Notably,
as Γ varies, the oscillation period remains nearly constant, indicating that the oscillation
frequency is determined primarily by the sweep rate α rather than the cavity linewidth.
Physically, these output oscillations arise from the rapid change in the phase difference
between the directly transmitted field and the cavity-radiated field as the input frequency
sweeps through resonance.

This behavior reveals a key difference between the optical resonator system and a
conventional atomic population LZSM system. In the atomic case, the coupling strength G
and the population relaxation rate T−1

1 are independent parameters, meaning that a larger G
increases the transition probability without directly affecting the decay of atomic coherence.
In contrast, in the resonator-waveguide structure, the same parameter γe simultaneously
governs two opposing effects. On one hand, a larger γe enhances the excitation efficiency
of the cavity mode, allowing a stronger field to build up. On the other hand, it increases
the total decay rate Γ = γi + γe, shortening the photon lifetime and thereby reducing the
time available for phase accumulation and interference. Consequently, the net nonadiabatic
response exhibits a non-monotonic dependence on Γ.

According to the input–output relationship in Equation (12), the transmission can
be generally expressed as T(t) = |1 +

√
2γe ã(t)/s̃in(t)|2, allowing us to define a complex

ratio ξ(t) =
√

2γe ã(t)/s̃in(t). In the complex plane, as ξ approaches −1, the destructive
interference dip in the transmission becomes progressively deeper, whereas as ξ tends
toward 1, the constructive interference peak grows increasingly higher. Figure 2g illustrates
the theoretically calculated complex-plane trajectories of ξ for linear frequency sweep
rates α = 0.4 GHz/ns and 4 GHz/ns. In both scenarios, ξ alternately passes through
points with phase angles ϕ = (2p + 1)π (p ∈ Z) and ϕ = 2pπ, marked on the trajectories
by green circles and triangles, respectively. Consequently, the transmission manifests
alternating dips and peaks, as depicted in Figure 2b, while the monotonic decrease in
the magnitude of ξ over time accurately reflects the inherently decaying nature of these
oscillations. Furthermore, a comparative analysis of the two trajectories demonstrates that
the higher sweep rate of α = 4 GHz/ns yields a smaller average magnitude for ξ, thereby
resulting in the correspondingly attenuated oscillation amplitude observed in Figure 2b.

Given that the magnitudes of ξ are smaller than 1 for both α = 0.4 GHz/ns and
α = 4 GHz/ns, optimal conditions for destructive interference require a maximized mag-
nitude of ξ and a phase approaching ϕ = (2p + 1)π. Within the half-plane of Re(ξ) < 0
in Figure 2g, the points corresponding to the maximum magnitude of ξ during the initial
periods are designated by cyan circles. This indicates that the nadir of the transmission dip
must invariably manifest between ϕ = (2p + 1)π and the cyan circles. However, as the
number of oscillation periods increases, the progressively diminishing distance between
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consecutive pairs of green and cyan circles suggests that, for later periods, the apex of
strongest destructive interference effectively converges exactly at ϕ = (2p + 1)π. Con-
versely, because the magnitude of ξ monotonically decays with temporal evolution each
time it crosses ϕ = 2pπ, the constructive interference peak within any given period must
precede the ϕ = 2pπ coordinate. Specifically, since the points immediately succeeding
ϕ = 2pπ that exhibit maximized imaginary and real parts are delineated by cyan and
yellow triangles, respectively, the transmission peak is constrained to emerge between these
two bounds. In summary, a robust criterion is established for identifying transmission
extrema via the complex trajectories of ξ.

Figure 2h plots the theoretically calculated complex trajectories of ξ for Γ = 0.4 GHz
and 4 GHz, alongside a reference unit circle. Here, ξ undergoes repeated crossings between
ϕ = (2p + 1)π and ϕ = 2pπ when Γ = 0.4 GHz, whereas it traverses ϕ = π only once for
Γ = 4 GHz. This fundamentally accounts for the multiple oscillations versus the isolated
single-dip structure observed in Figure 2c. Furthermore, for the case with Γ = 4 GHz , Re(ξ)
exhibits a negligible increase from the green to the cyan circles, while Im(ξ) undergoes
substantial amplification. This demonstrates that the corresponding transmission dip
in Figure 2c is predominantly governed by the out-of-phase interference between the
continuum mode and the re-radiation emanating from the bound cavity mode.

For the experimental realization, silicon or silicon nitride microring resonators coupled
to strip waveguides serve as excellent candidates. To achieve the dynamics shown in
Figure 2a, the required frequency sweep range for a single resonance exceeds 10 nm,
and the Q factor approaches 5 × 104 at 1550 nm; this can be experimentally realized by
a compact single silicon microring resonator [59]. For the scenarios in Figure 2b–d, the
sweep range is roughly 1 nm, and the maximum Q factor approaches 5 × 106 at 1550 nm.
To simultaneously achieve the requisite large free spectral range and high Q factor, a
compound structure comprising two cascaded microring resonators utilizing the Vernier
effect can be employed [60]. Furthermore, the necessary frequency sweeps are well within
the capabilities of lasers developed for swept-source optical coherence tomography. Sweep
rates from α = 0.01 GHz/ns to α = 4 GHz/ns can be generated using a laser equipped
with a polygon mirror scanner [61], whereas a rate of α = 14 GHz/ns is achievable with a
Fourier-domain mode-locked laser [62].

3.2. Sinusoidal Frequency Modulation: Stückelberg Oscillations

When the input signal has sinusoidal frequency modulation, the nonadiabatic response
of the optical resonator can be calculated based on Equations (19) and (20). Figure 3a,b
show the calculated transmission and dimensionless cavity energy, respectively, under
sinusoidal frequency modulation of the input signal with a modulation depth of A = 4 rad
and a modulation frequency of Ω/(2π) = 0.2 GHz. In both panels, the cavity linewidth is
set to Γ = 0.04, 0.4, and 4 GHz, while the intrinsic detuning ∆ is set to zero. For comparison,
the corresponding adiabatic responses are also plotted.

For the narrowest linewidth (Γ = 0.04 GHz), the cavity lifetime is much longer than
the 5 ns modulation period. As the instantaneous frequency sweeps periodically across
the resonance, the cavity mode undergoes a nonadiabatic excitation each time it passes
through the resonance region. In the intervals far from resonance, the cavity field evolves
adiabatically, accumulating a phase that depends on its entire preceding history. The inter-
ference between successive nonadiabatic excitations gives rise to Stückelberg oscillations,
which are clearly visible in both the transmission and the intracavity energy. The output
waveform exhibits a periodic anharmonic structure with a period equal to half of the mod-
ulation period. Over many cycles, the coherent accumulation of nonadiabatic excitations
eventually balances with cavity dissipation, leading to a stable average intracavity energy,
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which represents the optical analog of the Landau–Zener transition of atomic polarization.
When the linewidth is increased to Γ = 0.4 GHz, the photon lifetime decreases to about
2.5 ns, which is still comparable to the modulation period. Coherent phase accumulation
remains possible, but over a reduced number of cycles. Consequently, the average intracav-
ity energy is lower than that for Γ = 0.04 GHz, and the Stückelberg oscillations become less
pronounced. For Γ = 4 GHz, the cavity lifetime drops to approximately 250 ps, which is
much shorter than the modulation period. Under this condition, nonadiabatic excitations
from consecutive cycles can no longer accumulate coherently; i.e., each excitation decays
before the next one occurs. The effective Landau–Zener transition probability is further
reduced, and the average intracavity energy reaches its lowest value among the three cases,
as shown in Figure 3b. However, the waveguide transmission in Figure 3a does not simply
follow the trend of the intracavity energy. At this larger linewidth, the coupling coefficient
between the resonator and the waveguide is higher, meaning that a greater portion of the
cavity field participates in destructive interference with the directly transmitted continuum
mode. Despite the low cavity energy, the output intensity exhibits a deep dip and a signifi-
cant modulation depth. This behavior highlights the dual role of the cavity linewidth: it
governs both the excitation efficiency of the cavity mode and the interference visibility via
the coupling strength. The observed output transmission is determined by the competition
between these two effects. In fact, at Γ = 4 GHz, the LZSM interference result is already
very close to the adiabatic response.

In all three cases, the adiabatic response fails to capture the oscillatory structure and
the asymmetric waveform. The deviation from the adiabatic limit is most pronounced for
Γ = 0.04 GHz, where the photon lifetime is long enough to support coherent accumulation
over many cycles. As Γ increases, the system gradually approaches adiabatic behavior,
and at Γ = 4 GHz, only remnants of nonadiabatic interference remain. These observations
confirm that the optical ring resonator faithfully reproduces the essential features of LZSM
interference, including the coherent accumulation of nonadiabatic transitions and the
resulting Stückelberg oscillations.

Figure 3c shows the temporal evolution of the transmission as the linewidth Γ is
continuously varied over a wide range. In this calculation, the modulation depth and
modulation frequency are set to A = 4 rad and Ω/(2π) = 0.2 GHz, respectively. When Γ is
small, the Stückelberg oscillations exhibit peaks exceeding unity (T > 1), indicating strong
constructive interference between the directly transmitted field and the cavity-radiated field.
As Γ increases, the peak and valley amplitudes of the output decrease progressively. For a
sufficiently large Γ, the frequency sweep always remains near the cavity resonance, and the
output becomes very low, approaching the adiabatic response. This transition reflects the
gradual loss of the coherent accumulation of nonadiabatic excitations as the photon lifetime
shortens. Figure 3d presents the waveguide transmission versus time as the modulation
frequency Ω/(2π) is continuously varied from 0.1 GHz to 1.2 GHz with fixed Γ = 0.4 GHz
and A = 4 rad. As the modulation frequency increases, the oscillation frequency of the
Stückelberg fringes increases accordingly, while the waveform shape changes significantly.
The peak amplitude exhibits a clear overall increase accompanied by a superimposed
oscillatory structure as Ω/(2π) rises. When the modulation frequency becomes very high,
the output approaches a nearly harmonic oscillation. This behavior can be understood by
examining the origins of the Landau–Zener transition and Stückelberg interference. As
Ω/(2π) increases, the number of nonadiabatic passages within the photon lifetime grows,
and the Landau–Zener transition probability tends to increase, leading to a higher average
output. However, the relative phase between two consecutive nonadiabatic pathways also
varies with Ω/(2π), producing an oscillatory modulation of the peak amplitude. When
the modulation frequency is very high, the relative phase between the two pathways
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becomes very small, the Stückelberg interference is significantly weakened, and the output
approaches a simple harmonic oscillation.
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Figure 3. In (a,b), the top panels show the analytically calculated transmission and dimensionless
cavity energy, respectively, under sinusoidal frequency modulation of the input signal, while the
bottom panels present the corresponding adiabatic results. In the calculation of the adiabatic response,
each frequency point is maintained for 50 ns. In all four panels of (a,b), the black dashed, red dotted,
and blue solid lines correspond to Γ = 0.04 GHz, 0.4 GHz, and 4 GHz, respectively. (c) Calculated
transmission as Γ is continuously varied from 0.04 GHz to 10 GHz. (d) Calculated transmission
as the modulation frequency Ω/2π is continuously varied from 0.1 GHz to 2 GHz. (e–g) are the
time-dependent trajectories of ξ over five modulation periods for Γ = 0.04 GHz, 0.4 GHz, and 4 GHz,
respectively. (h) Single-period projected trajectories in the complex plane in the nonadiabatic regime
for Γ = 0.04 GHz (black solid line), 0.4 GHz (red solid line), and 4 GHz (blue solid line), alongside the
adiabatic response (green solid line). The unit circle is indicated by violet dots. (i,j) The maximum
dimensionless cavity energy as a function of A and ∆0 for Γ = 0.4 GHz and 4 GHz, respectively.

To further explain the Stückelberg oscillations in transmission, we calculate ξ(t) as
in Figure 2g,h and plot the evolution of ξ(t) in Figure 3e–g for Γ = 0.04, 0.4, and 4 GHz,
respectively. In each case, ξ(t) exhibits periodic evolution, while the trajectory morphology
reveals a strong dependence on the cavity linewidth Γ. A clearer comparison is provided in
Figure 3h, which overlays the ξ trajectories over a single modulation period for all three
damping rates.

When Γ = 0.04 GHz, the trajectory of ξ(t) passes through points with ϕ = (2p + 1)π
(p ∈ Z) four times within one period, as shown in Figure 3h. Although the first two points
are temporally far apart, the phases of nearby points on the trajectory are all close to
ϕ = (2p + 1)π, while the variation in the amplitude of ξ remains very small. This causes
the destructive interference to be distributed over a relatively large range, leading to the
relatively flat bottom in the oscillation for Γ = 0.04 GHz shown in Figure 3a. Moreover,
within one frequency sweep period, the trajectory of ξ(t) during the first half of the period
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is the complex conjugate of the trajectory during the second half. As a result, the oscillation
period of the waveguide output in Figure 3a is exactly half of the frequency sweep period.
In each period, the trajectory passes twice through the points with ϕ = 2pπ, and the
amplitude of ξ varies significantly near these points, producing two sharp constructive-
interference peaks in the transmission. When Γ increases to 0.4 GHz, the amplitude of ξ

within a half-period varies greatly between the two ϕ = (2p + 1)π points. Therefore, only
one of them forms a sharp destructive-interference dip, while the contrast of the destructive
interference at the other point is lower than its surroundings, preventing the formation
of a dip. Since the points with ϕ = 2pπ along the trajectory have a positive Re(ξ), the
transmission in Figure 3a still exhibits constructive-interference peaks with T > 1. When Γ
is further increased to 4 GHz, the trajectory of ξ moves far away from the ϕ = 2pπ points,
resulting in the absence of T > 1 peaks in the transmission shown in Figure 3a. On the
other hand, within half a period, the trajectory of ξ passes through the ϕ = (2m + 1)π
point only once. This point lies near ξ = −1, forming a destructive-interference dip close
to zero in the transmission. The entire trajectory of ξ approaches a section of the unit circle,
representing the adiabatic response under critical coupling conditions. Consequently, the
transmission in Figure 3a also approaches the Lorentzian lineshape.

Figure 3i presents the time-averaged dimensionless cavity energy ⟨|a|2⟩t as a function
of the modulation amplitude A and the central detuning ∆ for Γ = 0.05 GHz. This
parameter regime corresponds to the fast-passage limit of LZSM interference. The data are
displayed on a logarithmic scale to reveal fine details. Distinct maxima can be observed
along the lines ∆ = mΩ (m = 0,±1,±2, . . .), corresponding to the m-th order sideband
resonances. For a given sideband order m, significant cavity excitation occurs only when
A exceeds a threshold value roughly given by A ≳ |m|Ω. Only when this condition is
satisfied can the frequency sweep pass through the resonance point, thereby generating
a pronounced nonadiabatic response and inducing an effective Landau–Zener transition.
Beyond this threshold, the cavity energy exhibits a series of oscillations superimposed
on a gradual decay, appearing as alternating bright and dark bands in the logarithmic
plot. The minima are located at values of A where Jm(A/Ω) = 0, indicating destructive
interference for the corresponding sideband. The decaying envelope arises because the
Landau–Zener transition probability decreases with increasing A, thereby reducing the energy
stored in the resonator. When Γ is set to 0.2 GHz, the LZSM interference falls into the slow-
passage limit, where the cavity linewidth is comparable to the modulation frequency. In this
regime, the behavior changes qualitatively, as shown in Figure 3j. Although the resonance
maxima still appear near ∆ = mΩ, individual sidebands are no longer resolved since
adjacent sidebands overlap and the spectral structure becomes blurred. Compared with
Figure 3i, the oscillatory banded pattern is largely washed out, leaving only a few broad
peaks distinguishable at small A. Furthermore, the amplitude of the Stückelberg oscillations
is strongly suppressed. In the slow-passage limit, the cavity mode experiences almost
exclusively adiabatic excitation, leading to a low Landau–Zener transition probability and
suppressed Stückelberg oscillation amplitudes.

3.3. Revisiting Critical Coupling in the Nonadiabatic Regime

In waveguide-resonator coupled systems, a key concept is critical coupling, which
physically corresponds to a balance between the intrinsic cavity loss rate γi and the external
coupling rate γe (i.e., γe = γi). Under this condition, the transmission at resonance ideally
drops to zero due to perfect destructive interference between the directly transmitted
field and the resonantly re-radiated field. However, whether this strict correspondence
between critical coupling and zero transmission holds in the nonadiabatic regime has yet
to be investigated.
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Calculated using Equation (18), the temporal evolution of the transmission is shown
in Figure 4a with the total decay rate fixed at Γ = 0.6 GHz and the coupling coefficients
set to γe = 0.2 Γ, 0.5 Γ, and 0.99 Γ under a linear frequency sweep. These three values
of γe correspond to the under-coupled, critically coupled, and over-coupled conditions,
respectively. In the adiabatic limit, they are expected to produce narrow and shallow,
moderately narrow and deep, and broad and shallow transmission dips, respectively.
Counterintuitively, in the nonadiabatic regime shown in Figure 4a, the over-coupled case
yields the deepest transmission dip. For a fixed Γ, increasing the external coupling rate
γe enhances the energy exchange between the resonator and the waveguide, thereby
promoting cavity excitation even when the input frequency is chirped. From the perspective
of the Landau–Zener transition formula [2], the nonadiabatic transition probability increases
with the coupling strength for a fixed total linewidth.
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Figure 4. (a) Theoretically calculated temporal evolution of the transmission for γe = 0.2 Γ (black
dashed line), γe = 0.5 Γ (red dotted line), and γe = 0.99 Γ (blue solid line). (b,c) Theoretically
calculated dependence of the nonadiabatic and adiabatic transmission on γe/Γ and Γ, respectively.
(d) Instantaneous detuning of the input signal, featuring alternating intervals of constant frequency
and sinusoidal frequency modulation. (e) Temporal evolution of the transmission (black line) and
cavity mode energy (red line) for the input signal shown in (d). (f) Magnified view of the dynamics
in (e) for the time window between 230 ns and 300 ns. In (e,f), the black and red arrows indicate that
the black and red lines correspond to the left and right vertical axes, respectively. (g) Amplitudes
and instantaneous detunings of the engineered amplitude-and-frequency-modulated signal and the
standard linearly frequency-swept signal. The blue solid and red solid lines represent the amplitude
and instantaneous detuning of the engineered signal, respectively, while the black dotted and green
dotted lines represent the corresponding quantities for the linearly swept signal. (h) Temporal
evolution of the transmission for the engineered signal (green line) and the linearly swept signal (red
line). (i) Magnified view of the transmission evolution within a single period. The blue solid, red
dotted, and black dashed lines correspond to the engineered signal, the linearly swept signal, and the
adiabatic response, respectively.

Figure 4b illustrates the depth of the first transmission dip under continuous variations
of Γ and the ratio γe/Γ when the input frequency is linearly swept, while Figure 4c shows
the corresponding adiabatic results. As observed in Figure 4b, when Γ is relatively small,
increasing γe/Γ significantly enhances the depth of the transmission dip. This enhancement
occurs because a larger γe/Γ markedly improves the nonadiabatic excitation efficiency
of the cavity mode, corresponding to a higher Landau–Zener transition probability. Con-
versely, when Γ is large, the optimal condition for the deepest transmission dip gradually
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converges to γe/Γ = 1/2. This is attributed to the excessively short photon lifetime under
these conditions, which renders the nonadiabatic phase accumulation inefficient. Conse-
quently, the nonadiabatic response in Figure 4b approaches the adiabatic response shown
in Figure 4c. This underlying behavior reflects a trade-off mechanism between the absolute
coupling rate and coherent phase accumulation, similar to what is observed in Figure 2e.

In a potential experimental implementation using waveguide-coupled microring
resonators, the external coupling rate γe can be precisely controlled by adjusting the
coupling gap between the waveguide and the resonator [63].Independent tuning of the
intrinsic loss rate γi can be achieved by introducing an auxiliary coupling waveguide or by
inserting a movable near-field tip into the evanescent field of the resonators to introduce
controlled scattering loss [64].

3.4. LZSM Interference for Complex and Engineered Modulation

Based on the theory presented in Section 2, the LZSM interference originates from the
non-negligible memory effect of the cavity mode with respect to the input field. Conse-
quently, optical fields with distinct time–frequency distributions can induce qualitatively
different LZSM interference patterns. In contrast to the previously studied linear frequency
chirp starting from negative infinity and the continuous sinusoidal frequency modulation,
a pulsed frequency-modulated field can be designed to generate more complex interference
fringes. In this scheme, the field amplitude remains constant, while its frequency switches
periodically between a fixed detuning ∆0 and a modulated detuning ∆0 + A cos(Ωt).
Figure 4d shows the time evolution of the instantaneous detuning for this engineered
input field.

In each modulation segment t ∈ [t1, t2], Equation (13) has the solution

ã(t) =
[

ã(t1)−
√

2γe

i∆0 − Γ

]
e(i∆0−Γ)(t−t1) −

√
2γe

i∆0 − Γ
(21)

for the fixed detuning segment, and

ã(t) =

[
ã(t1)−

∞

∑
m=−∞

√
2γe Jm(A/Ω)

i(∆0 + mA/Ω)− Γ

]
e−(i∆0+Γ)(t−t1)

−
∞

∑
m=−∞

√
2γe Jm(A/Ω)

i(∆0 + mA/Ω)− Γ
eimΩ(t−t1),

(22)

for the sinusoidal detuning modulation. On the right-hand side of both
Equations (21) and (22), the first and second terms represent the transient and steady-state
responses, respectively. Using these expressions, we sequentially calculate the nonadiabatic
response for each modulation segment. The resulting temporal evolution of the transmis-
sion and the intracavity energy are shown in Figure 4e. For both the fixed and sinusoidally
modulated detuning segments, a transient response is observed before the system settles
into a steady state. This transient response arises from the abrupt frequency switching,
which effectively acts as a rapid frequency sweep and thus drives a distinct Landau–Zener
transition. Within the fixed detuning segments, cavity dissipation forces the cavity
excitation induced by the Landau–Zener transition to gradually relax toward a steady-state
value determined by the adiabatic response under a constant detuning. In contrast, within
the sinusoidally modulated segments, the sudden frequency jump and the subsequent
continuous frequency modulation are superimposed via the cavity memory effect, giving
rise to pronounced transient dynamics at the beginning of each segment. Figure 4f displays
a magnified view of a single modulated segment extracted from Figure 4e. Although the
cavity mode amplitude does not exhibit a drastic change, its phase varies rapidly, leading
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to significant oscillations in the transmission. These oscillations gradually damp out and
evolve into steady-state Stückelberg oscillations. The parameters chosen for this calculation
are Γ = 0.04 GHz, A/(2π) = 4 GHz, Ω/(2π) = 0.2 GHz, and ∆0 = 0.06 GHz. Under these
conditions, the higher-order harmonic components of the Stückelberg oscillation are clearly
resolved, and multiple oscillations occur within a single modulation period.

The results shown in Figure 4e,f also reveal that adiabaticity and the steady state
are two distinct concepts. The Stückelberg oscillation can indeed reach a steady state,
even though its origin involves nonadiabatic phase accumulation. In other words, the
steady-state interference pattern is built upon phase differences acquired during nonadi-
abatic passages through resonance, despite the asymptotic dynamics appearing periodic
and stationary.

It can be inferred from Equation (17) that the LZSM interference pattern is jointly deter-
mined by the intrinsic response function of the waveguide-cavity system and the temporal
evolution of the amplitude and phase of the input field. Consequently, it becomes possible
to engineer the input signal via inverse design to customize the LZSM interference fringes.

As shown in Figure 2b, the LZSM interference fringes obtained with purely linearly
frequency-swept signals deviate significantly from the Lorentzian lineshape characteris-
tic of the adiabatic response. Based on Equation (14), an inverse design model (see the
Supplementary Materials for details) is established to engineer both the amplitude enve-
lope and the frequency chirp profile of the input field. This approach enables the LZSM
transmission dip to be restored to the adiabatic response lineshape. Figure 4g presents the
amplitude profile and instantaneous detuning of the engineered signal. The engineered
input signal exhibits a deliberately shaped amplitude and frequency trajectory designed to
compensate for the nonadiabatic memory effects inherent in the cavity response. Figure 4h
shows the transmission of the engineered input signal, obtained by numerically solving
Equation (13), alongside the numerically solved response for a signal with a purely periodic
linear frequency sweep for comparison. Whereas the pure linear frequency sweep yields a
characteristic pattern of decaying oscillatory fringes, the engineered signal produces a clean
interference pattern with negligible oscillations and no overshoot. A direct comparison
of the single-period transmission profiles is shown in Figure 4i, where the transmission
dip produced by the engineered input closely approximates the Lorentzian lineshape of
the ideal adiabatic response, while the unshaped signal exhibits substantial deviation. It
is worth emphasizing that our inverse design model is currently formulated for a single
period of the frequency sweep. The residual discrepancy between the engineered transmis-
sion and the ideal Lorentzian lineshape arises from Landau–Zener transitions that occurred
during the preceding temporal history and persist into the steady-state response. This
limitation can be overcome by extending the inverse design framework to account for
multiple periods, thereby compensating for the cumulative effects of repeated nonadiabatic
transitions across successive frequency sweeps.

4. Conclusions
In this work, we have explored whether Landau–Zener–Stückelberg–Majorana (LZSM)

interference, traditionally characterized through population dynamics, can also emerge
in atomic polarization dynamics and be investigated using an all-optical platform. By
exploiting the formal correspondence between optical resonators and weakly driven TLS,
we established an atomic polarization-based framework for studying LZSM interference
in optical ring resonators using temporal coupled-mode theory. Exact analytical solutions
have been derived for two representative driving schemes. For linear frequency sweep and
sinusoidal frequency modulation of the input signal, the cavity fields are expressed in terms
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of complex error functions and Bessel series, respectively, while a bound-to-continuum
complex ratio is defined to explain the interference pattern in the transmission.

The theoretical results revealed several key features of the nonadiabatic dynamics. The
transmission for linear frequency sweep exhibits a train of decaying oscillations following
the main dip, which is analogous to Landau–Zener transition and directly reflects the finite
temporal memory of the cavity response. The oscillation period is determined by the sweep
rate, while the amplitude depends non-monotonically on the cavity linewidth due to the
competition between excitation and decay of the cavity mode. For sinusoidal modulation,
we demonstrated that the cavity energy and transmission exhibit Stückelberg oscillations
with a period half that of the modulation frequency. The complex-plane trajectory of
the bound-to-continuum ratio provides a unified criterion to find the dips and peaks in
the Stückelberg oscillations of transmission. The fast-passage and slow-passage limits of
LZSM interference are clearly distinguished by the resolution of sideband resonances in
the time-averaged intracavity energy.

The limitations of the critical coupling concept in the nonadiabatic regime is discussed,
and the results show that the over-coupled condition yields the deepest transmission dip,
contrary to the adiabatic expectation that critical coupling produces perfect destructive
interference. Finally, we demonstrated an inverse-design approach that engineers both
the amplitude and frequency modulation of the input field to tailor the LZSM interference
pattern. Utilizing this approach, we have successfully shaped the nonadiabatic transmission
to approximate the adiabatic Lorentzian lineshape when the nonadiabatic memory effects
are effectively compensated.

While this study is restricted to the weak-excitation regime, the proposed framework
suggests a natural extension toward nonlinear LSZM phenomena [10,65,66]. In atomic
systems, nonlinear effects may arise from atom–atom interactions or higher-order opti-
cal responses beyond the weak-excitation approximation, where the evolution of atomic
polarization is governed by nonlinear dynamical equations. Although the analytical convo-
lution framework developed here is no longer directly applicable, the atomic polarization
remains the central observable and the resulting nonlinear dynamics are expected to exhibit
substantially richer nonadiabatic phenomena. Correspondingly, optical resonators incor-
porating Kerr or saturable nonlinearities [52,67] provide a natural classical platform for
simulating such nonlinear dynamics. The nonlinear phase accumulated during successive
Landau–Zener transitions may give rise to modified interference conditions, leading to
phenomena such as deformation and shifts of Stückelberg interference fringes [10,66].
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