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Abstract

We investigate a double-probe-field-driven cavity optomechanical system with a degenerate
optical parametric amplifier (OPA). When the system is in a mechanical PT-symmetric
case, we study the generation mechanism of the sum sideband and how to enhance the
generation efficiency of the sum sideband by controlling parametric interactions. Our
model consists of two directly coupled PT-symmetric mechanical resonators, which are
coupled to a Fabry–Pérot cavity equipped with an optical parametric amplifier. Research
indicates that in a PT-symmetric mechanical resonator, there exist special exceptional points
(EPs). Near EPs, the generation efficiency of the sum sideband is significantly enhanced.
Notably, the introduction of an OPA can remarkably boost the efficiency of sum sideband
generation (SSG) and establish a new sideband matching condition for the upper sum
sideband. We conduct a detailed analysis of the dependence of SSG on system parameters,
such as mechanical coupling strength, OPA nonlinear gain, OPA pump light field phase,
and probe field frequency detuning. The research reveals that even with a weak driving
field, a significantly enhanced efficiency of SSG can be achieved by adjusting the OPA gain
coefficient and phase. This research offers new insights into enhancing or regulating light
propagation in nonlinear optomechanical devices and holds potential for applications in
high-precision measurement and optical communication.

Keywords: PT-symmetric; optical parametric amplifier; sum sideband

1. Introduction
Cavity optomechanics [1] is an interdisciplinary subject that fuses quantum physics,

optics, and mechanics, spotlighting the coupling mechanism between optical fields and
macro mechanical oscillators [2]. The theoretical origin of this realm can be blame to the
intersection of quantum optics and Classic mechanics, and it has now become an important
platform for studying the quantum-to-classical transition [3] phenomenon. In recent years,
driven by the rapid development of micro-nano technology [4], cavity optomechanics
has received extensive follow and achieved remarkable progress. In the quantum cavity
optomechanics framework, the interaction [1] between the quantity of photons in the cavity
and the quantum state of mechanical vibration affords researchers a way to explore cutting-
edge problems such as quantum measurement [5], quantum entanglement [6], and quantum
information processing. In addition, this realm also provides unique technical means for
developing new types of sensors, achieving precision measurements, and constructing
quantum computing systems [7].
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Optomechanically induced transparency (OMIT) refers to the phenomenon in optome-
chanical systems where a strong driving field induces a tunable transparency window for
a weak probe [8]. Its mechanism is a mechanical analogy to electromagnetically induced
transparency, achieving destructive quantum interference in optical modes through optome-
chanical interactions, resulting in the suppression of resonant absorption [9], and has been
verified in experiments [10,11]. In recent years, research related to OMIT has received exten-
sive attentions [9,11–26]. For example, optomechanical induced transparency is produced
in excited atomic medium [27]. Noteworthy is that in an optomechanical system driven
by two weak probe fields, while retaining the nonlinear effects caused by optomechanical
interaction, the generation of sum and difference sidebands can be achieved [24–26,28],
which is different from the traditional optomechanical model driven by a single probe
field [9,11–23]. Early studies have explored the mechanism of SSG in universal optomechan-
ical systems under the parameter conditions of optomechanically induced transparency [7].
Another work has achieved sum sideband generation of Laguerre-Gaussian light beams
through orbital angular momentum exchange [29]. Since the sum sideband efficiency is of
great significance for high-precision measurement and optical communication research,
its enhancement methods have become a recent hot spot. Studies have shown that under
the action of dual radiation pressure [30] or the ingestion of two-level atoms [31], the sum
sideband efficiency in the composite optomechanical system can be enhanced.

In recent years, research on non-Hermitian PT symmetry has drawn extensive attention
in the field of optics. This symmetry can be achieved by introducing balanced gain and
loss into optical systems [32,33]. Souvik Mondal et al. [34] utilized a continuous-wave
pump laser to modulate the oscillation amplitude in a PT symmetry structure, thereby
enabling control of the sidebands. Flexible regulation of OMIT can also be achieved in a
second-order coupled PT symmetry optomechanical system [35]. By applying PT symmetry
to coupled optomechanical systems [36], one can investigate the sum sideband efficiency
of the system. Research indicates that by adjusting the system to be near the gain-loss
EPs [36], the sum sideband efficiency can be significantly enhanced. The combination of
optomechanics and non-Hermitian PT-symmetric systems offers many new perspectives
for studying the interaction between light and matter.

An optical parametric amplifier (OPA) is widely used due to its strong nonlinearity. Its
intrinsic noise is lower than that of traditional amplifiers based on stimulated emission, so
when using a stable pump, it is often used as a key device to achieve low-noise signal am-
plification in optomechanical systems. It is widely applied in multi-body entanglement [37],
mechanical oscillator cooling [38,39], and optomechanically induced transparency [40]. In
recent years, the applications of OPA in optomechanical systems and sidebands have also
been gradually explored. The presence of OPA can significantly enhance the efficiency of
the SSG even with low power input [41]. This phenomenon also occurs in the quadratic
coupling optomechanical system [42]. Moreover, research shows that the amplitude of
the second-order sideband can be modulated and amplified by OPA, which is driven by
distinct pump frequencies [43].

This study will investigate the influence of OPA on SSG in a non-Hermitian PT-
symmetric system co-driven by a strong control field and two weak probe fields. The model
is inspired by the scheme of a PT-symmetric mechanical resonator proposed by Bao Wang
et al. [44]. An OPA is added to the cavity mode of this model to investigate the generation
of the sideband. The results demonstrate that with the introduction of the OPA, the SSG
efficiency can be significantly enhanced even at lower input powers compared to general
optomechanical systems [28]. This enhancement is most pronounced when the system is
near the critical points (EPs) separating the PT- symmetry phase from the broken phase.
More intriguingly, a new matching criterion for the upper sum sideband generation (USSG)
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emerges due to the addition of OPA. Moreover, as the gain coefficient of OPA increases,
both the windows and peaks of the USSG and lower sum sideband generation (LSSG)
grow. Subsequently, the influence of the pump field’s phase on the sum sideband was also
discussed. To better understand the new matching conditions for the upper sum sideband,
we also discuss the functional relationship of the USSG efficiency with respect to δ1 and δ2.

The structure of this paper is organized as follows. In Section 2, the model to be studied
is described and analyzed. The composition of the total Hamiltonian is explained, and the
derivation processes of the motion equations of system operators and the efficiency of the
upper and lower sidebands are presented. In the Section 3, the exceptional point EPs is first
identified, and the PT-symmetric phase and the PT-broken phase are explained through the
combination of numbers and shapes. Subsequently, different experimental parameters are
numerically varied, and the results are analyzed and discussed using images. In Section 4,
the results of the numerical analysis are summarized.

2. Theoretical Model and Formulations
Our theoretical model is shown in Figure 1, where the hybrid optomechanical system

consists of a Fabry–Pérot cavity, which consists of two directly coupled PT-symmetric
mechanical resonators (MR), and it also contains an OPA. In order to increase the coupling
of the cavity field with the mechanical oscillator, a control field with a frequency of ωc

excites the cavity with a resonant frequency of ω0. In addition, two weak probe fields with
frequencies of ωi (i = 1, 2) propagate inside the cavity and couple with the cavity field. The
mechanical resonator b1 is coupled with the cavity field by the optical radiation pressure.
Moreover, the MR b1 with a loss rate γ1 is coupled to the MR b2 with a gain rate γ2 via
the coupling parameter J. εc =

√
Pc/h̄ωc denotes the amplitude of the control field, while

εi =
√

Pi/h̄ωi (i = 1, 2) represent the amplitude of the probe fields. Here, Pc and Pi (i = 1, 2),
respectively, represent the pump power of the control field and the probe field’s power.

Figure 1. Schematic diagram of the PT-symmetric system containing an OPA. The system is driven by
a strong control field with frequency ωc, along with two relatively weak probe lasers with frequencies
ω1 and ω2, respectively.

Now, in the rotating coordinate system at the frequency ωc of the control field, the
complete Hamiltonian formulation of the system can be written as:

H =h̄∆a†a + h̄ωm(b†
1b1 + b†

2b2)− h̄ga†a(b†
1 + b1)− h̄J(b†

1b2 + b1b†
2)

+ ih̄G
(

eiθa†2
e−2iωct − e−iθa2e2iωct

)
+ ih̄

√
κ/2εc(a† + a)

+ ih̄
√

κ/2
[
(ε1a†e−iδ1t − ε2a†e−iδ2t)− H.C

]
,

(1)

where the detuning ∆ = ω0 − ωc and it is the detuning between the control field and cavity
field. δi = ωi − ωc (i = 1, 2) stands for the detuning between the control and the weak field.
g denotes the optomechanical coupling strength, θ and G represent the phase of the field
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driving the OPA and the nonlinear gain of the OPA, respectively, which can be adjusted
through pump driving. ωm is the intrinsic frequency of the MR and κ is the total cavity
loss rate.

Under the condition where the cavity field is driven by the strong control field, we
focus on the average response of the system to the probe field, and the quantum and
thermal noise terms are ignored. The losses of the cavity field and the resonator are added
phenomenologically, so the simplified Heisenberg-Langevin equations of motion for the
operators operating on the system can be expressed as

ȧ =
[
−i∆ − κ

2
+ ig(b†

1 + b1)
]

a + 2Geiθa† +
√

κ/2(εc + ε1e−iδ1t + ε2e−iδ2t),

ḃ1 =
(
−iωm − γ1

2

)
b1 + i Jb2 + iga†a,

ḃ2 =
(
−iωm +

γ2

2

)
b2 + i Jb1.

(2)

Comparingwith the intensity of the probe field, the intensity of the control field is
sufficiently large, so we may use the linear approximation method to handle the system’s
dynamic equations with a = a + δa, bi = bi + δbi, (i = 1, 2). Substituting them into
Equation (2), firstly, we can obtain the steady-state values of the system

ā =

√
κ/2εc

(
2Geiθ + κ

2 + 2iG sin θ − i∆̄
)

κ2

4 + ∆̄2 − 4G2
,

b̄1 =
ig|ā|2

(
iωm − γ2

2
)(

iωm + γ1
2
)(

iωm − γ2
2
)
+ J2 ,

b̄2 =
i Jb̄1

iωm − γ2
2

.

(3)

where ∆̄ = ∆ − g(b̄∗1 + b̄1) is the effective detuning of the cavity containing radiation
pressure. According to the steady-state value, we can find that the photon number inside the
cavity is primarily influenced by the optomechanical coupling effect and the introduction
of OPA. Furthermore, the expression of b̄1 includes parameter γ2, i.e., the photon number
of MR1 is affected by the gain of MR2. Due to the mutual coupling between various
subsystems, the mutual influence between these physical quantities is caused, which means
that when considering the impact of the PT-symmetric MR on the entire cavity field, the
output spectrum of the probe field will be manipulated. Here we will discuss the signal of
the sum sidebands. Next, we consider the dynamic equations of the fluctuation caused by
the probe field. For the perturbation terms, the quantum Langevin equation is obtained as:

δȧ =
(
−i∆ − κ

2

)
δa + ig[a(δb∗1 + δb1) + δa(δb∗1 + δb1)] + 2Geiθδa∗ +

√
κ/2(ε1e−iδ1t + ε2e−iδ2t),

δḃ1 =
(
−iωm − γ1

2

)
δb1 + i Jδb2 + ig(a∗δa + aδa∗ + δaδa∗),

δḃ2 =
(
−iωm +

γ2
2

)
δb2 + i Jδb1.

(4)

In order to study the nonlinear effects of optomechanics, we need to retain some
second-order small quantities of optomechanical coupling in Equation (4). For example,
the second-order small quantities δa(δb∗1 + δb1) and δaδa∗ are very key to the SSG. Here,
the SSG in the mechanical PT-symmetric system is similar to that of high-order sideband
under the mechanism of optomechanically induced transparency. Generally, in an effort
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to analyze the sum sideband and second-order sideband, the perturbation terms may be
expanded under the following assumptions.

δa = A+
1 e−iδ1t + A−

1 eiδ1t + A+
2 e−iδ2t + A−

2 eiδ2t + A+
s e−iΩt + A−

s eiΩt + · · · ,

δb1 = B+
1 e−iδ1t + B−

1 eiδ1t + B+
2 e−iδ2t + B−

2 eiδ2t + B+
s e−iΩt + B−

s eiΩt + · · · ,

δb2 = C+
1 e−iδ1t + C−

1 eiδ1t + C+
2 e−iδ2t + C−

2 eiδ2t + C+
s e−iΩt + C−

s eiΩt + · · · .

(5)

here, Ω = δ1 + δ2. The frequency components at ±Ω are called sum sideband, and
A±

s , B±
s , C±

s are the coefficients of these components. In our research work, we are only
interested in the first-order sideband and sum sideband processes. In other words, we
disregard the higher-order sidebands in the above equations. By substituting Equation (5)
into Equation (4), 18 algebraic equations for the coefficients are obtained. According to
the properties of the sideband, the 18 equations are divided into two parts. The first part
corresponds to the coefficient equation of the first-order sideband, which describes the
process of the probe field with a frequency of ω1(ω2).

−iδ1 A+
1 =

(
−i∆ − κ

2

)
A+

1 + iga(B−∗
1 + B+

1 ) + 2Geiθ A−∗
1 +

√
κ/2ε1,

−iδ1B+
1 =

(
−iωm − r1

2

)
B+

1 + ig(a∗A+
1 + aA−∗

1 ) + i JC+
1 ,

−iδ1C+
1 =

(
−iωm +

r2

2

)
C+

1 + i JB+
1 ,

iδ1 A−
1 =

(
−i∆ − κ

2

)
A−

1 + iga(B+∗
1 + B−

1 ) + 2Geiθ A+∗
1 ,

iδ1B−
1 =

(
−iωm − r1

2

)
B−

1 + ig(a∗A−
1 + aA+∗

1 ) + i JC−
1 ,

iδ1C−
1 =

(
−iωm +

r2

2

)
C−

1 + i JB−
1 ,

−iδ2 A+
2 =

(
−i∆ − κ

2

)
A+

2 + iga(B−∗
2 + B+

2 ) + 2Geiθ A−∗
2 +

√
κ/2ε2,

−iδ2B+
2 =

(
−iωm − r1

2

)
B+

2 + ig(a∗A+
2 + aA−∗

2 ) + i JC+
2 ,

−iδ2C+
2 =

(
−iωm +

r2

2

)
C+

2 + i JB+
2 ,

iδ2 A−
2 =

(
−i∆ − κ

2

)
A−

2 + iga(B+∗
2 + B−

2 ) + 2Geiθ A+∗
2 ,

iδ2B−
2 =

(
−iωm − r1

2

)
B−

2 + ig(a∗A−
2 + aA+∗

2 ) + i JC−
2 ,

iδ2C−
2 =

(
−iωm +

r2

2

)
C−

2 + i JB−
2 .

(6)

where the nonlinear terms in the optomechanical dynamics are neglected, and the values
of the coefficients of the sum sideband are related to the solutions of these equations. The
second part describes the process of SSG, in which the nonlinear terms of optomechanical
dynamics are also retained:

−iΩA+
s =

(
−i∆̄ − κ

2

)
A+

s + ig
[

ā
(

B−∗
1 + B+

1

)
+ A+

1 B−∗
2 + A+

1 B+
2 + A+

2 B−∗
1 + A+

2 B+
1

]
+ 2Geiθ A−∗

s ,

−iΩB+
s =

(
−iωm − γ1

2

)
B+

s + ig
(

ā∗A+
s + āA−∗

s + A+
1 A−∗

2 + A+
2 A−∗

1

)
+ i JC+

s ,

−iΩC+
s =

(
−iωm +

γ2

2

)
C+

s + i JB+
s ,

iΩA−
s =

(
−i∆̄ − κ

2

)
A−

s + ig
[

ā
(

B+∗
s + B−

s

)
+ A−

1 B+∗
2 + A−

1 B−
2 + A−

2 B+∗
1 + A−

2 B−
1

]
+ 2Geiθ A+∗

s ,

iΩB−
s =

(
−iωm − γ1

2

)
B−

s + ig
(

ā∗A−
s + āA+∗

s + A−
1 A+∗

2 + A−
2 A+∗

1

)
+ i JC−

s ,

iΩC−
s =

(
−iωm +

γ2

2

)
C−

s + i JB−
s .

(7)
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We have previously stated that Equation (6) describes the linear process of the probe
field with frequencies ω1(ω2). This process has been explored in previous studies and
utilized to investigate double phonons optomechanically induced transparency [35]. The
solutions of Equations (6) and (7) are (where i = 1, 2)

A+
i =

√
κ/2εiL′

−(δi)
∗L+(δi)β−(δi)

∗

β+(δi)β−(δi)∗ − φ−(δi)φ+(δi)∗
, A−

i =
φ+(δi)

β−(δi)
A+∗

1 ,

B−
i =

−ig
(

ā∗A−
i + āA+∗

i

)
E′
−(δi)

L′
−(δi)

, B+
i =

ig
(
ā∗A+

i + āA−∗
i
)
E+(δi)

L+(δi)
,

A−
s =

φ+(Ω)ψ−(Ω)∗ + ψ+(Ω)β+(Ω)∗

β−(Ω)β+(Ω)∗ − φ+(Ω)φ−(Ω)∗
, A+

s =
φ−(Ω)A−∗

s + ψ−(Ω)

β+(Ω)
.

(8)

where

F±(x) = i∆ +
κ

2
∓ iδi − ig(b1

∗
+ b1), D±(x) =

γ1

2
± iωm − ix, D′

±(x) = −γ1

2
± iωm − ix,

E±(x) = −γ2

2
± iωm − ix, E′

±(x) =
γ2

2
± iωm − ix, L±(x) = D±(x)E±(x) + J2,

L′
±(x) = D′

±(x)E′
±(x) + J2, α(x) = L+(x)E′

−(x)∗ + E+(x)L′
−(x)∗,

β+(x) = F+(x)L+(x)L′
−(x)∗ + g2|a|2α(x), β−(x) = F−(x)L+(x)∗L′

−(x)− g2|a|2α(x)∗,

φ−(x) = −g2a2α(x) + 2Geiθ L+(x)L′
−(x)∗, φ+(x) = g2 ā2α′(x) + 2Geiθ L+(x)∗L′

−(x),

ϕ∗
1 = A−

1 B+∗
2 + A−

1 B−
2 + A−

2 B+∗
1 + A−

2 B−
1 , ϕ2 = A+

1 B−∗
2 + A+

1 B+
2 + A+

2 B−∗
1 + A+

2 B+
1 ,

ϕ3 = A+
1 A−∗

2 + A+
2 A−∗

1 , ψ+(Ω) = āg2ϕ∗
3 α(Ω)∗ + igϕ∗

1 L′
−(Ω)L+(Ω)∗ ,

ψ−(Ω) = −āg2ϕ3α(Ω) + igϕ2L+(Ω)L′
−(Ω)∗

The values of x in the expression are δ1, δ2, Ω. It can be seen that the sum sideband
amplitudes of A±

s show an intense correlation on the nonlinear gain G and the OPA phase
θ. By applying the standard input-output relation, namely aout = ain −

√
κ/2a, the output

field of the system in the reference frame rotating at ωc can be obtained as follows:

aout = (εc −
√

κ/2ā) + (ε1 −
√

κ/2A+
1 )e

−iδ1t −
√

κ/2A−
1 eiδ1t + (ε2 −

√
κ/2A+

2 )e
−iδ2t

−
√

κ/2A−
2 eiδ2t −

√
κ/2A+

s e−iΩt −
√

κ/2A−
s eiΩt.

(9)

(εc −
√

κ/2ā), (ε1 −
√

κ/2A+
1 )e

−iδ1t and (ε2 −
√

κ/2A+
2 )e

−iδ2t describe the output fields
with frequencies ωc and ω1(ω2). Meanwhile, −

√
κ/2A+

s e−iΩt and −
√

κ/2A−
s eiΩt describe

the outputs with frequencies ωc ± Ω, corresponding to the upper sideband and lower
sideband, respectively.

Here, only the sum sidebands are considered. The efficiencies of the upper and
lower sum sidebands are, respectively, defined as η+

s =
∣∣−√

κ/2A+
s /ε1

∣∣ and η−
s =∣∣−√

κ/2A−
s /ε1

∣∣, which represent the amplitude ratios of the sum sideband to the first
probe field; these efficiencies are dimensionless. Previous studies have shown that when
δ1 and δ2 reach specific values, the efficiency of SSG shows a peak structure. The specific
values of δ1(δ2)corresponding to these peaks are referred to as the matching condition.

3. Results and Discussion
In this section, we study the transmission characteristics of the two probe fields in the

mechanical PT-symmetric optomechanical configuration and discuss how the nonlinear
gain of OPA and phase affect the sum sideband efficiency based on this configuration.
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3.1. Mechanical PT-Symmetric Configuration

The condition for mechanical PT symmetry is obtained by adiabatically eliminating
the optical mode. Here, the effective optomechanical coupling G1 = ga and the intrinsic
decay rates γ1,γ2 are assumed to be smaller than κ, i.e., {G1, γ1, γ2 ≪ κ}. Therefore, the
effective non-Hermitian Hamiltonian can be expressed as

He f f = (ωm − iγ1/2)b†
1b1 + (ωm + iγ2/2)b†

2b2 − J(b†
1b2 + b1b†

2). (10)

The matrix representation of Equation (10) is as follows:

He f f = (b†
1 b†

2)

(
ωm − iγ1/2 −J

−J ωm + iγ2/2

)(
b1

b2

)
. (11)

Among them, the characteristic frequencies b1 ± b2 of the corresponding mechanical
modes are calculated as

ω± = ωm − i
(γ1 − γ2)

4
±

√
J2 −

(
γ1 + γ2

4

)2
. (12)

Figure 2, respectively, presents the real and imaginary parts of the eigenfrequencies
calculated using Equation (11). When the coupling rate exceeds γ1+γ2

4 , i.e., J > γ1+γ2
4 ,

the PT-symmetric phase is observed. At this point, Re(ω±) splits around ωm, while their
imaginary parts Im(ω±) remain the same. If the coupling rate is below γ1+γ2

4 , namely
J < γ1+γ2

4 , the system enters the PT-broken phase, where the two modes degenerate, with
one mode experiencing gain while the other undergoes loss, and their imaginary parts
point in opposite directions. This is clearly illustrated in Figure 2. When the mechanical
oscillator coupling strength J equals the effective loss rate γ1+γ2

4 , it leads to a critical point
known as Eps.

Figure 2. (a) The real part of the eigenvalues of PT-symmetric MR as functions of J; (b) The imaginary
part of the eigenvalues of PT-symmetric MR as functions of J.

3.2. Adjustable Sum Sideband Controlled by System Parameters

In this section, we will use numerical methods to explore the efficiency of SSG in
a PT-symmetric cavity optomechanical system with an OPA. Notably, the nonlinearity
of the OPA can significantly alter the characteristics of the cavity field and enhance the
sideband efficiency.

First, we will investigate how the PT-symmetric property impacts the SSG efficiency
by varying the mechanical coupling parameter J. Next, with the mechanical coupling
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parameter set at J = γ1+γ2
4 , at this time, we will analyze the substantial influence of the OPA

on SSG by adjusting the nonlinear gain coefficient G and the field phase θ. Finally, we will
discuss the effect of the detuning frequency δi(i = 1, 2) between the control field and the first
and second probe fields on the efficiency of SSG in the cavity optomechanical system with
the OPA. The primary parameters employed here are derived from recent research [45,46],
λ = 1573 nm, g = 2π MHz, ωm/2π = 3.68 GHz, κ = 0.1ωm, γ1 = γ2 = 0.5 × 10−2 ωm.

The coupling strength J of PT-symmetric mechanical resonators exerts a significant
influence on the SSG. As illustrated in Figure 3, the efficiency of the SSG transitions from
weak to strong as the value of J increases. Particularly near the EPs, the SSG efficiency
exhibits a remarkable enhancement. In Figure 3a, a radiation peak and a transparency
window emerge in the vicinity of the EPs. From a physical perspective, near the EPs, the
gain of one mechanical resonator continuously compensates for the loss of the other me-
chanical resonators, and the lossy mechanical oscillator induces the dynamic accumulation
of acoustic energy due to magnetic field localization [47]. This enhances the optomechanical
nonlinear effect, which significantly modulates the up-conversion process field during
this mechanism, thereby improving the generation efficiency of the anti-Stokes field. As
the mechanical coupling strength J increases, the sum sideband splits into two radiation
peaks. Concurrently, as illustrated in Figure 3c, the transparency window splits into two
absorption peaks. Notably, when compared to the conventional optomechanical system
with a single mechanical resonator (blue solid line in Figure 3c), the USSG efficiency ex-
hibits significant amplification near the EPs. Similarly, as shown in Figure 3b, the LSSG
radiation peak undergoes substantial enhancement near the EPs and splits into four distinct
radiation peaks with increasing mechanical coupling strength J. The LSSG efficiency is also
significantly enhanced compared to the conventional optomechanical system (blue solid
line in Figure 3d), as depicted in Figure 3d.

Figure 3. (a) The efficiency of USSG and (b) LSSG (expressed in logarithmic form) varies with the
mechanical coupling strength J and detuning frequency δ1. (c) The efficiency of USSG and (d) LSSG
varies with the detuning frequency δ1. We use G = 0, Pc = 1 µW, δ2 = −0.05 ωm, P1 = P2 = 0.05 µW.
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To demonstrate the significant influence of OPA on the generation of the upper and
lower sum sidebands, Figure 4 below shows how the generation efficiency (in logarithmic
form) of these sidebands varies with the frequency of the first probe field δ1. As shown in
Figure 4, OPA significantly enhances the efficiency of the USSG. To simplify the analysis,
we assume that the phase θ of the field driving the OPA is zero. As shown in Figure 4a,
without OPA, when G = 0, the logarithmic efficiency log10 η+

s of the upper sideband has
only one peak within the parameter range 0.95ωm < δ1 < 1.1ωm. Additionally, without
OPA, when the detuning between the control field and cavity field ∆ = ωm, the upper
sum sideband generates an absorption peak at δ1 = 1.05ωm. The physical explanation
for this phenomenon is that when the resonance condition ∆ = ωm is met, the excitation
of the mechanical oscillator causes destructive interference in the excitation path of the
intracavity probe field, which in turn leads to the formation of a transparency window
for the intracavity probe field. Since the choices of δ1 and δ2 satisfy the relationship
δ1 + δ2 = ωm, which is close to the resonance condition ∆ = ωm of the cavity, a new peak
appears at δ1 = 1.05ωm when G ̸= 0. Therefore, the matching conditions for log10 η+

s can
be adjusted to δ1 = ωm and δ1 + δ2 = ωm, which differs from the scenario without OPA,
where a new matching condition δ1 + δ2 = ωm is introduced. Moreover, when OPA is
present, and G = 0.4κ, the efficiency of USSG at δ1 = 1.05ωm is over 100 times higher than
that in the absence of OPA. As shown in Figure 4b, the peak structure of LSSG remains
unchanged regardless of whether G exists or not. It can also be observed from Figure 4b
that when OPA is present and G = 0.4κ, the efficiency of LSSG at δ1 = ωm is about 1%. In
the absence of OPA, due to the weak optomechanical nonlinearity, the efficiency of LSSG,
log10 η−

s is extremely low. The efficiency of LSSG is approximately 1 × 10−4%. Obviously,
when OPA is added, the efficiency of LSSG can be improved by several orders of magnitude.
In other words, the presence of G has a significant impact on the efficiency of SSG.

Figure 4. Shows the efficiency (in logarithmic form) of (a) USSG and (b) LSSG, which varies with the
frequency of the first probe field δ1. The experimental parameters are set as follows: power density
Pc = 1 µW, P1 = P2 = 0.05 µW, δ2 = −0.05 ωm, θ = 0, J = γ1+γ2

4 , and different values of G.

Next, we will explore how the phase θ affects the sum sideband generation efficiency.
Figure 5a,b, respectively, illustrate how the efficiencies of the upper and lower sidebands
vary with the detuning δ1 and phase θ of the OPA. As shown in the Figure 5, the efficiency
distribution exhibits distinct interference fringe characteristics, which directly verifies that
sideband generation is a coherent nonlinear process whose efficiency strongly depends
on the total phase-matching condition. Due to the periodicity of the phase factor eiθ , the
system efficiency exhibits a 2π periodicity with respect to θ, and reaches a peak at a specific
value of θ, which directly reflects the system’s phase interference behavior. This indicates
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that even if the frequency condition is satisfied, coherent constructive interference will be
disrupted, and the efficiency will drop sharply if the phase condition is not matched. More
importantly, the efficiency distributions in Figure 5a,b may exhibit the characteristic of
mutually “peaking out of phase” along the θ axis, which reveals that the phase θ acts as
a nonlinear “routing switch” and can dynamically selectively direct the pump energy to
the upper sideband or lower sideband channel. It is evident that the efficiency of the sum
sideband is highly sensitive to changes in the OPA phase. Specifically, when δ1 ranges from
1.05ωm–1.15ωm, the phase θ has a more significant impact on the sum sideband efficiency.

Figure 5. The calculated values of (a) log10 η+
s and (b) log10 η−

s change with δ1 and θ, where G = 0.3κ.
The other parameters are the same as those in Figure 4.

Figure 6a displays the calculated efficiency of upper and lower sideband generation
(in logarithmic form) as a function of δ1 and δ2, revealing a distinct peak structure at
specific δ1 and δ2 values. This behavior is associated with particular phase-matching
conditions for SSG. As shown in Figure 6c, in the absence of an OPA, near EPs, the
USSG efficiency of the PT symmetry mechanical resonator reaches its maximum when
the conditions δ1 = ±ωm, δ2 = ±ωm, and δ1 + δ2 = ωm are satisfied. This introduces an
additional matching condition δ1 + δ2 = ωm compared to conventional optomechanical
systems [28]. With the OPA activated, as illustrated in Figure 6a, the matching conditions
for maximum USSG efficiency near EPs in the PT symmetry mechanical resonator become
δ1 = ±ωm, δ2 = ±ωm, and δ1 + δ2 = ±ωm. The influence of the OPA identifies a new
matching condition δ1 + δ2 = −ωm, which once again results in a peak efficiency for
the upper sideband. Notably, the improvement of efficiency is more pronounced when
δ1 + δ2 = ωm compared to δ1 + δ2 = −ωm. This difference arises because the former
condition, δ1 + δ2 = ωm, lies closer to the cavity resonance condition ∆ = ωm. For the LSSG
in Figure 6b, compared to Figure 6d, it is found that the LSSG not only retains the same
matching condition but also exhibits a remarkably high generation efficiency.

Figure 6. Cont.
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Figure 6. Showsthe efficiency (in logarithmic form) of USSG and LSSG with respect to δ1 and δ2.
Where, in figures (a,b) we use G = 0.3κ, and (c,d) we use G = 0, other parameters are the same as
those in Figure 4.

4. Conclusions
In summary, we summarized a numerical analysis of a mechanical PT-symmetric

system under two probe fields, focusing on the roles of OPA pairs and sidebands. Through
numerical calculations and analysis, a special point EPs was found in the PT-symmetric
mechanical resonator. Near EPs, the efficiency of SSG significantly improved, and will
generate a new upper sum sideband matching condition. As the coupling strength J
between the PT-symmetric mechanical resonators increased, the PT-symmetric phase was
observed, during which the upper sum sideband split near the detuning frequency ωm.
The presence of OPA can change the matching conditions of the USSG, giving rise to a
new sideband matching condition, attributed to its influence on the system’s nonlinear
dynamics. This converts the destructive interference, which originally occurred at the
detuning frequency 1.05ωm for the USSG due to the properties of EPs, into a new peak.
Additionally, by adjusting the gain coefficient and phase of the OPA, the efficiency of
the LSSG can be enhanced by several orders of magnitude. The study provides valuable
insights into light propagation in nonlinear optomechanical systems, with direct relevance
for the fields of high-precision measurement and optical communications.
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33. Özdemir, Ş.K.; Rotter, S.; Nori, F.; Yang, L. Parity–time symmetry and exceptional points in photonics. Nat. Mater. 2019,
18, 783–798. [CrossRef] [PubMed]

34. Mondal, S.; Debnath, K. Controllable optical-sideband generation and synchronization in a mechanical gain-loss optomechanical
system. Phys. Rev. A 2023, 108, 023517. [CrossRef]

35. Lu, X.H.; Si, L.G.; Wang, B.; Wang, X.Y.; Wu, Y. Tunable optomechanically induced transparency in a gain-assisted optomechanical
system. J. Phys. B At. Mol. Opt. Phys. 2019, 52, 085401. [CrossRef]

36. Lu, X.H.; Si, L.G.; Wang, X.Y.; Wu, Y. Exceptional points enhance sum sideband generation in a mechanical PT-symmetric system.
Opt. Express 2021, 29, 4875–4886. [CrossRef]

37. Xuereb, A.; Barbieri, M.; Paternostro, M. Multipartite optomechanical entanglement from competing nonlinearities. Phys. Rev.
A—At. Mol. Opt. Phys. 2012, 86, 013809. [CrossRef]

38. Pan, Q.; Lv, W.; Deng, L.; Huang, S.; Chen, A. Cooling a Rotating Mirror Coupled to a Single Laguerre–Gaussian Cavity Mode
Using Parametric Interactions. Nanomaterials 2022, 12, 3701. [CrossRef]

39. Huang, S.; Agarwal, G. Enhancement of cavity cooling of a micromechanical mirror using parametric interactions. Phys. Rev.
A—At. Mol. Opt. Phys. 2009, 79, 013821. [CrossRef]

40. Yu, G.; Pan, G. Multiple optomechanically induced transparency in two-cavities optomechanical system via an optical parametric
amplifier. Eur. Phys. J. Plus 2024, 139, 800. [CrossRef]

41. Li, W.A.; Huang, G.Y. Enhancement of optomechanically induced sum sidebands using parametric interactions. Phys. Rev. A
2019, 100, 023838. [CrossRef]

42. Wang, X.Y.; Si, L.G.; Lu, X.H.; Wu, Y. Generation and enhancement of sum sideband in a quadratically coupled optomechanical
system with parametric interactions. Opt. Express 2019, 27, 29297–29308. [CrossRef]

43. Zhang, W.; Shen, H. Optomechanical second-order sidebands and group delays in a spinning resonator with a parametric
amplifier and non-Markovian effects. Phys. Rev. A 2024, 109, 033701. [CrossRef]

44. Wang, B.; Liu, Z.X.; Kong, C.; Xiong, H.; Wu, Y. Mechanical exceptional-point-induced transparency and slow light. Opt. Express
2019, 27, 8069–8080. [CrossRef]

45. Massel, F.; Heikkilä, T.T.; Pirkkalainen, J.M.; Cho, S.U.; Saloniemi, H.; Hakonen, P.J.; Sillanpää, M.A. Microwave amplification
with nanomechanical resonators. Nature 2011, 480, 351–354. [CrossRef]

46. Li, W.; Li, C.; Song, H. Theoretical realization and application of parity-time-symmetric oscillators in a quantum regime. Phys.
Rev. A 2017, 95, 023827. [CrossRef]

47. Lü, X.Y.; Jing, H.; Ma, J.Y.; Wu, Y. PT-symmetry-breaking chaos in optomechanics. Phys. Rev. Lett. 2015, 114, 253601. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/photonics13020187

http://dx.doi.org/10.1038/s41563-019-0304-9
http://www.ncbi.nlm.nih.gov/pubmed/30962555
http://dx.doi.org/10.1103/PhysRevA.108.023517
http://dx.doi.org/10.1088/1361-6455/ab0e4c
http://dx.doi.org/10.1364/OE.417156
http://dx.doi.org/10.1103/PhysRevA.86.013809
http://dx.doi.org/10.3390/nano12203701
http://dx.doi.org/10.1103/PhysRevA.79.013821
http://dx.doi.org/10.1140/epjp/s13360-024-05595-0
http://dx.doi.org/10.1103/PhysRevA.100.023838
http://dx.doi.org/10.1364/OE.27.029297
http://dx.doi.org/10.1103/PhysRevA.109.033701
http://dx.doi.org/10.1364/OE.27.008069
http://dx.doi.org/10.1038/nature10628
http://dx.doi.org/10.1103/PhysRevA.95.023827
http://dx.doi.org/10.1103/PhysRevLett.114.253601
https://doi.org/10.3390/photonics13020187

	Introduction
	Theoretical Model and Formulations
	Results and Discussion
	Mechanical PT-Symmetric Configuration
	Adjustable Sum Sideband Controlled by System Parameters

	Conclusions
	References

