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Abstract

It is known that the Poynting vector in a plane electromagnetic field is always along its
propagation direction irrespective of its polarization state. Here we show, by making use
of a superposition of four linearly-polarized plane waves, that the Poynting vector in a
non-paraxial field is dependent on its polarization state. This is theoretically explained
by resorting to the so-called Stratton vector. An expression for the Poynting vector in
terms of generalized polarization bases as well as polarization ellipticity is given, which
is further extended to a non-paraxial field of continuously-distributed angular spectrum.
The expression is the same as what was given very recently by Fernandez-Guasti for
electromagnetic fields constructed on the basis of Heaviside-Larmor symmetry.

Keywords: Poynting vector; non-paraxial field; polarization dependence; Stratton vector;
generalized polarization bases

1. Introduction

The Poynting vector is the density of energy flow in the electromagnetic field. The
cycle-averaged value of the Poynting vector in a monochromatic field takes the form [1],

g = HRe(Ex H'), )

where E and H are the electric and magnetic fields, respectively. It is well known that the
Poynting vector in a plane monochromatic wave is always in the propagation direction
irrespective of its polarization state. About three decades ago, Katsenelenbaum [2] studied
the direction of the Poynting vector in an electromagnetic field that is formed by the
superposition of four plane monochromatic waves of linear polarization. The four waves
propagate in the directions that make the same acute angle with the z axis so that the non-
paraxial superposition field propagates along the positive z axis. But he found that in the
transverse plane, the z-component of the Poynting vector in some domains is unexpectedly
negative, especially when the plane waves are highly non-paraxial. Such a phenomenon
was recently utilized [3] to explain the reverse energy flow in a sharp focus, known as
energy backflow.

The energy backflow in the longitudinal direction was known as early as in 1919 [4].
This counterintuitive phenomenon was subsequently reported in papers by Richards and
Wolf [5], Berry [6], and Volyar [7]. It was recently shown that, in agreement with the
observation by Katsenelenbaum, non-paraxiality enhances the energy backflow in other
different types of optical fields, including Bessel beams [8,9], Laguerre-Gaussian beams [10],
Airy beams [11], annular beams [12], Lissajous beams [13], and polarization-singular and
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phase-singular beams [3]. Thus, the energy backflow of tightly focused laser beams has
attracted plenty of interest in connection with applications in microparticle manipulation
(see Ref. [14] for a review).

However, this does not mean that non-paraxiality is a sufficient condition for the
energy backflow to occur [15]. Indeed, our investigations show that the phenomenon ob-
served by Katsenelenbaum lies with the choice of the concrete direction of the polarization
vector of the constituent plane wave. We find that the direction of the polarization vector
can be so adjusted that the z-component of the resultant Poynting vector is not negative.
Since adjusting the direction of the polarization vector of the constituent plane wave will
lead to a change of the superposition field in polarization, it follows that changing the
polarization of the superposition field in such a way will have a substantial effect on its
Poynting vector.

The purpose of this paper is to address how the Poynting vector in a non-paraxial
field depends on its polarization state by making use of the four-plane-wave model.
Two different kinds of superposition fields are constructed. One is similar to what Katsene-
lenbaum discussed in Ref. [2] in the sense that the z-component of its Poynting vector is
negative in some domains. The other does not show any negative value in the z-component
of the Poynting vector. This phenomenon is theoretically explained as the change of the
so-called Stratton vector [1]. An expression for the Poynting vector in terms of generalized
polarization bases is obtained. Such an expression is finally extended to a non-paraxial
monochromatic field of continuously-distributed angular spectrum.

2. Poynting Vectors in Two Different Situations

Let us start with a situation that is similar to what was discussed in Ref. [2]. The wavevec-
tors of the four plane waves in free space are as follows,

ki =k(2cos 9+ £sind),
ky = k(2cos® + fsin®),
ks = k(Zcos ¥ — £sin9),
ks = k(2cos® — fsin®),

which are schematically indicated in Figure 1 by the green arrows, where k is the wavenum-
ber, £, §j, and £ denote the unit vectors along the corresponding axes, and ¢ is the acute
angle that the wavevectors make with the z axis. Their electric fields are chosen to be
1 a;
E:- = —F~—exp(ik;-x), i=1,2,3,4,
1 \/2?0 p( 1 )

where the time dependence is assumed to be exp(—iwt), the real unit vectors

a; = Xcost? —Zsind,

ay =%,

1_ . o (2)
ay = fcost? +Zsind,

a; =%,

are the polarization vectors of the respective electric fields which are linearly-polarized and
are schematically indicated in Figure 1 by the red arrows, the meaning of the superscript
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1 will be clear in the next section, and the factor \/%To is introduced for convenience. The

electric field of the superposition of the four plane waves is given by

2
El =,/ = [#(cos®cosk | x + cosk
e Lxcosky) o

—iZsin¥sink | x] exp(ik)z),

the transverse component of which is polarized only in the x direction, where k| = ksin ¢ and
k| = kcos 9. According to Maxwell’s equations, the corresponding magnetic field assumes

2
Hl:U— j(cos®cosk v+ cosk  x
Vo[y( 1Yy LX) @)

— iZzsin¥sink | y| exp(ik)z).

Its transverse component is polarized only in the y direction. Both electric field (3) and
magnetic field (4) have z-polarized longitudinal components.

Figure 1. (Colour online) Illustration for the wavevectors and polarization vectors of the four plane
waves in the first situation.

According to expression (1) for the Poynting vector, it is straightforward to make use
of electric and magnetic fields (3) and (4) to calculate the z-component of the Poynting
vector, which reads

gj =c[cos #(cosk | x + cos kJ_?/)z (5)

+ (1 — cos ®)? cosk | x cosk y],

where ¢ = 1/ VEoHo- The first term is non-negative, but the second one can be. As a
result, there are domains in which g3 is less than zero. After all, there always exist such
points at which one has cos(k | x) = — cos(k y) # 0 and therefore g;- < 0. It is seen that
the first non-negative term is proportional to cos #. So under the extremely non-paraxial
condition in which ¢ = 7r/2, Equation (5) reduces to g;- = c cos kx cos ky. The maximum
of its negative value is equal to the maximum of its positive value. In this case, electric
field (3) and magnetic field (4) reduce to

Et = Sg(a? cosky — iZsinkx),
\ €0
N 2 L
H- = V—(y cos kx — iZsinky),
0

respectively. The amplitude of their “longitudinal” components is the same as that of their
“transverse” components. On the other hand, in the zeroth-order paraxial approximation in
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which sin @ ~ 0, one has g5 ~ 4c, which is positive. This is because in such an approxima-
tion, expressions (3) and (4) tend to the electric and magnetic fields of a linearly-polarized

plane wave,
E- ~ 2 E.‘f exp(ikz), H* =~ 2,/ iyAexp(ikz),
€0 Ho

respectively. Their longitudinal components all vanish. As a matter of fact, in the first-order
paraxial approximation in which sin® ~ ¢ and cos® = 1, one has g5 = c(coskdx +
cos k®y)?, which is non-negative. This indicates that the negative value of ¢;- comes from
higher-order terms. Therefore, the larger the acute angle ¢ is, the bigger the maximum of
the negative value of g7 is. Expression (5) can also be written as

g2 =c[cos ®(cosk, x —cosk y)?

+ (1 + cos 8)? cosk | x cosk y],

showing that g7~ > 0 on the bisectrices x = 4. A typical distribution of normalized g in
the transverse plane is illustrated in Figure 2, where ¢ = 27t/5.

X & K
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.
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ka/ZW

Figure 2. (Colour online) Distribution of normalized gzl in the transverse plane, where ¢ = 27/5,
|k x| <257, and |k, y| < 2.57.

The g~ in (5) being negative in some domains is similar to what Katsenelenbaum
found in Ref. [2]. To demonstrate that this phenomenon lies with the specific directions of
polarization vectors (2), we only adjust the directions of the polarization vectors of the four

plane waves and write their electric fields as follows,

[
gl = % exp(ik; - x),

: \/280

where the polarization vectors al” after adjustment are given by

a! =Xcost?—Zsind,
ag =fycos?—2Zsind, ©)

a:! = —Xcos?¥ —2Zsin b,

alll = —fcost? —Zsind,
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and the meaning of the superscript || will be clear in the next section. It is stressed that, as
with polarization vectors (2), all the polarization vectors in (6) stand for linear polarization.
In this situation, the electric field of the superposition of the four plane waves becomes

2
Bl = \/:i[(ﬁsinka +Psink, ) cos
0

+i2(cosk x + cosk  y) sin ¢ exp ik z),

@)

which has a y-polarized transverse component in addition to the x-polarized one. Accord-
ingly, the corresponding magnetic field becomes

HI = ﬂzz(yA sink x — £sink, y) exp(ik|z). 8)
\/ #o

The same as electric field (7), it has both x- and y-polarized transverse components. But its
longitudinal component disappears. As a consequence, the z-component of the Poynting
vector takes the form,

g! = ccos 9(sin® k| x +sin® k). ©)

In contrast with ¢, ¢. is non-negative. It vanishes at points k| x = mm and k| y = n,
where m and n are integers. It is maximum at points k,x = (m+1/2)wr and k,y =
(n+1/2)m. A typical distribution of normalized gﬂ in the transverse plane is illustrated
in Figure 3, where the value of ¢ is the same as in Figure 2. It is interesting to note that
whether under the extremely non-paraxial condition or under the zeroth-order paraxial

condition, gﬂ completely vanishes. In the former case, & = 71/2, electric field (7) has only a

z-polarized component,
2
El = — S—ﬁ(cos kx + cosky);
\ €0

and magnetic field (8) reduces to

Hl =, /ii(g sinkx — £ sinky).
Ho

So certainly the z-component of the Poynting vector in such a field is equal to zero by virtue of
Equation (1). Whereas in the latter case, sin @ = 0, both the electric and magnetic fields vanish.

1
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o
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Figure 3. (Colour online) Distribution of normalized g; in the transverse plane, where the value of ¢
is the same as in Figure 2, |k x| < 2.57, and |k, y| < 2.57.
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3. Theoretical Explanation in Terms of Stratton Vector
3.1. Introduction of Stratton Vector

We have seen that non-paraxial field (3) in the first situation and non-paraxial field (7)
in the second situation are different in polarization. So the difference between Poynting
vectors (5) and (9) indicates that the polarization of a non-paraxial field has an impact
on its Poynting vector. To understand how the polarization affects the Poynting vector,
it is required to figure out a way to characterize the difference in polarization between
these two superposition fields. We will see that even though each of the constituent plane
waves in the two superposition fields is linearly polarized, their polarization states can be
distinguished by the constant unit vector that was first introduced by Stratton [1] and later
used by others [7,16-18] in discussing the representation of vector electromagnetic fields,
called the Stratton vector.

Remembering that the polarization of a plane electromagnetic wave can be described
by the Jones vector, one should first take the notion of the Jones vector into account. It is
well-known that the two elements of the Jones vector are the projections of the polarization
vector of the plane wave onto two polarization bases. The two polarization bases must be
perpendicular to its propagation direction. Usually, the plane wave is assumed to propagate
along the z axis and hence the unit vectors along the transverse x and y axes are taken
as the polarization bases. But here, all the four plane waves in the superposition fields
propagate in different directions. In order to use the Jones vector to describe polarization
vectors (2) or (6), the polarization bases of each of the plane waves have to be determined
individually. Of course, this can be done by choosing a pair of real unit vectors, denoted by
u; and v;, that form a right-handed Cartesian triad with the relevant wavevector k;,

Kk
lll‘-Vl‘:O, uiXVi:fl.
k
The problem is that the unit vectors u; and v; satisfying these two equations are arbitrary to
the extent that a rotation about the wavevector k; can be performed. Fortunately, according
to Ref. [19], one can make use of the Stratton vector, denoted by I, to completely specify the
polarization bases of different plane waves in a consistent way,
ki I x ki

S = Vi X =
s T ki

In terms of the specified polarization bases, whether polarization vectors (2) or (6) can be
expanded as follows,
a; = xu; + av;. (11)

X1

The expansion coefficients 1 and a; make up the Jones vector, « = ( >, which satisfies

x2
the normalization condition atax = 1. It is stressed [20] that only when u; and v; are
orthogonal to each other can a1 and ay make up a Jones vector. Taking Equation (11) into
consideration, whether electric field (3) or (7) can be written as

4,
E(x) = i ik, - x). 12
(x) l; \/ZToeXp(l x) (12)

It is pointed out [19] that the Stratton vector specifying the polarization bases via Equation (10)
can in principle be any constant unit vector. It is also observed that for an arbitrary Stratton
vector, the superposition field expressed by Equation (12) satisfies Maxwell’s divergence
equation V - E = 0 no matter what the Jones vector of the constituent plane wave is.
After all, polarization bases (10) make the polarization vector (11) perpendicular to the
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relevant wavevector k; irrespective of the Jones vector. Therefore, one is always possible to
construct a superposition field in such a way that given a Stratton vector, all the constituent
plane waves share a common Jones vector. This is the superposition field that we are only
concerned with in the present paper. As a matter of fact, whether superposition field (3)
or (7) is so constructed. In particular, the common Jones vectors in both situations are the
same. They are only different in the Stratton vector. This is why we do not label the Jones
vector in (11) with i.

It is readily checked that the common Jones vector of the constituent plane waves in
the first situationis a = ( (1) ) if their polarization bases are specified by the Stratton vector
I = —%, which is perpendicular to the z axis. The common Jones vector in the second
situation is the same as in the first situation. But the polarization bases in this situation
have to be specified by the Stratton vector Il = 2, which is parallel to the z axis. After
explaining the difference in polarization between the two superposition fields by resorting
to the Stratton vector, we are faced with the issue of how the Stratton vector accounts for
the negative value of the z-component of the Poynting vector in the first situation.

3.2. Poynting Vector Expressed in Terms of Generalized Polarization Bases

To address this issue, we make use of expression (11) to rewrite electric field (12) as
E(x) = iU+ mV, (13)

where
1 1

\/280 \/280

and u; and v; are given by Equation (10). Substituting it and the corresponding magnetic field

U:

4 4
Zui exp(ik;-x), V= ZVz‘ exp(ik; - x),
i=1 i=1

Hx) = /2 (V- apU) (14)
Ho
into Equation (1), we get
g:eg—c[Re(UxV*)Jr%a(UxU*JerV*)}, (15)
where ¢ = —i(ajap — ajuq) is the polarization ellipticity. It shows that the Poynting

vector in non-paraxial superposition field (13) does not depend on the two elements of
the common Jones vector individually. Instead, it depends on the common Jones vector
through . For example, when I = I+, U and V are given by

U=,/ ;[f(cos Bcosk, x+cosk,y) —iZsindsink, x| exp(ikz),

0
(16)
2
V=4 o [7(cos®cosky + cosk, x) —izsin¥sink, y]exp(ik)z),
0
respectively, and the Poynting vector (15) assumes
g = 29+ — oc[%(cosk | x + cos ¥ cosk, y)sink y 17)

—p(cosk, y+ costdcosk  x)sink, x|sind,

where g:- is given by Equation (5). In this case, the z-component of the Poynting vector
does not depend on ¢. Only the transverse components do.
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As just observed, Poynting vector (15) depends on the common Jones vector of the
constituent plane waves through the common polarization ellipticity. This phenomenon
reflects such a fact that the common Jones vector of the constituent plane waves shows up
as the Jones vector of the entire superposition field (13). That is to say, the vector functions
U and V in expression (13) act as the polarization bases for the entire electric field E. In
fact, it is easy to make use of Equation (10) to show that U and V are orthogonal to each
other in the following sense,

/ / U* - Vdxdy = / / V* . Udxdy = 0. (18)

In addition, they are equal in “magnitude”,

//U*-dedy://V*-dedyEW.

With the help of these properties, it is straightforward to obtain from Equation (13)

alz%//U*-dedy, azz%//V*-dedy,

meaning that the two elements a7 and a; of the common Jones vector are essentially the
projections of the entire electric field E onto the polarization bases U and V, respectively.
According to Equation (10), the polarization bases for non-paraxial field (13) have to be
specified by the Stratton vector. But they are different from the polarization bases for a
plane wave. Firstly, they are dependent on the position x. Secondly, for this reason, they
usually do not obey U* - V = 0 as can be easily checked with expressions (16). For the sake
of clarity, we will call U and V the generalized polarization bases for electric field (13).
We have expressed via Equation (15) the Poynting vector in superposition field (13)
and (14) in terms of its generalized polarization bases and its polarization ellipticity. Now
we are ready to explain why the z-component of the Poynting vector in the first situation

o . . 1
can be negative in some domains. When the Jones vector is « = ( 0 ), we have o = 0.
Poynting vector (15) in this case reads

g = %Re(u X V*).

Furthermore, if the Stratton vector is chosen to be I+, it reduces to
s 1
8 =287,

as can be seen from Equation (17). It is thus seen that the negative value of the z-component
of the Poynting vector in the first situation just reflects the concrete position-dependence of
generalized polarization bases (16).

3.3. Extension to Non-Paraxial Fields of Continuously-Distributed Angular Spectrum

As mentioned above, Equation (15) is the expression for the Poynting vector in super-
position field (13) and (14) in terms of its generalized polarization bases and its polarization
ellipticity. Here we note that this result can be conveniently extended to a non-paraxial
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monochromatic field of continuously-distributed angular spectrum. Specifically, the gener-
alized polarization bases U and V in Equations (13) and (14) can be extended to [19]

1 e(k) .
V=12 // 2 ) explik - x)dkudky, 19
Vet (1) G expik - x)dkedk "
= 2% // ﬁ"( ) exp(ik - x)dkydky,

where e(k) is the scalar angular spectrum, unit-vector functions u(k) and v(k) denote the
polarization bases of the constituent plane wave, which are specified by the Stratton vector

as follows,
k Ixk

u:VX%, V:m

(20)
When I = I+, Equations (13) and (14) together with (19) give electromagnetic fields that
tend to be uniformly polarized in the zeroth-order paraxial approximation [17]. Whereas

when I = I, they give TM or TE modes [18] if « = < (1) > ora = < (1) > Generalized po-

larization bases (19) satisfy orthogonality condition (18) by virtue of Equation (20). Moreover,
they are equal in “magnitude”,

//U*~dedy - // V* . Vdxdy = % /|e(k)|2dkxdky.
0

In particular, expression (15) for the Poynting vector is still valid for the resultant non-
paraxial field.

4. Conclusions and Discussions

In conclusion, we showed that both superposition fields (3) and (7) can be expressed
by Equation (13). In particular, they have the same Jones vector « = ( (1) ) . Their Poynting

vectors are all given by Equation (15). They are only different in the Stratton vector that
specifies their generalized polarization bases. In the former situation, the generalized
polarization bases are specified by I'-. Whereas in the latter, they are specified by Ill. The
negative value of the z-component of the Poynting vector in the former field reflects the
concrete position-dependence of generalized polarization bases (16). We also showed
that expression (15) for the Poynting vector in terms of the generalized polarization bases
and the polarization ellipticity can be extended to non-paraxial monochromatic fields of
continuously-distributed angular spectrum.

As mentioned in Section 3, the Stratton vector was originally introduced as a mathe-
matical means to construct a representation for solutions to Maxwell’s equations in free
space. Its physical significance received little attention. Here, it is seen from Equation (19)
that once the Stratton vector is given, the generalized polarization bases are completely
determined by the scalar angular spectrum e(k). That is, the scalar angular spectrum
serves as the final factor that, in combination with the Stratton vector and the Jones vector,
fully determines the polarization, or the vectorial structure, of the electromagnetic field
described by Equations (13) and (14). Taking this into account, it may be concluded from
the discussions in Section 2 that the Stratton vector has an observable effect in the sense
that the z-component of the Poynting vector is converted from (5) into (9) by changing
only the Stratton vector from I'- into Ill. Such an effect is analogous to the so-called spin
Hall effect of light [21] in which the Stratton vector of the incident beam is changed by the
refraction at the interface of two dielectric media [22].
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In addition, Equation (15) represents a natural separation of the Poynting vector into
two parts. The first part is independent of the polarization ellipticity ¢, or the spin; the
second one is dependent on the spin. Interestingly, this representation for the Poynting
vector is the same as what was given very recently by Fernandez-Guasti [23] for electro-
magnetic fields that were constructed on the basis of Heaviside-Larmor symmetry [24].
As Fernandez-Guasti pointed out, the separation of the Poynting vector represented by
Equation (15) differs greatly from the one that was introduced by Bekshaev and Soskin [25]
for paraxial beams and generalized by Berry [26] to non-paraxial beams, which reads
gP = gfp + g5, according to [26], where

B C0G  Im(E* < E), gh = Sm(E" - v 21

gsp - 4w m( x )/ 8or = 2w m(E E) ( )
are called the spin and orbital flux densities, respectively. This is indeed the case. It is seen
that the two superposition fields discussed in Section 2 are all linearly polarized in the
sense that they all have vanishing polarization ellipticity, ¢ = 0. That is to say, they do
not have spin angular momentum. In agreement with this fact, Equation (15) tells that the
spin-dependent part of the Poynting vector vanishes in such a case. Whereas according to
Equation (21), the “spin flux density” in both of the two fields is not equal to zero. In the
first field (3), it is found to be

2k
gly" = <L sinf(cosk xcosk  y +cos b cos 2k x)z.

In the second field (7), it takes the form of

2k
gfg,” = Cz—wl sin 20[sin’ k|, x + sin®*k | y — (cosk | x + cosk , y)?2.

The fact that the Poynting vector (15) for non-paraxial fields described by (13) and (14) is the
same as the one given in Ref. [23] may imply that the Stratton vector determining the gen-
eralized polarization bases via Equations (19) and (20) is related to the Heaviside-Larmor
symmetry somehow. As a matter of fact, it can be seen from Equations (13) and (14) that
the two components of the generalized polarization basis, U and V, are connected with
each other by the Heaviside-Larmor duality transformation [23].

However, it should be emphasized that since polarization bases (10) make polarization
vector (11) perpendicular to the wavevector k;, superposition field (12) satisfies V- E = 0
whether the Jones vector of the constituent plane wave is the same or not. In fact, due to the
linearity property of Maxwell’s equations, all the plane waves that make up a superposition
field and therefore their polarization states are independent of one another. By this, it is
meant that an arbitrarily given non-paraxial electromagnetic field is in general a linear
combination of multiple parts. Although the generalized polarization bases of different
parts can always be specified by the same Stratton vector, their Jones vectors may be
different. The situation discussed by Katsenelenbaum in Ref. [2] is just one such example.
Letting Katsenelenbaum’s electric field be expressed by Equation (12), the polarization
vectors of its constituent plane waves assume

a; =7,
ap = —fcost +Zsind,
az = _y/

ay = jJcost? +Zsind.
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(The minus sign in front of § in a; was omitted in Ref. [2].) They can be divided into two
parts. One consists of a; and a3. Another consists of a; and ay4. It is not difficult to check
that if the polarization bases in both parts are specified by the same Stratton vector Il = 2,

0 -1
the Jones vector in the former is ( 1 ) and the Jones vector in the latter is ( 0 ) . The

description of the polarization of a more general non-paraxial electromagnetic field in terms
of the Stratton vector needs further discussions, which is beyond the scope of this paper
and will be presented elsewhere.
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