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Abstract

We explore the generation of photon blockade effect in a Laguerre-Gaussian optorotational
system where a Gaussian beam exchanges orbital angular momentum with a rotating spiral
phase mirror. In addition to the typical optorotational coupling, we consider the existence of
cross-Kerr nonlinearity between the cavity mode and the rotating mirror. We investigate the
statistical characteristics of photons by numerically and analytically calculating the second-
order correlation function. In particular, we find that the antibunching effect of photons
is dominated by the cooperative operation between the optorotational coupling and the
cross-Kerr coupling instead of any individual part. The optimal single photon blockade can
be achieved in a moderate coupling regime and enhanced due to the presence of cross-Kerr
nonlinearity. The dependence of photon blockade effect on the different system parameters
is discussed in detail. Our work provides an alternative way to manipulate the photon
quantum behaviors in Laguerre-Gaussian optorotational systems, which may find potential
applications in quantum information processing and optical communication utilizing the
optical orbital angular momentum.

Keywords: photon blockade; Laguerre-Gaussian optorotational system; cross-Kerr
nonlinearity; orbital angular momentum

1. Introduction

Exploring the quantum behaviors of systems at a macroscopic scale is of fundamental
importance for revealing the quantum-—classical boundary as well as developing quantum-
enabled technologies in quantum information processing and quantum measurement [1-5].
In the last decades, significant advances in micro- and nanomechanical fabricating technolo-
gies and experimental techniques have been made, which allow the controllable generation
and manipulation of nonclassical phenomena [6,7]. For example, considerable achieve-
ments have been made including cooling the mechanical modes to their quantum ground
state [8-11], the generation of squeezed light and quantum entanglement [12,13]. Note
that one of the important quantum effects is photon blockade, which could be induced
by a large optical nonlinearity [14,15]. Photon blockade is a paradigmatic effect in which
the excitation of a single photon prevents the subsequent absorption of additional pho-
tons, yielding sub-Poissonian photon statistics and an antibunching effect [16]. Beyond
its fundamental significance, the photon blockade effect offers a promising route to the
engineering of new single-photon quantum devices such as single-photon transistors [17],
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single-photon routers [18-21] and single-photon switches [22], which are key resources for
quantum networks and photonic quantum information [23-25].

As a typical effect, photon blockade has attracted considerable attention and has been
extensively studied in many platforms, including cavity optomechanical systems [26-28],
cavity quantum electrodynamics (QED) systems [16] and other hybrid quantum sys-
tems [24]. The achievement of this quantum effect generally originates from two different
physical mechanisms. One mechanism is based on strong optical nonlinearity, which can
induce the energy-level anharmonicity of coupled systems [14,29-31]. Thus, due to the
frequency detuning, the probability of multi-photon transition is dramatically suppressed
in the case of single-photon resonant excitation. Experimental research has demonstrated
this quantum effect in a strongly coupled optical cavity containing one trapped atom [16].
In contrast, the other physical mechanism relaxes the requirement for the strong system
nonlinearity, which ultimately allows the generation of photon blockade even though the in-
trinsic nonlinearity is in the weak coupling regime. Many theoretical works investigate this
quantum effect with weak nonlinearities [32,33]. Essentially, this phenomenon is caused
by the quantum destructive interference between different excitation pathways [34-36].
This unconventional photon blockade effect has also been experimentally observed in a
quantum dot cavity QED system [37] and a superconducting circuit system involving two
coupled resonators for microwave photons [38].

Note that in recent years, a Laguerre-Gaussian (LG) optorotational system as an emerg-
ing and powerful platform is proposed. The LG optorotational system consists of two spiral
phase elements [39,40]. One of them is an input coupler, which is fixed and partially
transparent. The other spiral phase element is a movable perfectly reflecting rear mir-
ror, which can rotate about the cavity axis. Different from the typical radiation pressure
coupling between a mechanical oscillator and an optical cavity via the exchange of linear
momentum, the LG optorotational system explores the optorotational coupling due to
the transfer of the orbital angular momentum [41]. Specifically, the LG beam carries an
orbital angular momentum of 7l per photon along its propagation direction, where [ is
an integer and represents the topological charge value [42,43]. The spiral phase elements
can be designed to modify the azimuthal structure of laser beams, thus changing the
topological charge value either via reflection or transmission. As a result, the LG cavity
mode is coupled to the rotating rear mirror via radiation torques. In a typical configuration
employing spiral phase elements, the cavity mode acquires an orbital angular momentum
of £2/, which can be transferred to a rotating end mirror about the cavity axis [42]. Ow-
ing to this unique coupling mechanism, LG optorotational systems have been shown to
support a variety of fascinating phenomena, including cooling the rotational motion of
a mirror [42,44], the generation of second-order sideband effect [45] and sum-sideband
effect [46], optomechanical-induced transparency [47] and quantum entanglement between
different modes [48-50]. Note that most existing studies about LG optorotational systems
mainly focus on the strong driven regime, where the system dynamics are linearized
around a classical steady state. However, to the best of our knowledge, the genuinely
nonlinear quantum effects at the single-photon level, especially those related to photon
blockade, remain comparatively less explored. This makes the LG cavity a compelling
platform for investigating how the nonlinear coupling reshapes the photon statistics in the
quantum regime. In conventional analyses of LG optomechanical systems, the discussion
is often restricted to situations where only intrinsic optorotational coupling exists. Due
to the fact that photon blockade is essentially determined by the nonlinear displacement
of the system energy spectrum, additional nonlinear interactions can be introduced to
more effectively regulate nonclassical behaviors of photons, such as the introduction of
cross-Kerr nonlinearity [51-54]. Cross-Kerr nonlinearity directly correlates the photons
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and phonons, which can significantly alter the spectral structure and photon statistical
properties of the system [55,56].

The typical optical Kerr effect refers to the change in the refractive index of a nonlinear
medium if a signal wave is incident on this medium [57,58]. Thus a probe wave propagating
through the medium experiences a phase shift, which is proportional to the intensity of
the signal wave. The cross-Kerr nonlinear coupling between an optical cavity and the
mechanical resonator originates from the change in the refractive index associated with
the optical field, which depends on the phonon number in the mechanical resonator.
This cross-Kerr-type coupling can be engineered as effective interactions in the context
of optomechanical platforms [59,60]. It has been theoretically shown that the cross-Kerr
coupling between a mechanical resonator and a microwave cavity can be induced via the
Josephson effect [55]. In particular, this coupling has been experimentally demonstrated
by introducing a quantum two-level system (qubit) [61]. The photon—phonon cross-Kerr
nonlinearity can be further enhanced by additional nonlinear driving or circuit-based
nonlinear elements. For example, two-photon driving has been proposed to enhance
photon—-phonon cross-Kerr nonlinearities [62], and single-photon cross-Kerr nonlinearities
can be exponentially enhanced in quantum optomechanics [63]. Moreover, the Josephson
capacitance of a Cooper-pair box can be used to enhance optomechanical coupling and
Kerr nonlinearity [64]. In addition to qubit-mediated optomechanical implementations,
cross-Kerr nonlinearities have also been observed in other quantum platforms, such as
cold Rydberg gases [65] and ferrimagnetic crystals [66]. Furthermore, recent studies of
Laguerre-Gaussian cavity optorotational systems have exploited this effective cross-Kerr
interaction between the LG cavity field and the rotational mechanical mode to enhance the
steady-state entanglement and the cooling of a rotating mirror [44,56,67].

Motivated by the above mentioned works, here we explore the controllable photon
statistics and the generation of photon blockade effect in a LG optorotational system
containing cross-Kerr nonlinearity. By combining analytical and numerical approaches, we
examine how the optorotational coupling and cross-Kerr nonlinear coupling modify the
effective detuning, the energy-level anharmonicity, and the photon statistical properties
of the system. The results show that the photon antibunching effect can be significantly
enhanced in a moderate coupling regime. However, either excessively large optorotational
coupling or cross-Kerr coupling cannot further enhance the photon blockade. Instead,
it may drive the system toward phonon-assisted two-photon resonances that degrade
photon blockade. It means that the achievement of the optimal single-photon blockade
requires the competitive and cooperative operation between the optorotational interaction
and cross-Kerr nonlinear interaction. In addition, we also analyze in detail the influence
of system parameters, e.g., the topological charge value, the mass and the radius of the
rotating mirror and the environmental temperature on the photon blockade effect. These
results provide useful insight into nonlinear quantum statistical effects in LG cavities and
offer a alternative proposal for the controllable generation of nonclassical LG light.

Note that most of the research on the photon blockade effect in conventional op-
tomechanical systems exploit the radiation pressure coupling via the exchange of linear
momentum between the photons in the cavity and a mechanical resonator, while the LG
optorotational systems employ the optorotational coupling through the transfer of the
orbital angular momentum (OAM) of light between a LG cavity mode and a spiral phase
mirror. These two physical mechanisms for yielding the photon blockade are fundamen-
tally different. In other words, our work provides an alternative OAM-based approach for
exploring the single-photon quantum effect. In addition, the technological advances allow
the generation of spiral phase mirrors with high precision and low mass as well as high
topological charge value [68]. Since the single-photon optorotational coupling is associated
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with the optical topological charge I/, the mass M and the radius R of the rotating mirror,
the statistical characteristics of photons in the present scheme can be controllable by ad-
justing system parameters. Furthermore, the present scheme reveals an optimal parameter
window to generate the quantum effect at the level of single photon in a LG cavity with
the moderate optorotational coupling and the cross-Kerr coupling. Therefore, our work
provides a promising route for manipulating the single-photon quantum effect arising
from the optorotational coupling. It may inspire the exploration towards the potential
applications based on LG modes and the orbital angular momentum of light fields.

This paper is organized as follows: In Section 2 we describe the Laguerre-Gaussian
optorotational system with cross-Kerr nonlinearity and derive the total Hamiltonian. In
Section 3 we demonstrate the controllable photon statistics by analytically and numerically
calculating the second-order correlation function. In addition, we discuss in detail the
influence of different system parameters on the photon blockade effect, including the
optorotational coupling strength, the cross-Kerr coupling strength, the topological charge
value, the mass and the radius of the rotating mirror and the environmental temperature. In
Section 4, we compare our results with representative studies and discuss their experimental
relevance and extension to the LG optorotational platform. Finally, the conclusions are
presented in Section 5.

2. Theoretical Model

We consider a Laguerre-Gaussian (LG) optorotational system containing cross-Kerr
nonlinearity. As shown in Figure 1, the LG optorotational cavity consists of a fixed partially
transparent input coupler and a movable perfectly reflecting rear mirror, which are both
spiral phase elements. When a Gaussian beam is incident on the cavity, the input coupler
can be designed to remove a fixed topological charge 2/ from the beam upon reflection from
either side. However, the topological charge of the transmitted beam passing through the
input coupler remains unchanged. Differently, the structure of the rear mirror causes the
beam to add a topological charge 2! during reflection. Due to the transfer of orbital angular
momentum, the Laguerre-Gaussian optical field interacts with the rear mirror. The rear
mirror rotates around the z axis of the cavity, which results in angular displacement ¢ from
the equilibrium position (¢g = 0). In addition, we consider a quantum two-level system
that exists on the rear mirror, which induces a cross-Kerr nonlinear coupling between
the LG cavity and the rotating mirror. Then, the Hamiltonian of the Laguerre-Gaussian
optorotational system with cross-Kerr nonlinearity reads

L. o

LZ
Hop = hwca+a + 27; + Elwm¢2 - hg¢¢ﬂ+ﬂ + Hck/ (1)

where a (a1) is the annihilation (creation) operator of the cavity mode and L, and ¢ represent
the angular momentum and angular displacement of the rear mirror that satisfies the com-
mutation relationship [¢, L;] = ifi. The first term in Equation (1) represents the Hamiltonian
of the LG cavity field with frequency w,. The next two terms are the Hamiltonian of the
rotating mirror with angular frequency wy,. Note that the rotating mirror can be treated as
a torsional pendulum of mass M and radius R and thus the moment of inertia is I = %MRZ.
The fourth term describes the optorotational coupling with the coupling parameter g,. The
last term represents the cross-Kerr nonlinear coupling between the cavity mode and the
rotating mirror. Here we introduce b (b") as the annihilation (creation) operator of the rear
mirror, which is defined as ¢ = /f/2Iwy (b + b'), L, = —iv/hilwy, /2(b — b"). Then the

system Hamiltonian can be expressed as

H=weata+ wnb'b — goata(b +b") — gqatab'd, ()
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with go = g¢/1/2Iwy, being the single-photon optorotational coupling strength and g
the cavity—mirror cross-Kerr nonlinear strength. Throughout the Hamiltonian formulation
and the dynamical calculations, we set 71 = 1, so that energies, Hamiltonians, and coupling
parameters are expressed in angular-frequency units. However, 7 is retained explicitly
in dimensional physical relations, including the quantization relations for the angular
displacement and angular momentum, the definition of the single-photon optorotational
coupling strength, and the thermal phonon occupation number, in order to preserve
dimensional consistency.

(a)

Cross-Kerr Medium

Weak driving ] )
Field Laguerre-Gaussian bo=0

Field Input Coupler Rear Mirror

(b) Yo
W, ( .

Yck

Figure 1. (a) The model diagram consists of two spiral phase mirrors to form a Laguerre-Gaussian
optorotational system. The Gaussian light with zero orbital angular momentum (OAM) is incident
into the cavity through the input coupling mirror and propagates back and forth between the two
mirrors. The rear mirror can rotate in the direction of the cavity axis z and its angular displacement
is ¢ (equilibrium position ¢g = 0). The optical field and the rotating rear mirror generate the
optorotational coupling by exchanging the orbital angular momentum. The cross-Kerr medium (red
two-level image) is introduced near the rear mirror to realize the cross-Kerr coupling between the
light field and the rotating mirror. (b) Equivalent schematic diagram of the model for two modes: the
cavity mode 7 is driven by a weak driving field with frequency w;, and interacts with the rotating
mechanical mode b through the optorotational coupling intensity gg and the cross-Kerr coupling
strength g k.

To solve the eigensystem corresponding to the Hamiltonian H, we introduce a dis-
placement operator D(A) = exp[A(bT — b)] with A = goa’a/(wy — gaa’a) and apply it
to the Hamiltonian via a unitary transformation H' = D'HD. Then one can obtain the
system eigenvalues E;, , = nw. + (Wm — nga )M — (5(”), where 1, m are photon numbers
and phonon numbers, respectively, and §(*) = g3n?/ (wm — nge). And the correspond-
ing eigenstates are |1),4|11(n));, where |1), are photon number states of the cavity mode
a. For the case of n photons, the mechanical states are the n-photon displaced number
states |172(1)), = D(A)|m), for mode b where A") = ngy/(wm — nge). The detailed
derivation of how the system Hamiltonian is diagonalized is presented in the Appendix A.
Due to the cavity—mirror optorotational coupling and cross-Kerr coupling, the equilibrium
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position of the rear mirror is displaced by an amount A("). Importantly, the effective optical
nonlinearity is induced, i.e., 6 () which could lead to the generation of photon blockade
effect. Note that in the absence of cross-Kerr nonlinearity, i.e., g = 0, the system Hamilto-
nian is reduced to a standard optomechanical Hamiltonian and the Kerr nonlinearity is
obtained (") = g(z)n2 / wy,. However, in the presence of cross-Kerr nonlinearity, i.e., gk # 0,
the induced optical nonlinearity 6(*) is not proportional to the photon number 7.

To observe the photon blockade effect, a weak driving field with frequency w; and
strength () is applied to the LG cavity from the input coupler and the Hamiltonian is
Hp = iQ(ate= i@t — gei«it), In a frame rotating with frequency wj for the optical mode, the
total Hamiltonian of the system is transformed as

Hiot = Aca’a + wmb'b — goata(b™ +b) — gaatab’d +iQ(a® — a), 3)

where the detuning is A; = w, — wy.
The statistical properties of photons can be characterized by calculating the second-
order correlation function of photons

(at(H)at (t +T)a(t + 1)a(t))
(at(t)a(t)) (@t (t+1)a(t+ 1))

In the steady state, the equal-time second-order correlation function is given by

g(z) (t, T) = (4)

¢@(0) = Lim;0g® (t,0) and the delayed-time second-order correlation function
is g2 (1) = Lim;_00g? (t, 7). The values of g(2)(0) can be used to investigate the
quantum behavior of photons. When ¢(?)(0) > 1, it indicates that the photon bunching
effect with the super-Poissonian statistics occurs. On the contrary, when g(2)(0) < 1,
the photons tend to exhibit an antibunching effect with the sub-Poissonian statistics.

3. The Nonlinear Coupling-Induced Photon Blockade
3.1. Approximate Analytical Results

In this section, we first develop an approximately analytical expression for the second-
order correlation function of the photons and then compare it with the numerical result. In
the weak driving condition, that is, the driving strength ¢, is far smaller than the optical
dissipation rate «, the average number of photons inside the cavity are relatively small.
Therefore, it is reasonable to only consider the few-photon subspace, e.g., [0)4, |1)4, |2)a.
And the corresponding number states of the mechanical mirror do not need to be limited
in quantity in theoretical calculations. In this case, we can expand the wave function of the
system with the ansatz

0)alm(@))s+ 3 CouDalm(Wy+ 3 Com [20al@)y )

m=0 m=0

|(P> = Z CO,m
m=0

where the coefficients Cy;,;;(n = 0,1,2) denote the probability amplitudes corresponding to
the states |n),|m(n)),(n = 0,1,2). The system dissipations can be treated by the effective
non-Hermitian Hamiltonian

K
Hef = Hiot — 1§a+ﬂ- (6)
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By substituting the state |¢) and the effective Hamiltonian H,g into the Schrédinger
equation i|¢) = Heg|@), we get the dynamic equations of motion for the coefficients in

Equation (5):
CO,m = fiE(),mCo,m i (Um(1))pCam,
Cim = —(iEyu+s )C1m Ié<m(1)|l>bc0,m \fQZ m(1)[1(2))pCop, ()
Com = —(iEom+K)Com + V20 i )6Ca,1-

For the state given by Equation (5), the steady-state equal-time second-order correla-
tion function can be written as

2 oo |Coml? ~ 2Y o |Com
(Lo 2)2 0 (Xh=o IComl?)?

The second relation in Equation (8) follows from the weak-driving approximation.

g@(0) = ®)

Q) < 1, the one- and two-photon probability amplitudes scale as Cy ,, &« Q and Cy,; x Q?,
respectively. Consequently, Y, [C1 ,u|*> « Q2, ¥, |Com|? & Q*. Therefore, the two-photon
contribution in the denominator of Equation (8) is of higher perturbative order and can be
neglected to the lowest nonvanishing order. After this approximation, the explicit factor
O* cancels between the numerator and denominator. In the regime. Under weak driving
conditions, a perturbation method can be used to solve the probability amplitudes of
Equation (5) and the steady-state solutions can be achieved (see Appendix A for derivation
details). Ultimately, we obtain the analytical result of the steady-state equal-time second-
order correlation function

4(Ac —6W)2 442
(2A; — 6@)2 - x2°

§2(0) = ©)

Equation (9) is therefore the leading-order result in the weak-driving regime. For
stronger driving, the full denominator, higher-order corrections to the probability ampli-
tudes, and higher-photon-number excitations generally introduce an explicit dependence
of g@(0) on Q. According to this analytical expression of the second-order correlation
function, different quantum effects can be observed by adjusting the driving detuning. For
example, when the optical driving field satisfies the single-photon resonant condition, i.e.,
Ac = 6, one can yield

2

2)(0) =

It is obvious that because of 6@ > 26(1) ie., 62 —25(1) # 0, one can yield g(z) (0) <1,
which implies a photon antibunching effect. Furthermore, for 6 — 25(1) > «, the values of
¢?(0) can be much smaller than 1 and a strong photon blockade occurs. In contrast, it can
be seen from Equation (9) that in the case of two-photon resonant driving, i.e., A, = §(2) /2,
one can have ¢ (0) = [(6® —26MW)2 4+ x2] /x2, which is always larger than 1 and corre-
sponds to the situation of photon bunching effect.

3.2. Numerical Results

When considering environmental effects, the dissipative dynamics of the Laguerre—
Gaussian (LG) optorotational system with cross-Kerr nonlinearity can be described by the
master equation
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where D[o]p = opo’ — J(oTop + po?o) is the standard Lindblad superoperator, 1, is the

—i[Hiot, p] + kD[a)p + Ym (1 + 1) Dbl + ymnm Db, (11)

decay rate of the mechanical rotating mirror, ng, = [exp(fiwy, /kgT) — 1] 7! is the average
thermal phonon number and T is the temperature of the heat bath.

In Figure 3, we plot the steady-state equal-time second-order correlation function
¢1?)(0) versus the driving detuning A./x. The red solid line corresponds to the numeri-
cal result based on the master equation. By numerically solving the master equation in
Equation (11), the steady-state operator pss corresponding to the system and the expression
of the second-order correlation function can be obtained, while the blue dashed curve
describes the analytical solution of Equation (9). First, it can be seen from Figure 3 that
the numerical result agrees well with the analytical result. In addition, the curves exhibit
several peaks and dips. Among them, the deepest dip describes the case of single pho-
ton resonant driving, i.e., the detuning is A, = 5(1), where ¢(?)(0) < 1. This accurately
manifests the photon blockade effect. Qualitatively, this phenomenon can be understood
from the energy-level diagram in Figure 2. When the driving field is on resonance with the
0),]0(0)), — [1),|0(1)), transition, the same [1),|0(1)), — [2),|0(2)), transition is de-
tuned and will be suppressed. Therefore, a significant photon blockade effect phenomenon
occurs. Note that in Figure 3 there is a dip on the far left of the curve, where the value of
¢?(0) is smaller than 1, which indicates a photon antibunching effect. Actually, it describes
the |0),/0(0)), — [1),]1(1)), transition process at Ac = 6!) — (wy, — gek) with a photon
and a phonon involved. Due to the energy anharmonicity, the two-photon transition is hin-
dered. In contrast, there are three peaks with ¢(2)(0)ss > 1, as shown in Figure 3. The detun-
ings at these peaks from right to left are A, /x = 6 /2, Ac/x = [6®) — (wm — ga)] /2 and
Ac/x = [6@®) —2(wm — gei)] /2, respectively. They demonstrate the case of the two-photon
resonant driving. And the corresponding transition processes are |0),|0(0)), — [2),]0(2)),,
0),10(0)), = [2),|1(2)),, and |0),|0(0)), — [2),]2(2)),, which lead to the appearance of
the photon bunching effect. Compared to the situation of phonons involved, when phonons
are not involved, i.e., A;/x = 0 2)/ 2, the value of g(z) (0) is larger. This indicates that the
photon bunching effect is much stronger than that of phonons involved.

To study the influence of cross-Kerr nonlinearity on the photon statistical properties,
Figure 4 shows the steady state second-order correlation function ¢2(0) as a function of
the cavity detuning A./x for different cross-Kerr strengths g.. In these figures of Figure 4,
the blue dashed curve corresponds to the reference case of g« = 0, while the red solid
curve displays the results in the presence of cross-Kerr coupling. It can be found that
the deepest antibunching dip and the prominent bunching peak are associated with the
single-photon and two-photon resonance, respectively. In our numerical treatment, these
resonances occur at the detuning A, = (1), A. = §(2) /2, corresponding to the optimal
single-photon blockade and the opening of the two-photon excitation channel. Specifically,
in the absence of cross-Kerr nonlinearity, i.e., gk = 0, the single-photon blockade and
the two-photon resonant driving is A = g2/wy, and the two-photon resonant driving is
A¢ = 2g3/wy. When cross-Kerr interaction is introduced, the mechanical frequency seen
by the n photon manifold is renormalized to w;;, — ng.. As a result, the single-photon and
two-photon resonant conditions are shifted to A, = g% /(Wm — gek), De = Zg% /(wWm —28),
respectively, which show that both resonances are pushed towards larger A., and the
two-photon resonance moves away from the single-photon resonance more rapidly as
cross-Kerr strength g i increases. These results are also verified in Figure 4a—d. In Figure 4a,
when the cross-Kerr coupling is relatively weak, e.g., g« = 0.5x, the red curve exhibits a
slightly deeper antibunching dip at the single-photon resonant driving A, = 6(!) compared
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with the case of g = 0. This indicates that a small cross-Kerr interaction can enhance
photon blockade at the optimal single-photon resonant condition. Indeed, it originates from
the fact that the cross-Kerr nonlinearity term can enhance the effective optical nonlinearity
and further suppress two-photon excitation pathways. When the cross-Kerr interaction
is increased to g = «, as shown in Figure 4b, the value of the second-order correlation
function g(2> (0) is still smaller than that for g4 = 0. However, in Figure4c,d, a further
increase in gq no longer improves the blockade effect at A, = §(1). Instead, the value of
¢?(0) at the single-photon resonance starts to increase and can even become larger than
that in the case of gk = 0. These phenomena illustrate that g,y is not a “the larger, the
better” parameter for generating the photon quantum effect. In other words, the cross-Kerr
interaction has a non-monotonic impact on the photon statistics. Therefore, there exists a
limited window with moderate cross-Kerr strengths where the photon blockade effect at
Ac = 61 can be optimally enhanced.

Energy

2w |-

: I7(2)),
12(2),
12)),

2w, — 8@ ===~ 10(2)),

: (1)),
2(D),

1),
wo— 6 Lo " 10(1),

see

(0
12(0)),

1(0)),
mmI i
o L 1(0)),

Figure 2. Schematic diagram of energy level structure of the Laguerre-Gaussian optorotational cavity
with cross-Kerr nonlinearity. The vertical axis represents the energy. The system eigenvalues are
Enm = nwe + (wWm — nga)m — 6 <">, where n, m are photon numbers and phonon numbers, respec-
tively, and 6(") = g3n*/(wm — ngq)- The corresponding eigenstates are |1)4|ri1(n))p, where |n), are
photon number states of the cavity mode a. Each cluster of orange energy levels correspondences to
a fixed number of photons n = 0, 1,2, ... For the case of n photons, the mechanical states are the n-
photon displaced number states |171(n)); for mode b, where the effective frequency of the mechanical
mode in the n photon manifold is renormalized to wy; — ngc. The red solid arrow denotes the optical
transition driving. Due to the energy-level anharmonicity, when the driving field is on resonance with
the |0),]0(0)), — |1),]0(1)), transition, the same [1),|0(1)), — [2),]0(2)), transition is detuned.
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=+ = Analytical

]_01_

Ad/K

Figure 3. The steady-state equal-time second order correlation function ¢2)(0) versus the detuning
Ac/x. The blue dotted curve represents the analytical solution of g(2)(0), and the red solid curve
corresponds to the numerical solution of ¢g(?)(0). The system parameters we take are go/x = 4.0,
gk/x =10, wy/x =10.0,Q2/x = 0.01, and 7y, /x = 0.001, ny, = 0.

logyo 9'?(0)
o
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Figure 4. The second-order correlation function versus the detuning A./« for different cross-
Kerr coupling strength g.. The values of the cross-Kerr coupling strength from (a-d) are
ek = 0.5x,1x, 2k, 3k, respectively. The system parameters are go/x = 4.0, wm/x = 10.0,
QO/x =0.01, and v, /x = 0.001, ny, = 0.

In order to further explore how nonlinear interactions affect the statistical properties of
photons, we plot the steady state second-order correlation function ¢1?(0) as a function of
the optomechanical coupling strength go/% and the cross-Kerr coupling strength g/« un-
der the single-photon resonant condition in Figure 5a. It clearly shows that when the values
of g are small, e.g., go/x < 0.5, photons almost exhibit Poissonian statistical characteristics
with g(z) (0) = 1 regardless of how strong the cross-Kerr strengths g./x are. With the
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increase in g, the system gradually presents sub-Poissonian statistics for the photons, as
indicated by the light-blue regions. In these regions, strong photon antibunching effect with
¢?(0) < 1 and even photon blockade effect with ¢(2)(0) — 0 can be observed. Meanwhile,
it can be evidently found that some red regions with ¢(?)(0) >> 1 appear even though the
coupling parameters go/x and g/« are in the strong coupling regime. Actually, it is the
result of phonon-assisted multiphoton resonances, where additional two-photon or multi-
photon excitation channels are opened and the photons tend to bunch together. From the
eigenenergy spectrum E, ,, = nwe + (wy — nga)m — 6, it can be seen that the effective
mechanical frequency in the n-photon manifold is wf,? ) = wm — hgck- The parameters are
required to satisfy the condition of wy, — 2g. > 0 to guarantee the relevant stability. Since
the photon-transition process in the weak-driving regime is mainly governed by the zero-,
one-, and two-photon manifolds, the parameter condition is w;;, — 2g. > 0, or equivalently
Sk < wy; /2. For the parameters used in our numerical calculations, e.g., wy, /x = 10, this

condition gives g. /x < 5.

do/K

Figure 5. (a) Variation of second order correlation function g(2) (0) with the optorotational coupling
8o/ x and the cross-Kerr coupling g i /x. (b) Variation of the second-order correlation function g(z) (0)
with the coupling strength g/« for different cross-Kerr strengths g /. (c) Variation of the second-
order correlation function g(2) (0) with the cross-Kerr strengths g /x for different coupling strength
80/ x. The results in (a—c) are obtained in the case of single-photon resonant driving.

To more clearly observe the influence of nonlinear coupling, in Figure 5b we plot the
steady state second-order correlation function ¢?(0) versus the optomechanical coupling
strength go /x for different cross-Kerr coupling strength g/« at the single-photon resonant
point. The black dotted line, the blue solid line, the red solid line, the yellow solid line
and the purple solid line correspond to the case of g/« = 0,0.5,1,2,3, respectively.
Firstly, it can be observed that when the values of g start increasing from 0, these curves
initially decrease gradually and the value of g(?)(0) can be much smaller than 1. Moreover,
compared to the case of g = 0, the slopes of the other four curves in the presence of g are
steeper. This indicates that the presence of cross-Kerr coupling can enhance the generation
of photon quantum effects. In addition, as the values of gy continue to increase, these curves
exhibit a series of oscillations with several resonant peaks. Physically, this is because the
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mechanical phonons participate in the resonant excitation of the two-photon state, which
increases the probability of the occurrence of the two-photon state. Therefore, the values of
the second-order correlation function form a series of peaks. Next, we will quantitatively
analyze the positions of these resonant peaks involving phonon sidebands. In the case
of single-photon resonant transition (|0),|0(0)), — [1),]0(1)),), the driving frequency
satisfies A, = 6(1). At this point, the m-phonon-assisted two-photon resonance transition
(10),]0(0)), — 12),](2)),) can occur simultaneously. According to the calculation, it can
be derived that the functional relationship among the optomechanical coupling strength gy,
the cross-Kerr coupling strength g. and the number of mechanical phonons m is

m
3001) = | 5o o = ) com — 2520 12)
W
where m = 1,2,3,... That is, when the values of parameters satisfy this equation,

two-photon resonant transition induced by phonon sidebands occurs. In the regions
between adjacent peaks in Figure 5b, these resonance conditions are no longer satisfied for
a mechanical phonon number m, and the phonon-assisted enhancement of the two-photon
excitation is therefore suppressed. As a result, photon blockade effect is partially restored,
giving rise to the dip structures. In particular, in the absence of cross-Kerr coupling,
Equation (12) is simplified to g9 = Vm /2wy, (m =1,2,3,...), which is the result of phonon-
induced tunneling in a typical optomechanical system. This can be seen from Equation (12)
that with the increase for specific phonon number m. Therefore, the positions of these reso-
nant peaks displayed in Figure 5b exhibit a trend of shifting to the left. This phenomenon
can be evidently observed from the first resonant peak (m = 1). Moreover, when the values
of g.k increase, the number of resonance peaks in the curves of Figure 5b also increases and
the spacing between neighboring peaks becomes smaller, which can be easily explained
from Equation (12).

In Figure 5¢, we show the dependence of the second-order correlation function g(Z) (0)
on the cross-Kerr coupling g/« in the case of the single-photon resonance for three fixed
values of the optomechanical coupling g9p. When go = 4x, as depicted by the blue solid
line, the values of g(?)(0) at g4 = 0.5k, k are smaller that when g4 = 0. However,
when gq. = 2, 3k, the values of g(2)(0) are bigger than that in the absence of cross-Kerr
nonlinearity. These results are consistent with that in Figure 4. It is obvious that the photon
statistical properties have a non-monotonic dependence on the optomechanical coupling.
From the perspective of analytical results, when A, = 6(1), the expression of the second-
order correlation function is as shown in Equation (10). By defining Uy = ¢ 1) — 5@ /2,
Equation (10) can be written as

2
@) =~
§7(0) AU 2 (13)
where )
Wi
Upge = — 80 (14)

((Um - gck) (wm - zgck) ‘
This quantity characterizes the anharmonic detuning between the single-photon resonance
and the two-photon resonance driving. It can be seen that away from the phonon-assisted
resonance point, increasing gk will enlarge the detuning |Ue|, which suppresses $2(0)
and strengthens photon antibunching. This explains the initial decreasing tendency of the
curves. However, the increase in g. simultaneously reduces the effective phonon sideband
spacing wy, — 2gck, which increases the probability of the transition to the two-photon
state |2),]71(2)),. The phonon-assisted resonance condition 2U = —m(wy — 2gq) can be
satisfied for successive sideband orders m(m = 1,2,3,...). As a result, each resonant peak in
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the curves of ¢(?) (0) can be actually associated with a specific phonon sideband . To make
this correspondence more explicit, the positions of these peaks extracted from Figure 5¢
for go = 2x and gy = 4« are summarized in Tables 1 and 2, respectively. Specifically,
when g9 = 2x, the black dashed curve exhibits a pronounced decreasing trend over a
wide range of parameters (e.g., g.x < 2.6x). Consequently, the photon blockade effect is
gradually strengthened with the increase in g.. And the first phonon-assisted resonant
peak appears at a relatively large cross-Kerr coupling, around g. =~ 3.28«, as shown in
Table 1. For gy = 4x, the same suppression mechanism is still present at a relatively low
gk, but the cross-Kerr coupling strength corresponding to the first resonance peak shifts to
a smaller value, g =~ 1.87x. So the initially monotonic decrease in the curve is interrupted
earlier by two-photon-resonance-induced peaks. For gy = 6x, the first resonance peak
occurs at gk ~ 0.62x, indicating that the improvement range of the photon antibunching
induced by a weak cross-Kerr nonlinearity g.x becomes very narrow and that the curve is
quickly dominated by phonon-assisted resonances. These results fully demonstrate that the
competition between the optomechanical coupling strength and the cross-Kerr coupling
strength dominates the photon quantum behaviors. In other words, the achievement of
the photon blockade effect requires the cooperative control between the optomechanical
coupling and the cross-Kerr coupling instead of any individual part.

Table 1. The positions of peaks in Figure 5c and the corresponding values of g(2)(0) in the case of
80 = 2.

m 1 2 3 4 5 6 7

Sek/ 3284 3740 3952 4082 4173 4242 4307
¢@(0) 0483 0408 0378 0363 0354 0350 0355

Table 2. The positions of peaks in Figure 5c and the corresponding values of g(z) (0) in the case of
8o = 4x.

m 1 2 3 4 5 6 7
Qe /K 1.873 2.669 3.045 3.277 3.440 3571 3.708
¢@(0) 0.541 0.443 0.394 0.361 0.343 0.346 0.371

Based on the above discussion, the single photon optorotational coupling strength
80 = 8¢/ /2Iwy, is a crucial parameter to observe the photon quantum behavior. Here
gp = cl/L is the optorotational coupling parameter, where c is the speed of light in vacuum,
[ is the topological charge value and L is the LG cavity length. Combing with [ = %MRZ,
the single photon optorotational coupling strength can be expressed as

cl h
$0= T\ MR2w,, (1

It can be seen that g is proportional to the topological charge I. Therefore, by changing
the topological charge in the injection cavity, the optomechanical coupling strength can be
controllably adjusted without changing the cavity length and other mechanical parameters.
Compared with the traditional way of adjusting g by changing the length or quality of the
cavity mirror, using the topological charge as the controllable parameter is more flexible
in experiments. In Figure 6, the second-order correlation function ¢2(0) is plotted as a
function of the topological charge I for g.x = 0 and g« = «, as shown by the black dashed
curve and the blue solid curve, respectively. It shows that the increase in the topological
charge I will eventually lead to the strong photon antibunching ¢(?)(0) < 1 and even
the photon blockade ¢(?)(0) — 0, as shown by the initial decline of the curve. And by
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comparing the two cases of ¢« = 0 and g = ¥, it is found that the introduction of gq will
accelerate the reduction rate of the second-order correlation function to some extent. When
the topological charge I further increases to a certain value, the system driving satisfies
the conditions of phonon-assisted two-photon resonance. Thus, as expected, a series of
peaks appear corresponding to the cases of m = 1,2,3,. ... In addition, the single photon
optorotational coupling is also relevant to the mass M and the radius R of the rotating
mirror. Specifically, it is gg o ﬁ, as seen from Equation (15), which indicates that the
increase in radius R and mass M of the cavity mirror will result in the decrease in the
coupling strength. The second order correlation function log;, ¢'?(0) versus the mass M
and the radius R of the rear mirror is shown in Figure 7. It can be clearly observed that in
the case of a relatively large R and M, the values of the second-order correlation function
in this region are approximately 1, as depicted by the upper right corner of Figure7. This is
because the corresponding coupling strength is very weak, which hinders the generation of
photon quantum behaviors. When either the mass M or the radius R is relatively small, the
coupling strength will be enlarged, which corresponds to the left and bottom areas close
to the coordinate axes in the image. In this case, a strong photon blockade phenomenon
with ¢()(0) — 0 is yielded, as shown in the dark blue area. With the further decrease in
system parameters M and R, the condition of the single photon resonance is close to that of
phonon-assisted two-photon resonance. Therefore, the dark blue band representing the
photon blockade and the light blue band representing two-photon resonance alternately
appear within a certain range.

9(2)(0)

171

Figure 6. Influence of the topological charge I on the second order correlation function g(?) (0) in the
case of single-photon resonant driving. The system parameters are the same as that in Figure 3.

In Figure 8a we show the dependence of the equal-time second-order correlation
function ¢(?)(0) on the average thermal phonon number ny, under the single-photon
resonance condition A. = §(1) for different cross-Kerr strengths. It is evident that the
values of (2 (0) increase monotonically with the thermal phonon number g, in all cases,
indicating that thermal fluctuations introduced by the mechanical bath progressively
degrade the antibunching characteristics of the cavity field and hence weaken the photon
blockade effect. A further comparison shows that a larger cross-Kerr nonlinearity leads to a
more rapid increase in the curve of ¢(?)(0). This tendency is particularly pronounced for
gck = 2k, implying that the system becomes more sensitive to thermal phonon fluctuations
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in the strong cross-Kerr regime. The underlying physical mechanism is that, under a fixed
single-photon resonance driving condition, increasing the cross-Kerr strength reshapes the
effective anharmonic spectrum and gradually brings the single-photon resonance closer to a
phonon-assisted two-photon resonance channel. As the thermal phonon number increases,
phonon-number fluctuations in the mechanical bath become stronger, making phonon-
assisted two-photon transitions easier to activate. Consequently, the two-photon population
is enhanced, which leads to a larger ¢(?) (0). In this sense, a sufficiently strong cross-Kerr
interaction does not further improve photon blockade. On the contrary, by pushing the
system closer to a phonon-assisted two-photon resonance, it amplifies the detrimental
role of thermal noise in promoting multiphoton excitation and therefore weakens the
single-photon blockade effect. Thus, to better observe the desired photon blockade, it
requires cooling the rotating mechanical mirror to low temperature. In addition, one can
see that even though the thermal phonon number ny, increases to a relatively large value,
e.g., ng, = 10, a strong photon antibunching phenomenon still exists. This indicates that
the photon antibunching effect is robust against the thermal phonon number. To further
clarify the influence of mechanical dissipation, Figure 8b presents ¢(?)(0) as a function
of the mechanical damping rate 7;,/x in the case of nyg, = 5. When the values of v, /%
change from 10~ to 1072, the two curves of ¢2(0) corresponding to g = 0 and g = x
have no significant change with ¢?(0) < 1. In contrast, when g4 = 2, the curve of
¢'?(0) has a relatively obvious trend of change with ¢(?)(0) > 1, indicating that the photon
blockade is broken under the combined effect of sideband renormalization induced by
strong cross-Kerr interaction and mechanical dissipation. On the one hand, these results
suggest that the mechanical dissipation will weaken the single-photon blockade effect. On
the other hand, it reveals that the quantum statistical properties of photons is robust against
the mechanical decoherence.

100
10
80
s =
g S
< g
40
20

Radius R [um]

Figure 7. Variation of logarithm of second order correlation function log;, g(2) (0) with mass M and
radius R of the rotating mirror in the case of single-photon resonant driving. The white dotted line
corresponds to the cases of g(2)(0) ~ 0.057. The system parameters are the same as that in Figure 3.
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Figure 8. (a) The influence of the average thermal phonon number ny, and (b) the mechanical damp-
ing rate 7y, /x on the second-order correlation function g(z) (0) under the single-photon resonance
condition A, = () for different cross-Kerr strengths. In (b), ny, = 5. The other system parameters

are the same as that in Figure 3.

Figure9 presents the delayed-time second-order correlation function ¢(?)(7) as a
function of the scaled time delay 7/x~!. First, the nonclassical character of photons in the
LG cavity is clearly manifested by a small value of g(?)(0), i.e., g% (0) < 1, corresponding to
the sub-Poissonian statistics of photons. In addition, the curves with different values of g.x
show that ¢(?)(0) < ¢{?(7) as a signature of the photon antibunching effect. Furthermore,
it can be observed that the curves of ¢(2) () exhibit a persistent oscillation. And with the
increase in g, the fluctuation of curves is more obvious, as shown in the subgraph on the
right side of Figure 9. Note that the values of ¢(?) (1) approach one in a long time delay T,
as expected. This indicates that the probability of two-photon excitations at the same time
(t = 0) is smaller than that at a delay time (7 > 0).

1.04 == 9k =0.0kK

— g =0.5kK o
-
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e =2.0Kp %
- ,M
/
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Figure 9. The delayed-time second-order correlation function g(z) (7) as a function of the scaled time
delay 7/ %1 under the single-photon resonance condition A, = J 1), The system parameters are the

same as that in Figure 3.
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4. Discussion

To place the present results in a broader context, Birnbaum et al. experimentally
demonstrated photon blockade in a strongly coupled single-atom cavity-QED system and
reported a transmitted-field correlation of ¢(2/(0) = 0.13 4 0.11 under weak coherent
excitation [16]. Although this platform differs from the present optorotational system,
the experiment demonstrated that resolvable single-quantum energy-level anharmonic-
ity can produce measurable photon antibunching and that the blockade can be directly
characterized through Hanbury Brown—Twiss correlation measurements. The Birnbaum
experiment is already included among the experimental photon blockade references in
the present manuscript. For conventional radiation-pressure optomechanics, Rabl theoreti-
cally predicted pronounced photon antibunching under weak driving when the system
approaches the single-photon strong-coupling and resolved-sideband regimes [26]. In
this regime, the photon-number-dependent mechanical displacement induces an effective
optical anharmonicity that suppresses the two-photon excitation channel. The analysis
further showed that cavity broadening and finite thermal phonon occupation weaken the
blockade by reducing the spectral resolution and activating additional phonon-assisted
transitions. This work therefore provides a direct theoretical reference for the optical-loss
and thermal-noise conditions considered in the present LG system. Rabl’s work is the
standard radiation-pressure optomechanical photon blockade reference adopted in our
manuscript. For an engineered photon—phonon nonlinearity, Heikkild et al. derived a
Josephson-mediated interaction of the form Hy, = gqa'abth and estimated g4 ~ 0.25g9
for representative circuit parameters [55]. Although this estimate was obtained for a su-
perconducting circuit rather than an optical LG cavity, it provides a useful reference for
the relative cross-Kerr strength adopted here: the representative parameters g9/« = 4
and g./x = 1 correspond to g/ go = 0.25. In the present LG optorotational system, the
minimum equal-time correlation reaches ¢(?)(0) ~ 0.057. Moreover, Figure 8 shows that
thermal phonon fluctuations and mechanical damping progressively weaken the block-
ade, with the degradation becoming more pronounced in the stronger cross-Kerr regime.
The present work thus extends the generalized optomechanical photon blockade model
from linear-momentum transfer to orbital-angular-momentum transfer and introduces the
optical topological charge as an additional control parameter.

5. Conclusions

In conclusion, we explore the achievement of photon blockade effect in a Laguerre—
Gaussian optorotational cavity with the typical optorotational coupling and cross-Kerr
nonlinear coupling between the cavity mode and the rotating spiral phase mirror. The
optorotational coupling in the LG system is induced by the exchange of orbital angular
momentum. We investigate the statistical properties of photons by calculating the second-
order correlation function numerically and analytically. The results show that to obtain
the optimal photon blockade effect, it requires a strong coupling regime. And the pres-
ence of cross-Kerr nonlinearity can enhance the antibunching effect of photons to some
extent. However, when either the optorotational coupling strength gg or the cross-Kerr
nonlinear coupling strength g is too large, the antibunching effect of photons cannot
be further enhanced. In other words, the optimal photon blockade effect is dominated
by a competitive and cooperative operation between the optorotational coupling and the
cross-Kerr coupling instead of any strong individual part. In particular, in the case of
single-photon resonant driving, phonon-assisted two-photon resonant transitions can occur
with a strong nonlinearity gy or g., which will reduce the probability of single-photon
resonant transition. Beyond coupling parameters, we consider the role of the inherent
system parameters of the LG cavity on the photon blockade effect, including the optical
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topological charge | and the mirror properties such as the radius R and mass M. We show
that these structural parameters can effectively reshape the coupling strength and the
nonlinear energy spectrum, resulting in tunable antibunching landscapes for ¢(?)(0), which
exhibits a distinct suppression regime and resonance shifts. In addition, we examine the
influence of the mechanical environmental temperature. Increasing temperature introduces
more thermal phonons and additional decoherence, which generally increases the values of
¢1?)(0) and thus weakens the photon blockade effect. Therefore, to obtain the desired pho-
ton blockade, it needs to decrease the temperature of thermal reservoir. Our work offers an
alternative approach to manipulate the photon quantum behaviors in Laguerre-Gaussian
optorotational systems and may have promising applications in quantum information
processing based on LG systems utilizing the optical orbital angular momentum.
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Appendix A
Appendix A.1. Derivation of Eigenequation

To solve the eigensystem corresponding to the Hamiltonian H, a displacement operator
D(A) is introduced, where D(A) can be expressed as

)
D(A) = exp[%gibﬁa](b* —b). (A1)

+

According to the definition of photon number operator n = a'a, we can interpret A as the

mechanical displacement induced by n-photon number:

A — "8 (A2)
W — N&ck

By using displacement operators, the Hamiltonian can be diagonalized as

g3ataata

H = weata+ (wm — gaata)b™s — (A3)

Wy — gekata’
Similarly, we can use photon quantum number operator to describe the nonlinear terms of
the transformed Hamiltonian H' energy level shift:

+

géa*aa a s g%n2

§= -0t 007
W — gacata Wy — NGek

(A4)

By the above transformation, the eigenenergy levels and eigenvalues corresponding to the
Hamiltonian of the system can be obtained:

Hl‘n>a|m>b = E”,m|n>u|m>b’ (AS)
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where |n), and |m),(n,m = 1,2,...) correspond to the number states of the cavity mode
and mechanical mode, respectively. The eigenvalues of a system can be expressed as

Enm = nwe + (wm — nge)m — s, (A6)

When combining the mechanical oscillator free term and the cross-Kerr term in the Hamil-
tonian, it can be observed that the frequency of the mechanical oscillator changes with the
number of photons contained in the cavity. In the eigenequation, the eigenvalue corre-
sponding to the displaced number state of the mechanical oscillator w), = wy, — ngq, but
the number of photons introduced will change the frequency of the mechanical oscillator,
which will change the energy level corresponding to the mechanical oscillator. Therefore, it
can be concluded that the number of photons in the cavity will change the eigensystem of
mechanical oscillators, and the corresponding eigenstates of mechanical oscillators in the
system need to be redefined:

(1)), = D(A™)[m),. (A7)

This is induced by the optorotational coupling and cross-Kerr nonlinear coupling. Finally,
the eigenequation of this optorotational system can be written as

H'|n), [ (n));, = Enm

n),|m(n)),. (A8)

Appendix A.2. Derivation of Approximate Analytical Results

By substituting the state |¢) of Equation (5) and the effective non-Hermitian Hamil-
tonian of Equation (6) into the Schrédinger equation i|¢) = Heg|¢), a set of differential
equations related to the probability amplitude coefficients can be obtained:

CO,m = _iEO,mCO,m -Q Z <l|m<1)>bcl,m/
m=0
. > K [ ~ [ _ B
Cim = —(iBim+5)Com+ 0 Y ((D)1Com — V2O Y (m(1)[I(2))1Ca, (A9)
1=0 1=0
Com = —(iEpm+%)Com +V2Q Y (11(2)]1(1))Cy .
1=0

In this system, optical driving will cause the mechanical oscillator states to change under
the influence of different photon numbers, that is, to change its corresponding eigenvalues
and eigenstates. These changed states are described using displaced number states, and
the inner product of these displacement number states can be calculated by the Franck-
Condon factor:

(i) [[(n2)) = (mlexpl(AC=) = ACD)BF —))|1) (11,2 =0,1,2),  (AL0)

2
1=t (—xt)ln L ((x ), >,
|x]2

v/ %e*T (x)”_lLl"_l(|x|2), n>l,

where Dy (x) = exp(x*b" — x*b) is a displaced operator and L}, are the associated Laguerre

(Al1)

(n[Dy(x)[1), = {

polynomials.

In the case of weak driving, the perturbation method can be used to solve the proba-
bility amplitude coefficients Cy ,, of Equation (A10), and the influence of high-order terms
can be ignored for each equation. Therefore, by integrating the time f of Equation (A10)
from 0 to oo, we can obtain
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Com(t) = Com(0)eEont, (A12)

For the probability amplitude coefficients C; ,, of Equation (A10), in order to facilitate the
calculation, it is chosen to ignore higher-order terms. Performing the following Fourier

transform F|[Cy ()] (w) = —iwCy ;(w) on the equation yields
. 00 . = .
Cunlw) = [ Com(B)eat, Fle=Font) = 276(w ~ Eo), (A13)
~ QY2 (m(1)|1),Com(0)278(w — E
o) = QLD Com(0)275( — Fom) A
_l(w - EO,m) + 1<El,m - EO,m) + 5
Further solved through frequency conversion:
0 /5 l C flfo/lt

1=0 El m EO,Z - l%

Similarly, the same transformation is applied to the probability amplitude coefficients Cp ,,
of Equation (A10):

(m(2)1(1)), (H) ) Cop (@)~ 07"
Con(t) = — V207 Y (A16)
" pIZO (EZm EO P )(El,m — Eo; — 1%)
Therefore, under weak-driving conditions, defining the total occupation probability of

the n-photon manifold as P,—q 12 = 2 the equal-time second-order correlation

function can be expressed as g(?)(0) = 2P,/ (P} 4 2P;)? ~ 2P,/ P?, where the approxima-
tion follows from P, < Pj. In terms of the probability amplitudes, this expression becomes

g?(0) =

i 72 AN,( 2z (A17)

Equation (A15) and Equation (A16) show that C;,, « Q and Cp,, 0?, respec-
tively. Consequently, P; « Q2 and P, « O*, which ensures P, < P; in the weak-driving

regime and justifies the approximation in Equation (A17). By performing Taylor expansion
A=A BT -0) g 4 (A1) — A(m)) (bt — b) on the operator part of Equation (A10) and
combining it with Franck Condon factor, we can obtain

(m(2)1(1)), = 6y — A = AUDVTET1)5, 00 + (A = A0V, (A18)

According to the above calculation formula, the probability density corresponding to the
system can be obtained as

(o] ) QZ
Ciml”™ , A19
mg()| l,m| (Ac _ 5(1))2 + KTZ ( )
d 4
Y [Coml? ~ 20 ) (A20)
m=0 [(ZAC — (5(2))2 + KZH(AC _ (5(1))2 + KZ]

Finally, by substituting the calculation result of the probability density into Equation (A17),
the analytical solution of the second-order correlation function can be obtained:

2Y o |Coml* _ 4(Ac —W)2 4«2

(2) 0) ~ .
8 ( ) (ZAC—(S(Z))2+K2

(A21)

https:/ /doi.org/10.3390/ photonics13080725


https://doi.org/10.3390/photonics13080725

Photonics 2026, 13, 725

21 of 24

The explicit driving-strength dependence cancels at the leading order because both P,
and P? are proportional to Q*. Beyond the weak-driving regime, higher-order corrections
and higher-photon-number excitations generally restore the dependence of ¢g(? (0) on Q.

Appendix A.3. Derivation of the Cross-Kerr Term in the System Hamiltonian

To clarify the physical origin of the cross-Kerr term, we follow the auxiliary-two-
level-system picture used in recent LG-cavity optorotational models, where a two-level
system placed on or near the rotating mirror is introduced to mediate an effective cross-
Kerr coupling between the cavity field and the rotating mirror. In the present work, the
cross-Kerr coupling is not an intrinsic property of the rotating mirror, but is regarded as an
effective nonlinear interaction generated by an auxiliary dispersive quantum element. As
one possible microscopic route, we consider an auxiliary two-level system or an equivalent
atom-like quantum emitter, which is dispersively coupled to the LG cavity mode and its
transition frequency is shifted by the rotational mechanical mirror. In the rotating frame of
the cavity mode, the auxiliary Hamiltonian may be written as

Haux = (A, — nb*b)mra, + hgu(aocy + a*a,), (A22)

where A, = w, — w, is the detuning between the auxiliary transition and the cavity mode, g,
is the cavity—auxiliary-element coupling strength, and # characterizes the phonon-number-
dependent shift of the auxiliary transition. In the large-detuning regime |A, — nm| > g.\/n,
the auxiliary two-level system is only virtually excited and can be adiabatically eliminated.
Since the cavity—auxiliary interaction is off-resonant and has no diagonal matrix element
in the state, the first-order energy correction vanishes, and the leading dispersive energy
shift induced by the virtual transition |g, 1, m) <> |e,n — 1,m) can be obtained from the
second-order perturbation,

L@ _ e =1 mlgaacs +ate)gnm _ gn .
g E(O) E( ) N Ao — 17711 ( )
gn,m — Hen—1,m
Equivalently, in the operator form,
X __ g +
S = —% (A24)
For |ym| < |A.|, this expression can be expanded as
’éi;,flx ~ _ gu El+ ga’7 +61b+b. (A25)

A, A2

The first term is an auxiliary-induced Stark shift of the cavity frequency and can be absorbed
into the definition of the renormalized w,, while the second term gives the effective cross-
Kerr interaction

Hy = — gcka+ab+b, (A26)

with g = g”” . Therefore, the coefficient g used in the main text should be understood
as an englneered effective nonlinear parameter generated by an auxiliary dispersive ele-
ment. The validity of this effective description requires large auxiliary detuning and weak
auxiliary excitation.
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