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Abstract

Aided by quantum sources, quantum metrology helps enhance measurement precision.
Here, we construct a theoretical model for quantum imaging based on squeezed states and
present the corresponding numerical results. Through discretization and quantum Fisher
information theory, we investigate the two-point resolution and spatial multi-parameter
estimation of optical fields with unknown spatial distributions. We calculate and compare
imaging results based on squeezed vacuum states, coherent states, and squeezed coherent
states; our results show that squeezed coherent states yield greater quantum Fisher informa-
tion, which can effectively improve imaging quality. In addition, we analyze the influence
of imaging basis functions, degree of squeezing, quantum correlations, and other factors on
imaging performance. The proposed quantum imaging model and computational method
can be extended to more complex scenarios, such as multi-mode squeezed-state imaging
schemes and incoherent imaging systems. In the future, this approach is expected to find
applications in practical imaging systems, including Raman microscopy and stimulated
Brillouin scattering imaging.

Keywords: squeezed state; quantum imaging; quantum Fisher information

1. Introduction
Optical imaging technology plays a crucial role in humanity’s exploration of the

unknown world. However, the resolution of traditional imaging systems is limited by
the Rayleigh diffraction limit. Based on quantum Fisher information theory, Tsang et al.
were the first to investigate the fundamental limits of imaging resolution and the method
for achieving two-point super-resolution imaging [1]. Subsequently, research on super-
resolution imaging grounded in quantum information theory has been extensively devel-
oped, evolving from initial one-dimensional two-point imaging to the estimation of multiple
points and three-dimensional imaging [2–4]. This research has further extended to practi-
cal imaging scenarios involving factors such as detection noise and mode crosstalk [5–7].
Currently, super-resolution quantum imaging has become a focal point of research. Nev-
ertheless, existing studies remain primarily concentrated in the field of imaging with
incoherent thermal light sources.

Squeezed states serve as a crucial quantum resource for enhancing the precision of
quantum measurements [8], exemplified by their application in gravitational-wave laser
interferometers [9]. With the continuous advancement of research, the application of
squeezed states in quantum imaging has emerged as a prominent new research direction,
supported by multiple experimental works [10–15] that demonstrate higher precision than
classical schemes using squeezed coherent states. These works include Raman microscopy
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imaging [10–12], stimulated Brillouin scattering imaging [13], temperature distribution
imaging [14], and Low-Light Shadow Imaging [15]. Among these, refs. [12,13] achieve
signal-to-noise ratio improvements of 3.6 dB and 3.4 dB relative to the shot noise limit,
respectively, demonstrating that quantum imaging based on squeezed states can effectively
overcome the shot noise limit and improve imaging quality.

Can squeezed states enable quantum imaging that simultaneously overcomes both the
shot noise limit and the Rayleigh diffraction limit? Mikhail I. Kolobov et al. theoretically
explored quantum imaging based on spatially multimode squeezed vacuum states [16].
Their results indicate that squeezed states can achieve super-resolution quantum imaging
surpassing the shot noise limit. However, they did not provide the ultimate quantum
theoretical limit for such imaging. Giacomo Sorelli et al. [17] investigated the super-
resolution problem for point sources using squeezed states based on quantum Fisher
information theory and derived a quantum limit for resolution. Nevertheless, their system
model is relatively simple and cannot be readily extended to the study of arbitrary images.
Therefore, establishing a comprehensive imaging theoretical model based on squeezed
states and conduct research on super-resolution imaging utilizing squeezed states remains
an open and pressing issue to be addressed.

To address the aforementioned issues related to super-resolution imaging based on
squeezed states, this paper constructs a corresponding imaging theory model and presents
numerical calculation results. By employing discretization and quantum Fisher informa-
tion theory, the problem of two-point resolution is investigated. The correctness of the
established model is verified through comparison with results from existing literature.
Building upon this theoretical model, the paper further explores the problem of spatial
multi-parameter estimation in imaging for light fields with arbitrary spatial distributions,
demonstrating the advantages of squeezed coherent states in quantum imaging, both in
ideal conditions and in the presence of a certain level of noise. This quantum imaging
model and its computational methodology can be extended to more complex scenarios,
such as imaging schemes based on multimode squeezed states, and even to incoherent
imaging systems [18]. It thus lays a theoretical foundation for future experimental research
on super-resolution imaging utilizing squeezed states.

2. Theoretical Methods
2.1. Description of the Imaging System

We consider a simple imaging system as shown in Figure 1. The multimode optical
field at the object plane, represented by ÊSource(x) = â(u)T · u(x), is composed of a finite
number of modes {uj(x)}. This field corresponds to the optical modes excited at the
object plane (typically resulting from the reflection or transmission of an illumination
source), where â(u) = [â(u)0 , â(u)1 , · · · ]T denotes the annihilation operators of the optical field,
and u(x) = [u0(x), u1(x), · · · ]T represents the corresponding spatial modes of the field. It
carries the desired complex amplitude distribution information, which is the target to be
reconstructed from the measurement results. In addition to ÊSource(x), the vacuum field b̂
is also present at the object plane. The complete optical field at the object plane, ÊObject(x)
is the superposition of the two. In our imaging model, ÊObject(x) is expanded using a set of
modes {ϕj(x)} as ÊObject(x) = â(ϕ)T · ϕ(x), where the relationship between â(ϕ) and â(u) is
given by

â(ϕ) = X1â(u) + Y1b̂ (1)

X1 =


⟨u0(x) | ϕ0(x)⟩ ⟨u1(x) | ϕ0(x)⟩ · · ·
⟨u0(x) | ϕ1(x)⟩ ⟨u1(x) | ϕ1(x)⟩

...
. . .

 (2)
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Figure 1. The propagation process of the quantized optical field in a simple imaging system. The mul-
timode optical field at the object plane, â(u), together with the vacuum field b̂, is projected onto â(ϕ).
It then evolves through the imaging system, coupling with the vacuum field b̂′, to form the image
plane optical field â(Ψ).

The expression Y1b̂ refers to Appendix A. For scalar, quasi-monochromatic classical
imaging problems, the propagation of the optical field’s complex amplitude from the object
plane to the image plane is regarded as the action of an integral operator with the amplitude
point spread function g(x, y) as its kernel on ESource(x), yielding the optical field at the
image plane.

EImage(y) =
∫
S

g(x, y)ESource(x), dx (3)

where S represents the distribution area of the optical field. The quantum version of this
form was provided by Jeffrey H. Shapiro [19]. We analyze here an equivalent scheme;
see Appendix A for details. For our one-dimensional problem, We choose a complete
orthonormal basis for the expansion; for convenience, we select the rectangular function
basis {Rb(x; xk, ∆)} is defined as

Rb(x; xk, ∆) =


1√
∆

, xk −
∆
2
≤ x < xk +

∆
2

0, otherwise
(4)

Here, ∆ is the width of the rectangle. We first expand g(x, y) using ϕk(x) = Rb(x; xk, ∆)
as the basis for the object plane and ψj(y) = Rb(y; yj, ∆) as the basis for the image plane,
and then obtain the matrix representation in the limit ∆ → 0.

g =


∆g(x0, y0) ∆g(x1, y0) · · ·
∆g(x0, y1) ∆g(x1, y1)

...
. . .

 (5)

Performing a truncated singular value decomposition on it, we obtain g = UΛV†

and discard the smaller singular values. We define Ψj(y) = ∑k U∗
kjRb(y; yk, ∆) as the new

basis for the image plane, and denote the corresponding annihilation operator vector
as â(Ψ).Then the transformation from the object plane to the image plane is given by
â(Ψ) = X2â(ϕ) + Y2b̂′. where

X2 = ΛV† (6)

Here, Y2b̂′ represents the vacuum state introduced due to losses (see Appendix A).
The optical field at the image plane is obtained as ÊObject(x) = â(Ψ)T · Ψ(x). The over-
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all transformation from the source field ÊSource(x) to the image plane field ÊObject(x) is
described as follows.

â(Ψ) = X2(X1â(u) + Y1b̂) + Y2b̂′ (7)

We have established an imaging model based on the amplitude point spread function.
In our study, we primarily explore the application of squeezed coherent states in coherent
imaging. Our model is also applicable to incoherent sources.

2.2. Gaussian States in Linear Systems

In quantum optics, the quadrature amplitude operator q̂j and quadrature phase oper-

ator p̂j of an optical field are defined through the annihilation operator as q̂j =
âj+â†

j√
2

and p̂j =
âj−â†

j√
2 i

. The operator vector for a multimode Gaussian state is defined as

d̂ = [q̂0, p̂0, q̂1, p̂1, p̂1, · · · ]T. An important property of Gaussian states is that all statistical
moments of the probability distributions for measurements of their quadrature amplitudes
and phases can be completely described by their expectation value ⟨d̂⟩ and covariance
matrix V = ⟨{d̂ − ⟨d̂⟩, d̂T − ⟨d̂⟩T}⟩. Therefore, these contain all the statistical information
of the Gaussian state [20]. Equation (7) can be summarized as a class of transformations.

âout = Xâin + Yb̂ (8)

where X represents the transformation acting on the non-vacuum input âin, and Y is the
transformation acting on the vacuum input. The following relationships hold:

⟨â⟩out = X⟨â⟩in

⟨â† ⊗ âT⟩out = X̄⟨â† ⊗ âT⟩inXT

⟨â ⊗ âT⟩out = X⟨â ⊗ âT⟩inXT

(9)

where ⊗ denotes the Kronecker product. Both ⟨d̂⟩ and V can be expressed in terms of ⟨â⟩,
⟨â† ⊗ âT⟩, and ⟨â ⊗ âT⟩:

⟨d̂⟩ = ⟨â⟩+ ⟨â⟩∗√
2

⊗
[

1
0

]
+

⟨â⟩ − ⟨â⟩∗√
2 i

⊗
[

0
1

]

V = 2 Re[⟨â† ⊗ âT⟩]⊗
[

1 0
0 1

]
+ 2 Im[⟨â† ⊗ âT⟩]⊗

[
0 1
−1 0

]

+ 2 Re[⟨â ⊗ âT⟩]⊗
[

1 0
0 −1

]
+ 2 Im[⟨â ⊗ âT⟩]⊗

[
0 1
1 0

]
− 4⟨d̂⟩ ⊗ ⟨d̂⟩T + I

(10)

where I denotes the identity matrix. Moreover, Equation (10) is invertible; its inverse opera-
tion is provided in Appendix B. Therefore, for a multi-mode Gaussian state, the calculation
proceeds as follows: first, transform the input state’s ⟨d̂⟩in and Vin into ⟨â⟩in, ⟨â† ⊗ âT⟩in

and ⟨â ⊗ âT⟩in using the inverse of Equation (10). Next, compute the output state’s ⟨â⟩out,
⟨â† ⊗ âT⟩out and ⟨â ⊗ âT⟩out via Equation (9). Finally, convert these results into ⟨d̂⟩out and
Vout using Equation (10).

2.3. Quantum Fisher Information for Gaussian States

The quantum Fisher information (QFI), denoted as F, is a physical quantity that
quantifies the achievable precision for parameter estimation given a specific quantum
state and measurement problem. It yields the quantum Cramér-Rao bound (QCRB) [20]
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V(t) ≥ 1
NF(t) , (where N is the number of repetitions of the experiment) which represents

the lower bound on the variance of an unbiased estimator for a given probe state. Consider
a prepared probe state described by the density matrix ρ̂0. After interacting with the
target of interest, the probe state evolves into ρ̂, which now encodes information about
the parameter t. The symmetric logarithmic derivative (SLD) operator L̂t, required for
computing the QFI, can then be defined and solved via the Lyapunov equation:

∂ρ̂

∂t
=

L̂tρ̂ + ρ̂L̂t

2
(11)

This leads to the QFI F = Tr[ρ̂L̂2
t ]. For multi-parameter estimation problems [21],

the quantum Fisher information is generalized to the quantum Fisher information matrix
(QFIM), with the corresponding QCRB expressed as a matrix inequality. Specifically, let the
N -dimensional parameter vector to be estimated be t = (t0, t1, · · · , tµ, tν, · · · , tN−1). Then
the covariance matrix of t satisfies

V(t) ≥ 1
N

F−1(t) (12)

Generally, calculating the QFIM is quite complex. For scenarios where information is
encoded into Gaussian states, Rosanna Nichols et al. [21] proposed an efficient and precise
computational method that determines the QFIM based on the expectation values and
covariance matrix. The matrix elements Fµν(t) of the QFIM F(t) are given by:

Fµν =
1
2

N−1

∑
j,k=0

3

∑
l=0

Tr
[
ST−1

Mjk
l S−1 ∂V

∂tµ

]
Tr
[
ST−1

Mjk
l S−1 ∂V

∂tν

]
λjλk − (−1)k + 2

∂⟨d̂⟩T

∂tµ
V−1 ∂⟨d̂⟩

∂tν
(13)

where S and λi are derived from the Williamson decomposition of the covariance matrix V.

V = SDST (14)

where D = diag(λ0, λ0, λ1, λ1, · · · ), S belongs to the real symplectic group Sp(2N ,R) =

{S | SΩST = Ω}, and Ω =

[
0 1
−1 0

]⊕N

is the symplectic structure matrix. Mjk
l is a

block matrix composed of 2 × 2 blocks, where all blocks are zero matrices except the block
indexed by jk. The block labeled jk, denoted as mjk

l , takes different forms depending on l:

mjk
0 = 1√

2

[
0 1
−1 0

]
, mjk

1 = 1√
2

[
1 0
0 −1

]
, mjk

2 = 1√
2

[
1 0
0 1

]
, mjk

3 = 1√
2

[
0 1
1 0

]
.

For high-dimensional covariance matrices, conventional methods cannot directly
yield a valid Williamson decomposition and instead only provide constraints on the
solution [20,22]. Here, we refer to the work of Martin Houdede et al. [23], which presents
a robust and accurate numerical method to achieve this decomposition. The details are
provided in Appendix C.

Therefore, as illustrated in the Figure 2, the method for analyzing the imaging process
is as follows:

1. Determine the amplitude point spread function g(x, y) based on the actual imaging system.
2. Discretize g(x, y) using {ϕj(x)} = {Rb(x; xj, ∆)} and {ψj(y)} = {Rb(y; yj, ∆)}.
3. Obtain X2 = ΛV† via truncated singular value decomposition.
4. Determine X1 based on {uj(x)} and {ϕj(x)}.

The algorithm for calculating the QFIM F(t0) is:

1. Input the parameter-dependent functions: ⟨d̂⟩in(t), Vin(t), and the transformation
matrix X(t), along with the parameter value t0.
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2. Calculate ⟨â⟩in(t), ⟨â† ⊗ âT⟩in(t), and ⟨â ⊗ âT⟩in(t) using the inverse of Equation (10).
3. Compute ⟨â⟩out(t), ⟨â† ⊗ âT⟩out(t), and ⟨â ⊗ âT⟩out(t) via Equation (9).
4. Determine ⟨d̂⟩out(t) and Vout(t) using Equation (10).

5. Compute the partial derivatives ∂⟨d̂⟩out(t)
∂tj

and ∂Vout(t)
∂tj

.

6. Assign the value t0 to the parameter t and perform the Williamson decomposition on
Vout(t0) to obtain S−1, S−T, and the symplectic eigenvalues {λj} using the method
described in Appendix C.

7. Calculate and return the QFIM F(t) based on Equation (13).

𝜙𝑘 𝑥 = 𝑅𝑏 𝑥; 𝑥𝑘 , Δ 𝜓𝑗 𝑦 = 𝑅𝑏 𝑦; 𝑦𝑗 , Δ

Ψ𝑗 𝑦 =෍

𝑘

𝑈𝑘𝑗
∗ 𝑅𝑏 𝑦; 𝑦𝑘 , ∆

Truncated singular value decomposition

𝑔

Light field modes 

𝑢𝑗 𝑥

𝑋1

෡𝒅
𝑖𝑛
, 𝕍𝑖𝑛

ෝ𝒂 𝑖𝑛, ෝ𝒂
†⊗ ෝ𝒂

𝑖𝑛
, ෝ𝒂⊗ ෝ𝒂 𝑖𝑛

ෝ𝒂 𝑜𝑢𝑡, ෝ𝒂
†⊗ ෝ𝒂

𝑜𝑢𝑡
, ෝ𝒂⊗ ෝ𝒂 𝑜𝑢𝑡

෡𝒅
𝑜𝑢𝑡
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𝐹
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𝑋2

Figure 2. Analysis of a simple imaging system. (Left) Optical path analysis. (Right) Calculation of
the quantum Fisher information matrix (QFIM).

Based on this framework, it is possible to automatically and rapidly compute the QFIM
corresponding to any finite-dimensional parameter vector. Furthermore, by increasing the
numerical precision and modeling accuracy, any desired finite computational precision can
be achieved. In terms of describing interactions, compared to methods such as Gaussian
channels [21] or symplectic transformations [20], this approach is not compatible with non-
linear processes like squeezing transformations. However, it offers advantages including
convenient analysis, the ability to quickly construct composite maps via matrix multipli-
cation and direct sums, efficient use of computational memory, and adaptability to cases
where the numbers of input and output modes are unequal. Regarding the computation of
the QFIM, this method integrates two efficient algorithms to achieve fast calculation of the
matrix for multi-mode Gaussian states.

3. Application
3.1. Two-Point Resolution

Giacomo Sorelli et al. [17] discussed a two-dimensional imaging problem—the res-
olution of two point sources. The scenario involves two point-like emitters in the object
plane, each in a Gaussian state. After passing through an imaging system described by
a Gaussian point spread function, the light reaches the image plane, where the task is to
estimate the separation distance between the two points using the imaging apparatus. Let
the amplitude point spread function from object plane coordinates (x, x′) to image plane
coordinates (y, y′) be

G(x, y, x′, y′) =
√

κ
1

σ
√

π
e−

(x−y)2+(x′−y′)2
2σ2 (15)
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where κ is the transmission efficiency of a single point source from the object plane
to the image plane. For more details on the amplitude point spread function, see
Appendix D. The object plane contains two point-like squeezed light sources located
at ( s

2 , 0) and (− s
2 , 0), respectively. The objective is to estimate their separation distance s.

Since only the two points on the x-axis are considered, the problem can be decoupled as
G(x, y, x′, y′) =

√
κ g(x, y) g(x′, y′), where

g(x, y) =
1√

σ
√

π
e−

(x−y)2

2σ2 (16)

is the amplitude point spread function normalized with respect to a point source. With ref-
erence to the method of Giacomo Sorelli et al. [17], we calculated the QFI for the separation
distance s between two point sources δ

(
x − s

2
)

and δ
(
x + s

2
)

(Note: A point source is de-
scribed by a Dirac δ function, which is not square-integrable. Its handling is detailed in
Appendix E). The calculation was performed for two thermal states, each with a mean
photon number n̄ = 100.

⟨d̂⟩ =


0
0
0
0

, V = (2n̄ + 1)


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (17)

coherent states n̄ = 100

⟨d̂⟩ =
√

2n̄


1
0
−1
0

, V =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

 (18)

squeezed vacuum states n̄ = n̄s = sin2 r = 3

⟨d̂⟩ =


0
0
0
0

, V =


e−2r 0 0 0

0 e2r 0 0
0 0 e2r 0
0 0 0 e−2r

 (19)

squeezed coherent states n̄ = n̄c + n̄s, where n̄c = 100, n̄s = sin2 r = 3

⟨d̂⟩ =
√

2n̄c


1
0
−1
0

, V =


e−2r 0 0 0

0 e2r 0 0
0 0 e−2r 0
0 0 0 e2r

 (20)

For the numerical calculations, we set the parameters as follows: The amplitude point

spread function is given by
√

κg(x, y) =
√

κ 1√
σ
√

π
e−

(x−y)2

2σ2 the transmission coefficient

κ = 0.35. The imaging region is Lobj = 5σ. This is our assumption regarding the extent of
the optical field distribution at the object plane.

Under this parameter configuration, the QFI for the two-point separation s
σ is calcu-

lated and plotted as a connected curve, with the results shown in the left panel of Figure 3.
For each calculated data point, the QFI per effective photon Fσ2

ηn̄ , obtained using the method
from reference [17] (denoted as F1) and that from our proposed method (denoted as F2) are
compared. The relative deviation F1−F2

F1
is illustrated in the right panel of Figure 3.
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Figure 3. Calculated results of the QFI. The left panel shows the calculated values Fσ2

ηn̄ , and the right
panel presents the relative deviation from the method from reference.

Under this parameter configuration, the discrepancy between the two methods is
| F1−F2

F1
| < 3%, thereby validating the correctness of our approach using existing results.

For the two-point resolution problem, the estimation precision for a coherent state exhibits
different curves depending on the relative phase between the two light sources. For esti-
mating small separations s

σ , the coherent state achieves optimal precision when the relative
phase is π, and it reaches a higher precision limit compared to the case when s

σ ≫ 1,
demonstrating a super-resolution phenomenon. This result is close to the upper bound of
QFI given by Cosmo Lupo et al. [5]. For the squeezed vacuum state, it shows no advantage
over the coherent state in the region of small s

σ , which is of primary interest. Building
upon the work in reference [17], we consider coupling the optimal coherent state with a
squeezed vacuum state to form a squeezed coherent state. By suppressing its displacement
fluctuations, the precision can be further enhanced, surpassing the shot noise level.

3.2. Spatial Multi-Parameter Estimation of Optical Fields

To extend imaging from the two-point problem to broader quantum imaging applica-
tions, we now investigate the estimation of the unknown spatial distribution of an optical
field. An optical field with a specific profile, after passing through an imaging system,
forms a distorted spot on the image plane. Our task is to estimate the spatial distribution of
the optical field at the object plane based on the field measured at the image plane.

Consider an optical field with an unknown spatial profile, represented by
Ê(x) = â(u)0 u0(x). The function u0(x) is expanded using a set of basis functions {hj(x)}

Ê(x) = â(u)0 [c0h0(x) + c1h1(x) + · · · ] (21)

where the expansion coefficients [c0, c1, · · · ] are our estimation targets. Together with
the known basis functions {hj(x)}, they determine the characteristics of u0(x). We con-
sider three schemes for mode expansion using {hj(x)} and compare them. The first
is the Hermite–Gaussian mode, commonly used in quantum optics and laser physics:

hj(x) = 1√
2j j!

√
2π

e
− x2

2×(
√

2)2 Hj

(
x√
2

)
. The second is a typical basis function on a closed in-

terval, the Legendre polynomials: hj(x) =

√
2j+1
Lobj

Lj

(
2x

Lobj

)
. The third is obtained from

the singular value decomposition of the amplitude point spread function
√

κg(x, y) =
√

κ 1√
σ
√

π
e−

(x−y)2

2σ2 , giving the right singular vectors: hj(x) = ∑kmax
k=0 V†

kjRb(x; xk, ∆).

We choose a representative and intuitive hypothetical field distribution for u0(x):

Etest(x) = Ctest

(
x +

Lobj
2

)(
1 − 4x2

L2
obj

)2
, where Ctest is a normalization constant. Its profile

is shown in Figure 4a. We consider reconstructing Etest(x) using the first 6 modes of the
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three aforementioned schemes. All three can achieve reconstruction with high accuracy;
therefore, neglecting the influence of higher-order modes, we calculate the QFIM per
average photon number F

n̄ for the parameter vector [c0, c1, c2, c3, c4, c5].
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Figure 4. (a) The complex amplitude distribution of the optical field Etest(x). (c–e) The matrix
elements Fjk

n̄ of the QFIM corresponding to the parameter vector [c0, c1, c2, c3, c4, c5] for expansions
based on Hermite–Gaussian modes, Legendre polynomials, and right singular vector basis functions,

respectively. (b) The relative QCRB (F−1)jj

(F−1
SVD)jj

(i = 0, 1, 2, 3, 4, 5) under different expansions.

We set the imaging region as Lobj = 6.25σ, and the transmission coefficient is κ = 0.296.
After singular value decomposition, the largest singular value is

√
η0 = 0.947, where the

singular value ηj represents the transmission efficiency of the field for the corresponding
singular value basis.

Under the three basis function schemes, the QFIM per average photon number F
n̄ ,

yielded by the coherent state is shown in Figure 4, respectively.
Thus, under coherent states, the quantum Fisher information matrices corresponding

to the Hermite–Gaussian modes and the Legendre polynomials are not diagonal, indicating
that the parameters are correlated and the corresponding covariance matrix possesses
non-zero off-diagonal elements. In contrast, under the basis of right-singular vectors,
the quantum Fisher information matrix is strictly diagonal. Analytical calculation yields a
simple expression: F = diag(4η0n̄, 4η1n̄, · · · ), demonstrating that all classical correlations
arising from the diffraction process are completely eliminated. Furthermore, we calculated

the relative QCRB
(F−1)jj

(F−1
SVD)jj

in Figure 4b. To further quantify this metric, we consider the

weighted average of different components (F−1)jj—the weighted trace Tr[WF−1], where
the weight matrix W is chosen as W = 1

6 FSVD such that the result for coherent states
under the singular value basis is normalized to unity. The weighted traces Tr[WF−1] are
calculated to be 4.50, 1.73, and 1, respectively. Overall, the singular value basis yields a
significantly lower variance bound. This conclusion serves as a verification, using quantum
estimation theory, of a classical optics finding [24]. Additionally, after testing with various
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field profiles, we found that these computational results are independent of the specific
values of the parameter vector [c0, c1, c2, c3, c4, c5] and are general in nature.

Next, we consider further enhancing the estimation precision for the expansion co-
efficients within the framework of the right singular vector basis. We note that a bright
squeezed coherent state |α, r⟩, where the displacement direction aligns with the squeezing
direction, can effectively improve estimation accuracy. The average photon number of a
squeezed coherent state is given by n̄ = |α|2 + sinh2 r. Considering practical experimental
constraints, the coherent-part mean photon number n̄c = |α|2 is relatively easy to prepare.
However, the squeezed-part mean photon number n̄s = sinh2 r is typically limited to a
smaller mean photon number due to technical challenges. Here, we focus on the scenario
where α ≫ r.

Unlike the classical case, when the bright squeezed coherent state |α, r⟩ is used as the
probe state,

⟨d̂⟩ =
[√

2α

0

]
, V =

[
e−2r 0

0 e2r

]
(22)

the calculated QFIM becomes non-diagonal. This is because, as a non-classical optical
field, the squeezed state exhibits quantum correlations between photons in different modes
{hj(x)}. However, the diagonal elements of F−1 are significantly reduced, and the matrix
remains approximately diagonal. Its off-diagonal elements are of the same order of magni-
tude or one order smaller than the smallest diagonal element, (F−1)00, yet are numerically
significantly smaller than (F−1)00. Thus, overall, the squeezed coherent state provides
an improvement in precision.Due to the presence of correlations, performing individual
measurements on each mode makes it difficult to extract complete quantum information.
Therefore, an optimal measurement scheme approaching the QCRB bound may require the
implementation of some form of joint measurement.

Under the premise that n̄ ≫ 1, we fixed the squeezed-part mean photon number n̄s to
a fixed value and incrementally increased the total photon number n̄ to calculate the QFIM.
The observed trend in its values demonstrates an improvement characterized by a specific
coefficient relative to the standard quantum limit. Keeping the total photon number fixed
at n̄ = 104 while varying n̄s = 1, 2, 3, we found that the degree of improvement offered
by the squeezed coherent state is jointly influenced by the values of the parameter vector
[c0, c1, c2, c3, c4, c5] and the singular values √

ηj. We investigated the enhancement effect
provided by the squeezed-part mean photon number under two different optical field
energy distributions.

As can be seen from Figure 5, the results show that for the parameter distribution
in Figure 5a, as the photon number of the squeezed state increases, the weighted trace
Tr[WF−1] takes the values 1, 0.896, 0.887, and 0.883, respectively. For the parameter distri-
bution in Figure 5c,the weighted trace results are 1, 0.957, 0.954, and 0.952, respectively,
with increasing squeezed-state photon number. The larger the singular values √

ηj and
coefficients cj, the greater the improvement offered by squeezed states relative to coherent
states. However, as the mean photon number n̄s of the squeezed state increases, the further
enhancement in estimation precision attainable by increasing squeezing gradually dimin-
ishes. Although we have considered the case without relative phase differences among the
modes, our results also hold for scenarios with relative phase differences; see Appendix F
for details.
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Figure 5. The influence of increasing the mean photon number in the squeezed-part n̄s on the relative

QCRB (F−1)jj

(F−1
n̄s=0)jj

for estimating the parameter vector [c0, c1, c2, c3, c4, c5]. Here, (a) shows the complex

amplitude distribution of the optical field obtained by reconstructing Etest(x), and (b) shows the
results when the parameter vector [c0, c1, c2, c3, c4, c5] takes the specific value mentioned above.
(c) displays the complex amplitude distribution of the optical field for [c0, c1, c2, c3, c4, c5] =[

1√
6

, 1√
6

, 1√
6

, 1√
6

, 1√
6

, 1√
6

]
, and (d) shows the corresponding results for this case.

When the system suffers from additional loss, we establish the following model: the
field Ê(x) = â(u)0 u0(x) is coupled with an additional background field ÊBackground(x) =

â(u)1 u1(x). The background field distribution is given by u1(x) = 1√
6 ∑5

j=0 hj(x) (where
hj(x) are the right singular value bases). Assuming a thermal source with a mean photon
number of 1 excited in each mode, the optical field at the object plane is given by

⟨d̂⟩ =


√

2n̄c

0
0
0

, V =


e−2r 0 0 0

0 e2r 0 0
0 0 2n̄th + 1 0
0 0 0 2n̄th + 1

 (23)

We assume that the transmission efficiency of the squeezed coherent state in the
coupling is κadd, and thus X1 becomes (

√
κaddX(u0)

1 |
√

1 − κaddX(u1)
1 ), where (· | ·) denotes

horizontal concatenation of matrices, and X(u0)
1 , X(u1)

1 correspond to X1 for single-mode
fields. We investigate the effect of different additional transmission efficiencies κadd on the
weighted trace Tr[WF−1] under the scenario and parameters set in Figure 5a, for the state
|α, r⟩ with n̄ = 104, n̄s = 0, 3, n̄c = n̄ − n̄s, considering three cases: n̄th = 0 (vacuum noise),
n̄th = 2, and n̄th = 6 (corresponding to one thermal photon per singular-vector basis).

The results are shown in Figure 6. It can be observed that as κadd increases, Tr[WF−1]

gradually increases. However, for the same κadd and n̄th, the squeezed coherent state with
n̄s = 3 maintains a stable difference relative to the coherent state, demonstrating that
squeezed coherent states retain their advantage even in the presence of noise.
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Figure 6. We investigate the influence of different additional transmission efficiencies κadd on the
weighted trace Tr[WF−1] for probe states |α, r⟩ with n̄s = 3 (squeezed states) and n̄s = 0 (coherent
states), where u0(x) is as shown in Figure 4a.

Overall, for estimating the spatial distribution of u0(x) in the unknown optical field
Ê(x) = â(u)0 u0(x), we transform the problem into a multi-parameter estimation task
via the basis function expansion method. Among various expansion schemes, we con-
firm that using the right singular vectors as the basis functions achieves the optimal
estimation precision.

Compared to the coherent state, the squeezed coherent state can further enhance the
estimation precision for either the amplitude or the phase of the basis function expansion
coefficients. The degree of this improvement increases with larger singular values √

ηj,
larger expansion coefficients cj, and a higher mean photon number in the squeezed-part n̄s.

In the additional loss model we established, the scalar QCRB Tr[WF−1] achieved
by squeezed coherent states consistently maintains a stable advantage over that of
coherent states.

Due to the quantum correlations among different modes, when utilizing a squeezed
coherent state as the resource, estimating the amplitude or phase distribution parameters re-
quires a joint measurement scheme to approach the QCRB. Although our theoretical frame-
work provides the QCRB limit for this estimation problem, the attainability of this limit is
contingent upon the specific detection scheme employed. Existing super-resolution imag-
ing detection methods include SPADE [1], balanced homodyne detection, and SLIVER [25].
SPADE has the potential to achieve the QCRB limit. However, the difficulty of implement-
ing efficient mode decomposition leads to loss of squeezed states and mode crosstalk, which
affects the practical measurement limit. The double array homodyne detection we propose
offers additional advantages such as high detection efficiency and flexible operation, and is
expected to achieve the ultimate measurement limit under certain conditions [26].

4. Conclusions
This paper establishes an imaging theoretical model based on Gaussian states and

a corresponding method for calculating the quantum Fisher information of an imaging
system, investigating quantum imaging problems utilizing squeezed states. First, we
investigated the two-point imaging problem. Consistent with existing literature, our
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study confirms that a squeezed vacuum state does not enhance coherent imaging quality.
We further explored two-point imaging with a squeezed coherent state, and the results
demonstrate its superior performance compared to both thermal and coherent states.

Subsequently, we extended the research to the imaging of general patterns, specifically
addressing the multi-parameter estimation problem for the spatial distribution features
of an image. We expand the optical field using basis functions, thereby transforming the
problem into a multi-parameter estimation of the expansion coefficients. The squeezed
coherent state exhibits the potential to surpass the shot noise limit in multi-parameter
estimation, with the optical field’s energy distribution and system losses identified as
key factors influencing the degree of squeezing-enhanced performance. Moreover, we
demonstrate that squeezed coherent states retain their advantage even in the presence of a
certain level of background noise.

However, due to potential quantum correlations among different parameters, separate
measurements targeting individual modes are insufficient for extracting complete quantum
information. Therefore, comprehensively evaluating the quantum enhancement effect
and devising optimal experimental measurement schemes that approach the quantum
Cramér–Rao bound remain important open questions for future exploration.

The quantum imaging model and computational methodology presented here can be
extended to more complex scenarios by incorporating additional modes or more general
matrices X, such as imaging schemes based on multimode squeezed states, as well as to
incoherent imaging systems [18]. Furthermore, it paves the way for exploring applications
in practical imaging contexts, including Raman microscopy imaging [10–12] and stimulated
Brillouin scattering imaging [13].
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Appendix A. Multimode Bosonic Fields in Linear Systems
For the propagation of multimode bosonic fields, we can start from a simple model,

first considering the beam splitter model in quantum optics:[
ĉ
d̂

]
=

[ √
η

√
1 − η

−
√

1 − η
√

η

][
â
b̂

]
(A1)

where â and b̂ are the annihilation operators of the optical fields at the input ports, and ĉ,
d̂ are the annihilation operators at the output ports. The parameter η represents the
transmission efficiency from â to ĉ. By placing multiple such beam splitters in parallel with
their ports independent, we have:
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

ĉ0

ĉ1
...

d̂0

d̂1
...


=



√
η0

√
1 − η0√

η1
√

1 − η1
. . . . . .

−
√

1 − η0
√

η0

−
√

1 − η1
√

η1
. . . . . .





â1

â2
...

b̂1

b̂2
...


(A2)

Let the non-vacuum field operators among the âj form the vector â = [â0, â1, · · · , ân]T.
The output fields of interest among the ĉj form the vector ĉ = [ĉ0, ĉ1, · · · , ĉm]T.
The corresponding vacuum fields among the b̂j that couple into ĉ form the vector
b̂ = [b̂0, b̂1, · · · , b̂m]T. Neglecting the unobserved output fields d̂j, the transformation
can be written as:

ĉ = Λâ + Γb̂ (A3)

When m ≥ n, Λ is an m × n matrix

Λ =



√
η0 √

η1
. . .

√
ηn

0 0 · · · 0
0 0
...

...


(A4)

Γ is an m × m matrix

Γ =



√
1 − η0 √

1 − η1
. . . √

1 − ηn

1
1

. . .


(A5)

When m < n, some of the âj are not coupled into the output. Here, Λ and Γ are diago-
nal matrices composed of selected elements √

ηj and
√

1 − ηj, respectively. Introducing
unitary transformations U and V, and setting â = V†ê, ĉ = U† f̂, substituting these into
(A3) yields:

f̂ = Xê + Yb̂ (A6)

where X = UΛV† and Y = UΓ. This describes the process by which a multimode
bosonic field ê evolves into f̂ after coupling with a multimode vacuum field b̂ in a lossy
linear system. Here, X corresponds to the classical transformation of the linear system,
and X = UΛV† is its singular value decomposition. Since Y can be derived from the
singular value decomposition of X, the classical transformation X completely characterizes
the quantum behavior of the bosonic field within the linear system. In optical systems, X
corresponds to the transmission matrix in classical optics.The quantum diffraction theory
given by Jeffrey H. Shapiro [19] is precisely a special case when X = g. In Appendix B, we
note that the specific form of Y is not necessary, which greatly facilitates our calculations.

https://doi.org/10.3390/photonics13030244

https://doi.org/10.3390/photonics13030244


Photonics 2026, 13, 244 15 of 20

Appendix B. Statistical Moments and Normal-Ordered Operator
Expectation Values

Given d̂ = [q̂0, p̂0, q̂1, p̂1, p̂1, · · · ]T, and substituting the definitions q̂ = â+â†
√

2
and

p̂ = â−â†
√

2 i
, we obtain

⟨d̂⟩ =
√

2 Re[⟨â⟩]⊗
[

1
0

]
+
√

2 Im[⟨â⟩]⊗
[

0
1

]
(A7)

According to the definition V = ⟨{d̂ − ⟨d̂⟩, d̂T − ⟨d̂⟩T}⟩, expanding the calculation
shows that the covariance matrix is a block matrix composed of 2× 2 submatrices. The block
at the j-th row and k-th column is:

Vjk =

[
⟨q̂j q̂k⟩+ ⟨q̂k q̂j⟩ ⟨q̂j p̂k⟩+ ⟨ p̂k q̂j⟩
⟨ p̂j q̂k⟩+ ⟨q̂k p̂j⟩ ⟨ p̂j p̂k⟩+ ⟨ p̂k p̂j⟩

]
− 2

[
⟨q̂j⟩⟨q̂k⟩ ⟨q̂j⟩⟨ p̂k⟩
⟨ p̂j⟩⟨q̂k⟩ ⟨ p̂j⟩⟨ p̂k⟩

]
(A8)

From the relations q̂j =
√

2 Re[âj] and p̂j =
√

2 Im[âj], and substituting the canonical
commutation relation [âj, â†

k ] = δjk into Equation (A8), we obtain after simplification:

Vjk =

[
2Re[⟨â†

j âk⟩] + 2Re[⟨âj âk⟩] + δjk 2Im[⟨â†
j âk⟩] + 2Im[⟨âj âk⟩]

−2Im[⟨â†
j âk⟩] + 2Im[⟨âj âk⟩] 2Re[⟨â†

j âk⟩]− 2Re[⟨âj âk⟩] + δjk

]

− 2

[
⟨q̂j⟩⟨q̂k⟩ ⟨q̂j⟩⟨ p̂k⟩
⟨ p̂j⟩⟨q̂k⟩ ⟨ p̂j⟩⟨ p̂k⟩

] (A9)

Writing Equation (A9) in matrix form yields the expression for the covariance matrix
in Equation (10).

Defining matrices V(o,o), V(o,e), V(e,o), V(e,e) whose elements satisfy the corresponding
relationships:

Vjk =

V(o,o)
jk V(o,e)

jk

V(e,o)
jk V(e,e)

jk

 (A10)

Simultaneously solving Equations (A9) and (A10) and expressing the result in matrix
form yields:

⟨â† ⊗ âT⟩ = V(o,o) +V(e,e)

4
+

⟨q̂⟩ ⊗ ⟨q̂⟩T + ⟨p̂⟩ ⊗ ⟨p̂⟩T − I
2

+

(
V(o,e) −V(e,o)

4
+

⟨q̂⟩ ⊗ ⟨p̂⟩T − ⟨p̂⟩ ⊗ ⟨q̂⟩T

2

)
i

⟨â ⊗ âT⟩ = V(o,o) −V(e,e)

4
+

⟨q̂⟩ ⊗ ⟨q̂⟩T − ⟨p̂⟩ ⊗ ⟨p̂⟩T

2

+

(
V(o,e) +V(e,o)

4
+

⟨q̂⟩ ⊗ ⟨p̂⟩T + ⟨p̂⟩ ⊗ ⟨q̂⟩T

2

)
i

(A11)

Equation (A11) together with the definitions of ⟨q̂⟩ and ⟨p̂⟩ constitute the inverse
operation of (10).

Appendix C. Technical Details of the Williamson Decomposition
The work by Martin Houdede et al. [23] presents a method for computing the

Williamson decomposition for the symplectic structure matrix Ω′ =

[
O I
−I O

]
(where
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O is the zero matrix). We have adapted this method to obtain the Williamson decompo-

sition for the symplectic structure matrix Ω =

[
0 1
−1 0

]⊕N

. The core of this algorithm

transforms the Williamson decomposition problem into a Schur decomposition problem,
for which efficient and robust built-in algorithms are readily available in major mathemati-
cal software packages. The complete Williamson decomposition calculation procedure is
shown in Figure A1.

𝕍

𝕍

𝛴 = 𝕍−
1
2𝛺𝕍−

1
2 Real Schur decomposition 𝑄𝐴𝑄𝑇 = 𝛴 𝐴 𝛱

𝑆 = 𝕍𝑄𝛱 𝛺−1𝛱𝐴𝛱𝑇

𝑆−1𝑆−𝑇

𝑑𝑖𝑎𝑔 𝜆0, 𝜆0, 𝜆1, 𝜆1, ⋯ = 𝑆−1𝕍𝑆−𝑇

Construct

𝑄

Figure A1. The computational workflow for the Williamson decomposition.

The specific computational steps are as follows:

1. Construct the matrix

Σ = V− 1
2 ΩV− 1

2 (A12)

2. Using a real Schur decomposition, decompose matrix Σ as

Σ = QAQT (A13)

The matrix A will have a form similar to Ω:

A =


0 z0

−z0 0
0 z1

−z1 0
. . .

 (A14)

where zj are numerical values that may be positive or negative.
3. Based on the specific structure of matrix A, construct a permutation matrix Π such

that the signs and arrangement of the non-zero elements in A exactly match those in
Ω, i.e.,

ΠAΠT =


0 |z0|

−|z0| 0
0 |z1|

−|z1| 0
. . .

 (A15)
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The permutation matrix Π is a block-diagonal matrix, with each block being

[
1 0
0 1

]

for positive zj and

[
0 1
1 0

]
for negative zj.

4. The symplectic transformation matrix is given by:

S =
√
VQ Π

√
Ω−1 ΠAΠT (A16)

5. Compute the Williamson decomposition S−1VS−T

S−1VS−T =


λ0

λ0

λ1

λ1
. . .

 (A17)

Appendix D. Supplementary Details on the Amplitude Point
Spread Function

In classical imaging systems, the action of the amplitude point spread function on the
optical field at the object plane is represented by an integral operator T. The law of energy
conservation requires that, for any optical field EObj at the object plane, the total energy of
the optical field EImg at the image plane, given by EImg =

∫
E∗

Img(y)EImg(y) dy, does not
exceed the total energy of the optical field at the object plane EObj =

∫
E∗

Obj(x)EObj(x) dx.
From the perspective of functional analysis, for any optical field EObj at the object plane,
the output energy satisfies EImg ≤ ∥T∥EObj, where ∥T∥ is the norm of the integral operator,
which depends on the expression of g(x, y) and the integration domain. To align with the
work of Giacomo Sorelli et al. [17], we adopt the following Gaussian-shaped amplitude
point spread function:

g(x, y) =
√

κ
1√

σ
√

π
e−

(x−y)2

2σ2 (A18)

For an object-plane optical field consisting of a single point EObj = δ(x − x0), the en-
ergy arriving at the image plane is κEObj. However, for more general distributions such
as multiple points, the energy reaching the image plane may exceed κEObj. Through cal-
culation, when both the object plane and the image plane are of infinite extent, its norm
∥T∥∞ is

∥T∥∞ =

√
2σ

√
πκ (A19)

∥T∥∞ ≤ 1 implies that σ and κ satisfy

σκ2 ≤ 1
2
√

π
(A20)

When we integrate over the object plane, the integration interval is from − Lobj
2 to

Lobj
2 ,

which physically represents the region over which we intend to reconstruct the optical
field. Moreover, it also modifies the specific form of the right singular vector basis and the
allowable range of κ, and can be determined in experiments by the size of the target region.

For finite-sized object and image planes, the norm ∥T∥fin(Lobj) satisfies
∥T∥fin(Lobj) < ∥T∥∞. Consequently, the above condition is sufficient but not necessary
to ensure ∥T∥fin(Lobj) ≤ 1. For a quantum imaging system, when transforming the ampli-
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tude point spread function into the quantum diffraction model in Section 2.1, the classical
energy conservation law must also be satisfied.

In practical calculations, ∥T∥fin(Lobj) can be approximated by the square of the largest
singular value of the matrix g in (5).

Appendix E. Details of the Rectangular Function Basis
Let the expression for the rectangular function be

R(x; s, ∆) =

 1√
∆

, s − ∆
2 ≤ x < s + ∆

2

0, otherwise
(A21)

Performing normalization such that
∫ ∞
−∞ c2R2(x) dx = 1, the normalization coefficient

is found to be c = 1√
∆

. Therefore, the normalized basis function Rb(x; s, ∆) is defined as:

Rb(x; s, ∆) =
1√
∆

R(x; s, ∆) (A22)

The orthogonality is apparent. When ∆ → 0, using the definition of the Riemann sum,
the projection of a square-integrable function onto it is:

⟨uk(x), Rb(x; xj, ∆)⟩ = 1√
∆

∫ xj+
∆
2

xj− ∆
2

f (x) dx ≈
√

∆ uk(xj) (A23)

⟨g(x, y), Rb(x; xk, ∆)Rb(y; yj, ∆)⟩ = 1
∆

∫ xk+
∆
2

xk− ∆
2

∫ yj+
∆
2

yj− ∆
2

g(x, y) dy dx ≈ ∆ g(xk, yj) (A24)

For the Dirac δ function, which does not belong to the square-integrable space L2(S),
we must apply special treatment. Under the rectangular function basis, we proceed as
follows: approximate δ(x− d) as an extremely narrow rectangular pulse cR(x; d, ∆), where c
We require that the resulting transformation X = X1X2 correctly characterizes the evolution
of each mode. From the previous analysis, X is a submatrix of a unitary matrix. Therefore,
we require that

X†X ≤ I (A25)

and is of approximately the same order of magnitude as I. Only then will it possess key
properties similar to those of functions in L2(S). A specific calculation shows it is a scalar.
Using the definition of the Riemann sum, it equals

X†X ≈ c2∆2
∫
S′

g∗(xj, y)g(xj, y) dy (A26)

where S′ denotes the region of the image plane. Therefore, c2∆2 = 1, so c = 1
∆ . Thus,

Rδ(x; x0, ∆) = 1
∆ R(x; x0, ∆).

Appendix F. Further Discussion on the Phase Issue
In the main text, we considered the parameter estimation problem in the absence of

relative phase differences among the modes. However, our results remain valid even when
relative phase differences exist. Therefore, we consider a complex scenario with coefficients
[c0eiθ0 , c1eiθ1 , c2eiθ2 , c3eiθ3 , c4eiθ4 , c5eiθ5 ]. For the same imaging system and parameters, we
perform calculations using the right singular vectors as the basis. The following results
are obtained:
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For the coherent state, the QCRB F−1 remains diagonal. This indicates that when
using classical resources, there exists no statistical correlation among the parameters
[c0, c1, c2, c3, c4, c5, θ0, θ1, θ2, θ3, θ4, θ5].

For squeezed coherent states, as shown in Figure A2, F−1 is a block-diagonal matrix.
Quantum entanglement introduces statistical correlations among the estimates of different
amplitude distributions [c0, c1, c2, c3, c4, c5] and among the estimates of different phase dis-
tributions [θ0, θ1, θ2, θ3, θ4, θ5], but there is no statistical correlation between the amplitude
and phase parts. We also computed results for other values of [θ0, θ1, θ2, θ3, θ4, θ5], which
are identical to those in Figure A2, indicating that the phases do not affect the ampli-
tude estimation results. For phase estimation, phase-squeezed states can be employed to
achieve enhancement.

Figure A2. QCRB n̄F−1 for the parameter vector [c0, c1, c2, c3, c4, c5, θ0, θ1, θ2, θ3, θ4, θ5] =[
1√
6

, 1√
6

, 1√
6

, 1√
6

, 1√
6

, 1√
6

, 0, 0, 0, 0, 0, 0
]
, which corresponds to the complex amplitude distribution

shown in Figure 4a.The total mean photon number is n̄ = 104, and the mean photon number from
the squeezed part is n̄s = 1. For clearer visualization, the coordinate axes are compressed via the
transformation ln(ln(x + 1) + 1), while the tick labels indicate the original values.
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