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Abstract


Photonic quantum communication enables secure and high-fidelity information transfer beyond classical limits, with direct relevance to emerging quantum networks operating in free-space environments. While physical-layer models of depolarizing noise, Gamma–Gamma turbulence statistics, entanglement swapping, and decoy-state QKD security bounds are individually well established, prior work typically treats these components in isolation or under fixed network assumptions. In this work, we develop a unified topology-aware analytical framework that simultaneously integrates free-space optical link budgets, turbulence-induced visibility degradation, depolarizing qubit noise, multi-hop entanglement cascade dynamics, teleportation fidelity thresholds, CHSH nonlocality certification, and asymptotic decoy-state secret key rate bounds across star, mesh, and ring graph structures. Rather than introducing new physical channel models, we demonstrate that identical physical links exhibit fundamentally different end-to-end performance once embedded within different network topologies. Mesh architectures minimize visibility cascade through hop-count reduction but incur quadratic hardware scaling. Star topologies minimize link count but concentrate noise and synchronization overhead at the hub. Ring configurations offer linear hardware scaling with multiplicative fidelity degradation. The results establish topology as a first-order design parameter in near-term free-space quantum networks operating without full quantum repeater infrastructures. While motivated by distributed multi-agent architectures, the framework applies broadly to terrestrial, airborne, and satellite-assisted photonic quantum communication systems.
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1. Introduction


Quantum communication and quantum computing are rapidly advancing toward practical platforms that promise security guarantees and distributed capabilities beyond classical limits [1,2,3]. In parallel, photonic sources, detectors, and free-space optical (FSO) systems have accelerated the transition from laboratory demonstrations to field-deployable quantum links. This evolution is closely aligned with the broader development of a quantum internet, which emphasizes scalable architectures, interoperability, and network-layer functionality [4,5,6].



Quantum key distribution (QKD) [7,8,9] and quantum teleportation [10,11,12] are foundational primitives for secure and faithful quantum-state transfer. Both rely on entanglement as a core physical resource. Significant progress has been achieved toward metropolitan and global-scale quantum communication through entanglement swapping and quantum repeater architectures [11,12,13,14]. However, near-term deployments remain constrained by hardware limitations, probabilistic entanglement generation, detector inefficiencies, and environmental noise.



In particular, free-space links, though attractive for long-haul and satellite-assisted quantum networking, are subject to attenuation, turbulence-induced scintillation, beam wander, depolarization, and timing jitter [15,16,17]. Before fully fault-tolerant repeater constellations become operational, practical network performance will be dominated by link variability and routing structure rather than asymptotic repeater assumptions. The present work extends the simulation framework developed in our earlier study on quantum telecommunication in multi-agent systems by focusing on topology-dependent performance under atmospheric noise [18].



1.1. Topology as a First-Order Design Variable


While point-to-point quantum links have been extensively modeled, comparatively fewer studies quantify how network topology interacts with physical channel impairments to determine system-level performance. In early-generation networks operating between direct links and fully repeater-enabled architectures, topology is not merely a design preference. It determines the following:




	
Hop count and entanglement swapping depth;



	
Visibility cascade dynamics;



	
Secret key rate decay with distance;



	
Hardware scaling complexity;



	
Synchronization and alignment overhead.








Recent studies on quantum routing and entanglement distribution emphasize that route choice can dominate throughput and fidelity even when underlying physical links are identical [19,20]. However, these analyses often assume idealized or homogeneous link models. A unified framework connecting turbulence statistics, depolarization, swapping inefficiency, and QKD bounds directly to graph structure remains underdeveloped.




1.2. Novelty and Contribution


The primary novelty of this work lies in constructing a unified topology-aware mapping that integrates the following concepts:




	
Free-space link budget modeling;



	
Gamma–Gamma turbulence statistics;



	
Depolarizing qubit noise;



	
Werner-state visibility formalism;



	
Non-ideal Bell-state measurement efficiency;



	
Multi-hop visibility cascade;



	
CHSH nonlocality certification;



	
Asymptotic decoy-state BB84 security bounds;



	
Emerging twin-field QKD considerations;



	
Explicit hardware scaling analysis.








Each of these components is individually established in the literature. The contribution here is their systematic coupling into a single framework that reveals topology-dependent performance divergence under identical physical-layer assumptions.



We demonstrate the following analytically and via simulation:




	
Mesh topologies preserve fidelity by minimizing swap depth;



	
Star architectures concentrate noise at the hub;



	
Ring configurations trade hardware simplicity for multiplicative degradation;



	
Hardware scaling laws fundamentally alter robustness interpretation.








The primary analytical result of this work is the explicit topology-dependent visibility cascade relation previewed here and derived formally in Section 2.7:


   v  e 2 e   ≈  η  B S M    h − 1    ∏  i = 1  h   v i  ,  



(1)




which links graph structure (through hop count h) directly to all major quantum performance metrics. This relation provides a compact analytical bridge connecting topology, entanglement degradation, teleportation fidelity, CHSH nonlocality, and QKD secret key rate. It is this explicit structural coupling, rather than the introduction of new channel physics, that constitutes the central theoretical contribution of the present work.



This systems-level synthesis clarifies that topology selection in near-term free-space quantum networks is not secondary to physical modeling but structurally determines achievable fidelity and throughput. The remainder of this paper develops the analytical framework, introduces non-ideal entanglement swapping, quantifies CHSH–visibility relations, evaluates QKD rate decay, and formalizes hardware scaling trade-offs.





2. System and Channel Model


2.1. Network Topologies


We consider a network of n photonic nodes to be arranged in three canonical graph structures:




	
Star topology: one central hub connected to   n − 1   peripheral nodes.



	
Fully connected mesh: each node connected directly to every other node.



	
Ring topology: each node connected to two nearest neighbors forming a closed loop.








The number of potential QKD pairings scales as


  C  ( n , 2 )  =    n ( n − 1 )  2   ,  



(2)




illustrating that security demand grows quadratically even when physical links do not.



Teleportation requires pre-shared entanglement, Bell-state measurement (BSM), and two classical bits for Pauli correction [10].




2.2. Free-Space Optical Link Budget


Let   P t   denote transmitted optical power (or single-photon probability per pulse),    G t  ,  G r    transmitter and receiver aperture gains,  α  atmospheric attenuation coefficient in dB/km, and d propagation distance in km. The received power is


   P r  =  P t   G t   G r   10  − α d / 10    L p   η sys  ,  



(3)




where:




	
  L p   represents geometric/path loss;



	
  η sys   includes detector efficiency, coupling losses, and filtering losses.








Figure 1 illustrates the resulting distance-dependent detection probability derived from Equation (3) for representative atmospheric attenuation values, highlighting the exponential reduction in received signal strength with propagation distance. The corresponding channel transmittance is


  η  ( d )  =  η 0   10  − α d / 10   .  



(4)







This transmittance enters directly into QKD gain and secret key rate expressions.




2.3. Atmospheric Turbulence: Gamma–Gamma Model


Atmospheric turbulence induces irradiance fluctuations modeled by the Gamma–Gamma distribution as follows:


   p I   ( I )  =    2   (  α g   β g  )     α g  +  β g   2     Γ  (  α g  )  Γ  (  β g  )      I      α g  +  β g   2   − 1    K   α g  −  β g      2    α g   β g  I    .  



(5)







Here



	
  α g   describes the small-scale turbulence parameter;



	
  β g   describes the large-scale turbulence parameter;



	
  Γ  (  α g  )  Γ  (  β g  )    is the normalization factor of the Gamma–Gamma probability density, where   Γ (  ·  )   denotes the Euler gamma function;



	
   K ν   (  ·  )    is the modified Bessel function of the second kind.






The parameters are related to the Rytov variance   σ R 2   via empirical relations [21]. Increasing   σ R 2   broadens the distribution tail, leading to deeper fades, reduced average visibility V, and increased QBER.



This directly couples atmospheric physics to entanglement degradation.



Figure 2 shows representative Gamma–Gamma irradiance distributions corresponding to weak, moderate, and strong turbulence regimes, parameterized by the values of   (  α g  ,  β g  )   indicated in the legend. The broadening of the distribution with increasing turbulence strength illustrates the increasing probability of deep intensity fades.




2.4. Depolarizing Channel and Qubit Formalism


Polarization qubits are modeled as density operators  ρ  in a two-dimensional Hilbert space. Environmental depolarization is described by


   E p   ( ρ )  =  ( 1 − p )  ρ +   p 3    X ρ X + Y ρ Y + Z ρ Z  ,  



(6)




where



	
  p ∈ [ 0 , 1 ]   is the depolarization probability;



	
  X , Y , Z   are Pauli operators;



	
 ρ  is the qubit density matrix.






This channel isotropically shrinks the Bloch sphere.




2.5. Werner-State Entanglement Model


Entangled resource states are modeled as Werner states as follows:


   ρ W  = v ∣  Φ +  〉 〈  Φ +  ∣ +  ( 1 − v )     I 4  4   ,  



(7)




where



	
  v ∈ [ 0 , 1 ]   is entanglement visibility;



	
  ∣  Φ +  〉   is a maximally entangled Bell state;



	
   I 4  / 4   represents maximally mixed noise.






The teleportation fidelity becomes


   F tel  =    1 + v  2   .  



(8)







The classical teleportation bound   F = 2 / 3   corresponds to   v = 1 / 3  .



Unity fidelity   F = 1   is achieved only in the ideal limit   v = 1   with noiseless operations. Realistic free-space systems satisfy   v < 1  .




2.6. CHSH Nonlocality and Visibility


For Werner states, the maximal CHSH parameter satisfies


   S max  = 2  2   v .  



(9)







Violation of Bell inequality requires


  v >   1  2    ≈ 0.707 .  



(10)







Thus entanglement visibility directly determines nonclassical certification and correlates with teleportation fidelity and QKD security.




2.7. Non-Ideal Entanglement Swapping


Consider two Bell pairs with visibilities   v 1   and   v 2  . Under ideal BSM,


   v swap  ≈  v 1   v 2  .  



(11)







However, practical Bell-state measurements are limited by the following:




	
Detector efficiency   η det  ;



	
Mode mismatch;



	
Dark counts;



	
Timing jitter.








We incorporate an effective BSM efficiency   η BSM   as follows:


   v swap  ≈  η BSM   v 1   v 2  .  



(12)







Across h hops


   v  e 2 e   ≈  η  BSM   h − 1    ∏  i = 1  h   v i  .  



(13)







In this expression,   v i   denotes the visibility of the ith elementary link,   η  B S M    is the effective Bell-state measurement efficiency, and h is the number of hops (or entanglement-swapping stages) along the end-to-end path. The end-to-end teleportation fidelity becomes


   F  e 2 e   =    1 +  v  e 2 e    2   .  



(14)







This expression makes the following explicit:




	
Visibility decays multiplicatively with hop count;



	
Non-ideal BSM introduces exponential suppression;



	
Topologies minimizing h inherently preserve entanglement.










3. Protocols and Performance Metrics


3.1. Asymptotic Decoy-State BB84 Security Bound


We consider the asymptotic decoy-state BB84 protocol. The lower bound on the secret key rate per pulse is given by [3,8,9,22]


  R ≥ q   Q 1   ( 1 − h  (  e 1  )  )  −  Q μ   f EC  h  (  E μ  )   ,  



(15)




where



	
  q = 1 / 2   is the sifting factor for BB84;



	
  Q 1   is the single-photon gain;



	
  e 1   is the single-photon error rate;



	
  Q μ   is the overall gain for signal intensity  μ ;



	
  E μ   is the quantum bit error rate (QBER);



	
   f EC  ≈ 1.16   is the error correction inefficiency;



	
  h  ( x )  = − x  log 2  x −  ( 1 − x )   log 2   ( 1 − x )    is the binary entropy function.






The decoy-state method, first introduced by Hwang [22], enables estimation of   Q 1   and   e 1   by varying intensity levels, thereby defeating photon number splitting attacks.




3.2. Channel Transmittance and Gain Dependence


For weak coherent pulses, the overall gain can be approximated as


   Q μ  ≈ 1 −  e  − μ η ( d )   +  Y 0  ,  



(16)




where



	
 μ  is the mean photon number;



	
  η ( d )   is channel transmittance from Equation (4).



	
  Y 0   represents background and dark-count yield.






Since


  η  ( d )  =  η 0   10  − α d / 10   ,  



(17)




the secret key rate decays exponentially with distance in direct links.




3.3. Topology-Dependent Distance Scaling


In multi-hop networks, effective distance becomes


   d eff  =  ∑  i = 1  h   d i  ,  



(18)




where h is hop count.



Thus, the following is true:




	
Mesh topology:   h = 1   for any pair.



	
Star topology:   h = 2   via hub.



	
Ring topology:   h ≤ ⌊ n / 2 ⌋  .








Because gain and visibility degrade multiplicatively across hops, topology directly alters the following:




	
Effective QBER;



	
Effective gain;



	
Secret key rate threshold distance.








This formalizes the observation that topology is not secondary to channel modeling but structurally governs achievable secure distance.




3.4. Twin-Field and Sending-or-Not-Sending QKD


Recent twin-field QKD (TF-QKD) protocols [23,24] have demonstrated secret key rate scaling proportional to   η   rather than  η . Related protocol variants, including the sending-or-not-sending approach, further extend this framework for long-distance quantum key distribution.



In these architectures:




	
Two users send weak coherent states to a central measurement station.



	
Key rate depends on interference visibility at midpoint.



	
Measurement node need not be trusted.








This architecture naturally resembles a star topology with central measurement node. Therefore:




	
TF-QKD can mitigate exponential decay in long-distance star-like configurations.



	
Mesh architectures may not fully exploit TF-QKD advantages.



	
Ring structures incur cumulative interference instability.








While full TF-QKD modeling is beyond the present scope, this observation suggests that protocol choice may alter optimal topology selection for satellite or long-baseline FSO systems.



In particular, the sending-or-not-sending (SNS) variant of twin-field QKD employs phase-randomized weak coherent pulses sent by two users to a central interference station. The key generation relies on single-photon interference at this midpoint measurement node, which need not be trusted for security. Structurally, this architecture resembles a star-like topology in which users communicate through a central interference station rather than directly with one another. This midpoint-measurement structure alters the topology–security relationship; because the key rate scales approximately with   η   rather than  η , long-distance performance degradation in star-like configurations can be partially mitigated. Consequently, protocol choice (TF-QKD versus direct BB84) may shift the topology that is optimal for free-space networks, particularly in satellite or long-baseline deployments.




3.5. Finite-Key Considerations


The present analysis adopts asymptotic security bounds. In the following practical finite-key regimes:




	
Statistical fluctuations increase required block size;



	
Multi-hop routing introduces additional classical communication overhead;



	
Visibility fluctuations widen error margins.








Finite-key penalties will amplify topology-dependent divergence, particularly in high-hop configurations.




3.6. Latency and End-to-End Delay


For h hops, total latency becomes


   T  e 2 e   ≈  ∑  i = 1  h    T  quant   ( i )   +    d i   c air    +  T  proc   ( i )    .  



(19)







Processing delay dominates short links, while propagation delay dominates long-distance free-space segments.



Since mesh minimizes h, it minimizes both of the following:




	
Visibility cascade;



	
Classical signaling delay.










4. Methodology


4.1. Simulation Framework


To evaluate topology-dependent behavior under realistic impairments, we implement a circuit-level simulation framework incorporating the following:




	
Depolarizing noise on each qubit transmission;



	
Gamma–Gamma turbulence-induced visibility perturbation;



	
Non-ideal Bell-state measurement efficiency   η BSM  ,



	
Distance-dependent transmittance   η ( d )  ;



	
Classical signaling delay accumulation.








Teleportation fidelity is computed by averaging over randomly sampled pure input states uniformly distributed on the Bloch sphere.



For each topology and noise parameter set:




	
   N MC  =  10 4    Monte Carlo trials are performed;



	
Independent turbulence realizations are sampled;



	
Random depolarizing channels are applied per hop;



	
BSM success probability is weighted by   η BSM  .








Reported fidelities represent ensemble means unless otherwise specified.




4.2. Noise and Channel Parameters


The simulation parameter ranges are summarized in Table 1.



Gamma–Gamma parameters   (  α g  ,  β g  )   are derived from   σ R 2   using standard empirical mappings [21].




4.3. Implementation of Entanglement Swapping


For multi-hop routing, entanglement swapping is simulated sequentially.



At each hop


   v i  →  η BSM   v i  ,  



(20)




and cumulative visibility follows Equation (13).



This explicitly captures the following:




	
Swap inefficiency;



	
Detector losses;



	
Multi-hop degradation.








Thus mesh networks (  h = 1  ) avoid swap accumulation entirely.




4.4. Teleportation Fidelity Evaluation


For each trial:




	
A random pure input state   ∣ ψ 〉   is generated.



	
Entanglement visibility v is sampled.



	
Depolarizing channel applied.



	
Swapping cascade applied if   h > 1  .



	
Teleportation fidelity computed via Equation (8).








Mean and standard deviation are reported.



Clarification on Unity Fidelity Entries


Entries equal to   F = 1.0   in per-iteration tables arise from finite-sample realizations where:




	
  p = 0  ,



	
  v ≈ 1  ,



	
No swapping penalty applied.








These represent idealized limit cases and do not imply realistic sustained unity fidelity under atmospheric turbulence.





4.5. Secret Key Rate Computation


Secret key rate R is computed per Equation (15) using distance-dependent   η ( d )   and topology-dependent hop distance accumulation.



For multi-hop configurations


   E μ  e 2 e   ≈ 1 −  ∏  i = 1  h   ( 1 −  E  μ , i   )  ,  



(21)




reflecting cumulative QBER increase.



Secret key rate threshold distance is defined as the maximum d such that   R > 0  .




4.6. Error Band Representation


Fidelity curves presented in figures represent ensemble means over Monte Carlo trials.



Shaded regions (when shown) correspond to   ± 1 σ   confidence bands.



Large standard deviations observed in Table 2 (e.g.,   0.69 ± 0.39  ) reflect the following:




	
Stochastic turbulence sampling;



	
BSM inefficiency;



	
Hub aggregation in star topology.








Smooth curves do not imply deterministic stability but represent expectation values.





 





Table 2. Topology comparison: scaling and performance trade-offs.






Table 2. Topology comparison: scaling and performance trade-offs.





	Topology
	Links
	Transceivers/Node
	Worst-Case Hops





	Star
	   n − 1   
	1 (peripheral),   n − 1   (hub)
	2



	Mesh
	     n ( n − 1 )  2    
	   n − 1   
	1



	Ring
	n
	2
	   ⌊ n / 2 ⌋   









4.7. Hardware Assumptions


We assume the following:




	
Single-photon detectors with 70–  85 %   efficiency;



	
Passive linear-optics BSM;



	
No quantum memory purification;



	
Classical synchronization latency on FPGA-scale electronics.








Full repeater-based purification is outside the present scope.





5. Results


5.1. CHSH Violation and Entanglement Visibility


Figure 3 shows the CHSH parameter S as a function of entanglement visibility v. As established earlier in Section 2.6, the maximal CHSH value for a Werner state is determined directly by the visibility relation given in Equation (9). The curve in Figure 3 is therefore obtained by evaluating this relation while varying the visibility over the interval   v ∈ [ 0 , 1 ]  .



From the same relation, the Bell-inequality violation condition   S > 2   yields the well-known visibility threshold given in Equation (10). This threshold corresponds closely to the practical teleportation fidelity target   F ≈ 0.7   through the fidelity–visibility relation in Equation (8).



Consequently, CHSH violation, teleportation fidelity, and QKD security are structurally linked through the entanglement visibility. Because these performance metrics depend directly on the visibility, any topology-induced reduction in the end-to-end visibility   v  e 2 e    translates into reduced nonlocality certification, lower teleportation fidelity, and diminished secret key rate.



As turbulence increases (larger   σ R 2  ), visibility decreases, pushing S toward the classical bound. This directly illustrates how atmospheric physics constrains nonclassical certification.




5.2. Teleportation Fidelity Across Topologies


Figure 4 presents ensemble-averaged teleportation fidelity F versus depolarization probability p for star, mesh, and ring topologies.



The curves represent Monte Carlo ensemble means, and shaded regions in Figure 4 explicitly denote the   ± 1 σ   confidence intervals computed from the ensemble distribution of fidelity values.



Key observations:




	
Mesh topology exhibits the slowest degradation.



	
Ring topology shows intermediate degradation.



	
Star topology degrades most rapidly under increasing p.








5.2.1. Mechanistic Explanation


This behavior is not merely empirical but follows directly from Equation (13).



Mesh


For any two nodes,   h = 1  . Therefore


   v  e 2 e   =  v 1  ,  



(22)




with no swapping cascade. Visibility is preserved.




Star


Communication between two peripheral nodes requires   h = 2  


   v  e 2 e   ≈  η BSM   v 1   v 2  .  



(23)







Noise at the hub multiplies across both links. Hub misalignment or detector inefficiency affects all pairs.




Ring


Worst-case routing requires multiple hops, so the end-to-end visibility follows the general cascade law given in Equation (13). Consequently, multiplicative degradation dominates as h increases.



Thus mesh robustness arises from hop minimization, not from superior physical links.





5.2.2. Variance Interpretation


Table 2 shows significant standard deviation in mesh and star configurations.



Large variance arises from:




	
Turbulence realization variability;



	
Stochastic swapping outcomes;



	
Hub aggregation effects (star topology).








Smooth mean curves in Figure 4 represent expectation values, not deterministic behavior.





5.3. QKD Secret Key Rate Versus Distance


Figure 5 shows the asymptotic decoy-state BB84 with secret key rate R as a function of distance d for representative atmospheric attenuation coefficients, illustrating the exponential rate decay predicted by the channel transmittance model.



5.3.1. Topology Impact


Mesh


Since   h = 1  , effective distance equals physical distance.



The secret key rate approximately follows the exponential decay   R  ( d )  ∝  e  − α d     with propagation distance.




Star


Effective path length doubles for peripheral communication. Thus


   d eff  ≈ 2 d ,  



(24)




leading to accelerated rate decay.




Ring


Worst-case routing accumulates hop distances as follows:


   d eff  =  ∑  i = 1  h   d i  .  



(25)







Additionally, QBER increases cumulatively as follows:


   E μ  e 2 e   ≈ 1 −  ∏  i = 1  h   ( 1 −  E  μ , i   )  .  



(26)







Thus ring networks exhibit the fastest degradation for distant node pairs.





5.3.2. Threshold Distance


The maximum operational distance is defined by   R > 0  .



Mesh topologies consistently achieve the longest secure distances under identical physical parameters because they avoid hop-induced multiplication.





5.4. Latency and Routing Trade-Offs


Figure 6 shows the end-to-end latency   T  e 2 e    as a function of hop count h under representative quantum processing and classical signaling assumptions.



Since


   T  e 2 e   ∼  ∑  i = 1  h    T  quant   ( i )   +    d i   c air    +  T  proc   ( i )    ,  



(27)




latency grows approximately linearly with h.



Thus the following are true:




	
Mesh minimizes latency.



	
Star adds fixed hub overhead.



	
Ring accumulates delay for distant pairs.








This reinforces that topology influences both quantum and classical performance metrics.




5.5. Joint Interpretation of Fidelity, CHSH, and QKD


Visibility v governs the following:




	
Teleportation fidelity   F = ( 1 + v ) / 2  ;



	
CHSH violation   S = 2  2  v  ;



	
QBER via depolarization and turbulence.








Topology alters effective   v  e 2 e    through swap depth.



Thus the following are true:




	
Reduced visibility lowers CHSH violation margin;



	
Lower v increases QBER;



	
Increased QBER reduces R.








All performance metrics are therefore coupled through visibility cascade dynamics.





6. Discussion


6.1. Topology–Performance Trade-Offs


The results demonstrate that mesh topologies preserve entanglement visibility by minimizing hop count, whereas star and ring configurations introduce multiplicative degradation through swapping cascades. However, robustness must be interpreted jointly with hardware scaling and operational complexity.



Topology selection is therefore a multi-objective design problem balancing the following:




	
Visibility preservation;



	
Secret key rate decay;



	
Latency;



	
Hardware overhead;



	
Alignment and synchronization burden.









6.2. Formal Resource Scaling Analysis


We now quantify hardware requirements for n nodes.



6.2.1. Star Topology


	
Total quantum links:   n − 1  .



	
Peripheral nodes: 1 transceiver each.



	
Central hub:   n − 1   transceivers.



	
Worst-case hop count:   h = 2  .






For peripheral-to-peripheral communication


   v  e 2 e   ≈  η BSM   v 1   v 2  .  



(28)







Implications



	
Hub must maintain   ( n − 1 )   simultaneous pointing alignments.



	
Hub experiences aggregated noise and synchronization load.



	
Failure at hub disrupts entire network.






Thus star topology minimizes total link count but centralizes physical and quantum complexity.




6.2.2. Fully Connected Mesh


	
Total quantum links:     n ( n − 1 )  2   .



	
Transceivers per node:   n − 1  .



	
Worst-case hop count:   h = 1  .






End-to-end visibility


   v  e 2 e   =  v 1  .  



(29)







Implications



	
No swapping cascade.



	
No hub bottleneck.



	
Hardware scaling is quadratic in n.



	
Alignment complexity increases rapidly.



	
Entanglement source demand grows as   O (  n 2  )  .






Mesh robustness arises from hop minimization, but this robustness incurs significant hardware and optical alignment cost.




6.2.3. Ring Topology


	
Total quantum links: n.



	
Transceivers per node: 2.



	
Worst-case hop count:   ⌊ n / 2 ⌋  .






End-to-end visibility follows the general cascade law given in Equation (13).



Implications



	
Linear hardware scaling.



	
No single point of failure.



	
Multiplicative degradation dominates distant pairs.



	
Latency increases with hop count.






Ring topology offers balanced scaling but sacrifices long-range fidelity.





6.3. Comparative Scaling Summary


This section summarizes the structural scaling properties of common network topologies used in free-space photonic quantum communication. Table 2 compares the number of links, transceiver requirements per node, and worst-case hop distance for star, mesh, and ring configurations. These metrics capture the trade-offs between hardware complexity and communication efficiency. Fully connected mesh networks minimize hop distance at the cost of rapid growth in link and transceiver requirements, while ring and star topologies offer reduced hardware complexity but increased path lengths or centralized load.




6.4. Hardware Requirements per Node


The answer depends on topology as follows:




	
Star: No. Only the hub requires   n − 1   transceivers.



	
Mesh: Yes. Each node requires   n − 1   transceivers.



	
Ring: No. Each node requires only two.








Thus mesh robustness is achieved at the expense of quadratic optical hardware scaling.



Concrete Example (  n = 10   Nodes)


To make the scaling more tangible, consider a network of   n = 10   nodes.



	
Star topology: Total links =   n − 1 = 9  . The central hub requires 9 transceivers, while each peripheral node requires only 1. Worst-case hop count   h = 2  .



	
Fully connected mesh: Total links =      n ( n − 1 )  2   = 45  . Each node requires   n − 1 = 9   transceivers. Worst-case hop count   h = 1  .



	
Ring topology: Total links =   n = 10  . Each node requires 2 transceivers. Worst-case hop count   h = ⌊ n / 2 ⌋ = 5  .






This simple example illustrates that the robustness advantage of the mesh architecture is obtained at the cost of substantially increased optical hardware and alignment complexity compared with star or ring configurations.





6.5. Entanglement Source Scaling


Let S denote entanglement sources per link.



	
Star:   S ∼ O ( n )  .



	
Ring:   S ∼ O ( n )  .



	
Mesh:   S ∼ O (  n 2  )  .






For large n, mesh architecture may become physically impractical without integrated photonic multiplexing and efficient resource management strategies, which are increasingly important in scalable quantum information systems [25].




6.6. Synchronization and Pointing Overhead


Free-space links require the following:




	
Beam tracking;



	
Clock synchronization;



	
Polarization compensation;



	
Adaptive optics (for turbulence mitigation).








In mesh networks, synchronization scales quadratically. In star networks, synchronization load is centralized. In ring networks, synchronization load is distributed but multi-hop coordination increases classical overhead.




6.7. Interpretation of Robustness


The conclusion that mesh topologies are most robust must therefore be interpreted carefully.



Mesh robustness arises because


   h mesh  = 1 .  



(30)







It does not arise from superior physical links but from eliminating entanglement swapping depth.



Thus topology-dependent performance divergence is a structural consequence of visibility cascade physics.




6.8. Implications for Near-Term Free-Space Networks


In early-stage deployments lacking quantum repeaters, the following is true:




	
Minimizing hop count preserves fidelity.



	
Hardware scaling constrains mesh feasibility.



	
Star topology may be viable for small n.



	
Ring topology may suit moderate-scale networks.








Protocol choice (e.g., TF-QKD vs BB84) may further alter optimal topology selection.



These results provide a quantitative basis for topology-aware design in free-space photonic quantum networks.





7. Conclusions


We have presented a unified topology-aware analytical framework for evaluating free-space photonic quantum networks operating without full repeater infrastructures. By systematically coupling physical-layer channel impairments (attenuation, turbulence, and depolarization), non-ideal entanglement swapping efficiency, Werner-state visibility formalism, CHSH nonlocality certification, asymptotic decoy-state QKD security bounds, and explicit graph-theoretic topology structure, we have demonstrated that network topology is a first-order determinant of system-level quantum performance.



The central result is that identical physical links exhibit fundamentally different end-to-end behavior once embedded within distinct graph structures. Specifically



	
Mesh topologies minimize entanglement swapping depth (  h = 1  ), thereby preserving visibility and maximizing teleportation fidelity and secret key rate, but require quadratic hardware scaling.



	
Star topologies minimize link count and entanglement source overhead but concentrate alignment, synchronization, and noise aggregation at a central hub.



	
Ring topologies offer linear hardware scaling and distributed control but incur multiplicative visibility degradation and increased latency with hop count.






These conclusions arise directly from the visibility cascade relation derived in Equation (13), which makes explicit that hop count structurally governs entanglement preservation in the absence of quantum repeaters.



Furthermore, by linking entanglement visibility to teleportation fidelity (  F = ( 1 + v ) / 2  ), CHSH violation (  S = 2  2  v  ), and QKD security bounds, we have shown that all major performance metrics are coupled through topology-dependent visibility dynamics. The results provide a quantitative foundation for topology-aware design in near-term terrestrial, airborne, and satellite-assisted free-space quantum networks. Protocol selection (e.g., BB84 versus twin-field QKD) may further influence optimal topology choice, particularly for long-baseline configurations.



Future work will extend this framework to the following areas:




	
Finite-key security analysis;



	
Adaptive topology reconfiguration under turbulence variation;



	
Integration with quantum memory-assisted repeater segments;



	
Hardware-in-the-loop experimental validation.








As photonic quantum technologies mature, topology-aware performance modeling will remain central to bridging quantum communication theory and practical deployment.
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Figure 1. Received power or detection probability versus distance consistent with Equation (3). 
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Figure 2. Gamma–Gamma intensity distributions illustrating turbulence-induced scintillation under representative regimes: weak turbulence   (  α g  = 10 ,  β g  = 10 )  , moderate turbulence   (  α g  = 4 ,  β g  = 2 )  , and strong turbulence   (  α g  = 2 ,  β g  = 1.2 )  . 
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Figure 3. CHSH parameter S as a function of visibility v. Violation occurs for   v > 1 /  2   . 
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Figure 4. Teleportation fidelity versus depolarization probability p for star, mesh, and ring topologies. Curves represent Monte Carlo ensemble means; shaded regions (if shown) denote   ± 1 σ   intervals. 
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Figure 5. Asymptotic decoy-state secret key rate R versus distance d for representative attenuation coefficients. 
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Figure 6. End-to-end latency   T  e 2 e    versus hop count h under representative processing assumptions. 
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Table 1. Simulation parameter ranges.
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	Parameter
	Range/Value





	Depolarization probability p
	0–  0.05  



	BSM efficiency   η BSM  
	  0.7  –  0.9  



	Attenuation coefficient  α 
	  0.1  –  0.3   dB/km



	Mean photon number  μ 
	  0.2  –  0.6  



	Dark count yield   Y 0  
	   10  − 6    



	Rytov variance   σ R 2  
	  0.1  –  1.5  



	Error correction inefficiency   f EC  
	   1.16   
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