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Abstract

For light sources with a prescribed intensity distribution, the design of complex customized
illumination systems is challenged by limited control degrees of freedom and nonlinear
coupling in the source-target mapping. Existing mainstream methods are mostly based
on optimal transport theory, in which source-target mapping and lens modeling generally
involve second-order implicit partial differential equations (PDEs), leading to complex
formulations and difficult solutions. To address this issue, this paper proposes a first-order
iterative illumination design and simulation method based on a freeform surface-microlens
array. The method adopts a two-stage “collimation-shaping” stepwise energy mapping
strategy, sequentially performing beam direction normalization and irradiance distribution
reconstruction. This reduces the mathematical complexity of the system model and requires
only a first-order explicit iterative formulation for mathematical modeling. By virtue of the
stepwise decoupling mechanism, the lens surface profiles can be directly solved through
analytical mapping without relying on numerical iterative optimization. This mechanism
avoids the over-constraint of degrees of freedom that readily occurs in existing methods,
which must simultaneously handle beam control and irradiance reconstruction, thereby
enabling complex target irradiance distributions. Simulation results show that under full-
angle illumination, the system achieves an optical energy utilization efficiency of 90% and
an irradiance uniformity of 87% on the target plane.

Keywords: free-form surface; microlens array; mapping; illumination

1. Introduction

With the rapid advancement of optoelectronic technology, novel sources have been
widely applied in illumination, display, machine vision, and communications [1-3]. Laser
sources, characterized by high luminance, superior directionality, and small étendue, are
ideal candidates for high-precision, complex-pattern customized illumination. Lambertian
sources offer advantages of high luminous efficacy, long lifetime, and compact form factor.
Optical architectures combining these two source types with customized elements have
thus garnered increasing research interest [4-6]. In response to the distinct emission
characteristics of different sources and their application scenarios, various design methods
for optical elements have been proposed to realize prescribed irradiance distributions. From
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the perspective of design paradigm evolution, existing freeform optical design methods can
be broadly categorized into four types: numerical optimization, analytical formulations,
microlens arrays, and emerging data-driven approaches.

The numerical optimization approach is among the earliest proposed design methods.
Its core principle parameterizes the lens surface rather than directly solving the governing
ray equations, simulates ray transport via computer-based ray tracing, and iteratively
refines parameters through optimization algorithms until the merit function satisfies the
prescribed criteria [7]. The underlying logic comprises modeling, simulation, evaluation,
and iteration. For instance, Tang et al. [8] proposed a differentiable design method for
double-freeform lenses tailored to extended sources for arbitrary intensity distribution
shaping. By employing the sequential unconstrained minimization technique and the
Lagrange multiplier method, while incorporating geometric constraints including lens
volume, thickness, and source encapsulation, they realized a highly compact configuration.

Analytical formulations constitute a mainstream design methodology [9-11], funda-
mentally grounded in energy conservation. They establish a direct one-to-one mapping
between source angular coordinates and target-plane spatial coordinates, subsequently
reconstructing the freeform surface by solving partial differential equations. The under-
lying logic proceeds from energy conservation to mapping construction and surface syn-
thesis. Currently, the Monge—Ampeére equation has been widely adopted. For instance,
Wu et al. [12,13] proposed a freeform illumination design method based on the elliptic
Monge-Ampére equation with nonlinear boundary conditions, addressing complex three-
dimensional beam shaping without symmetry assumptions. Alternative formulations have
also been employed [14]. Xu and Su et al. [15] presented a freeform mirror design method
combining Poisson grid optimization and discrete cosine transform to reshape an incident
irradiance distribution into a prescribed target distribution.

The microlens array method typically functions not as a standalone approach but as
a complementary enhancement to the two methodologies [16]. Its procedure entails first
designing a macroscopic freeform surface to govern the overall spot profile, then superim-
posing a microlens array onto that surface. The overlapping imaging effect of the microlenses
serves to eliminate fringes, improve uniformity, and enhance system robustness. The un-
derlying logic proceeds from macroscopic form control to microscopic homogenization.
For instance, Desnijder et al. [17] proposed a method for designing luminance-diffusing
freeform lens arrays to address the trade-off between glare and intensity distribution control
accuracy in high-brightness LED lighting and validated their approach with a 7 x 7 freeform
lens array case study.

Data-driven training models constitute an emerging design methodology enabled by
advances in computational technology. The core principle entails training neural networks
on extensive known source-to-target irradiance data, allowing the network to learn the
nonlinear mapping from prescribed target distributions to freeform surface parameters.
Once trained, inputting a target distribution enables rapid synthesis of the corresponding
surface profile [18,19]. For instance, Zhu et al. [20] proposed a global optimization method
for ultra-compact aspheric lenses based on particle swarm optimization, addressing the
challenge of achieving uniform irradiance when high-power LEDs are employed in extreme
near-field illumination. Pan et al. [21] presented a physics-driven deep neural network
method for solving the Monge-Ampere equation under various boundary conditions.
Through multiple case studies, including Gaussian-to-flat-top beam shaping and specific
pattern generation, the effectiveness of their approach was validated, demonstrating the
substantial potential of a physics—Al hybrid-driven paradigm in optics.

Each of the methods presents distinct advantages and limitations. Numerical optimiza-
tion and data-driven training models offer flexibility and versatility but are prone to local
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optima entrapment and suffer from low computational efficiency. Conversely, analytical
formulations based on ray mapping provide high accuracy and efficiency yet must satisfy
the integrability condition, rendering the mathematical formulation complex. Combin-
ing multiple methods to achieve complementary strengths thus constitutes a promising
strategy [22,23]. For instance, Wei et al. [24,25] integrated analytical formulations with
numerical optimization, proposing a least-squares ray mapping approach that iteratively
refines mapping results derived from optimal transport theory, enhancing their consis-
tency with energy conservation and boundary conditions. This enabled the construction of
freeform lenses capable of generating complex illumination patterns. Zhang et al. proposed
and demonstrated a hybrid metasurface—freeform optical system for multi-focal-plane
augmented reality (AR) display [26,27].

Although the above hybrid design approaches simplify the design problem to varying
degrees and have achieved favorable results, they essentially still require simultaneous
wavefront control and irradiance reconstruction on a single surface [12,13] while satisfying
the integrability constraint on the ray mapping. This constraint implies that a second-
order implicit partial differential equation (PDE) inevitably arises, or that multiple iterative
optimization steps are required to ensure the integrability of the mapping [24,25]. This paper
proposes a hybrid optical design method that combines a freeform lens with a microlens
array. Through a stepwise strategy, the conversion from a point source to the prescribed
target irradiance distribution is decomposed into two independent steps: the freeform
lens first collimates and homogenizes the beam, and the microlens array then shapes the
beam into the desired distribution. This decoupled design can satisfy the integrability
constraint associated with the ray deflection in the second stage, thereby avoiding the
mathematical and computational difficulties that commonly arise. The proposed two-
stage strategy changes the mathematical nature of the subproblem associated with the
prescribed irradiance: after the first stage, the beam has been collimated, and the mapping
in the second stage is constructed on rotationally symmetric surfaces by means of a first-
order explicit point-to-point recurrence, without solving a complex second-order PDE and
without iterative procedures to enforce integrability. In other words, the novelty lies not in
the physical combination of freeform elements and a microlens array but in the restructuring
of the mapping problem enabled by this combination. Nevertheless, the generated patterns
still exhibit pixelation. Simulation results show that the method is effective for various
complex targets, including alphanumeric characters, graphics, and QR codes. Although
the lens configuration is relatively complex, it remains realizable with existing fabrication
technologies [28].

2. Design Method

To meet point-source illumination needs, this system has two modules. Module 1
converts rays from various directions into a collimated beam with uniform cross-section,
ensuring both parallel propagation and uniform distribution. It also satisfies the integrabil-
ity constraint under identical transverse or longitudinal transformations over unit areas.
Module 2 then uses this beam to produce the desired irradiance distribution on the target
(Figure 1).
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Figure 1. Optical layout of the two-module beam shaping system.

2.1. Design Principle and Method

The first module aims to convert a point source into a collimated and uniform beam,
subject to two independent constraints on wavefront direction and irradiance distribution.
According to PDE theory, a single freeform surface lacks sufficient degrees of freedom
to independently control both fields, and thus generally cannot achieve ideal collimation
and uniformity simultaneously. Nevertheless, under special conditions (e.g., Gaussian
sources in the Fresnel region), a single plano-convex lens has been shown to offer acceptable
performance [27]; this does not contradict our general analysis but highlights the gap
between theoretical limits and engineering compromises.

To address this inherent limitation, our Module 1 employs three rotationally symmetric
freeform surfaces (S1, S2, and S3) with alternating refractive indices, as illustrated in
the cross-sectional view of Figure 2b. A point source is located at the origin O, and the
optical axis coincides with the X-axis. The rays propagate through five refractive regions
(ny, 1y, nq,1,,17) and undergo three refractions. Specifically, the first surface, S1, acts as a
preliminary concentrator. It pre-compresses the large-angle rays (initial angle #) emitted
from the source to reduce their divergence (compressed angle u), thereby alleviating the
deflection burden on the subsequent surfaces; thus, S1 functions relatively independently.
Surfaces S2 and S3, on the other hand, form a tightly coupled shaping unit. S2 receives
the pre-compressed rays and redirects them, while S3 ensures that all emergent rays are
parallel to the optical axis. Together, they jointly perform collimation and homogenization
to produce a uniform irradiance distribution on the virtual plane. Because the surface
profiles of S2 and S3 are strongly interdependent to simultaneously satisfy the requirements
of ray direction control and energy mapping, they must be designed and solved together.

Free surface S.

Y_axis

Source_|

Imaginary Plane

Free su aginhry Plane
|

|

|

|

|
n |
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I
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Figure 2. Optical configuration of the first module: (a) 3D schematic; (b) the cross-sectional view.

All three freeform surfaces in the first module are rotationally symmetric. Hence,
only the generatrix requires determination during design, enabling modeling in a planar
Cartesian coordinate system. The design principle is illustrated in Figure 2: (a) shows a
3D schematic, and (b) shows the cross-sectional view. As shown in Figure 2b, the point
source is positioned at the origin O, with the optical axis coincident with the X-axis. The
three freeform surfaces, denoted S1, S2, and S3, are sequentially located to the right of the
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source. A virtual plane perpendicular to the optical axis is placed to the right of S3. Upon
transmission through the first module, all emergent rays are parallel to the optical axis,
producing a uniform irradiance distribution on this virtual plane. In Figure 2, the space is
partitioned into five refractive regions, designated from left to right as n,n, 1,1, and n. The
three freeform surfaces are constructed via a point-by-point numerical iterative method,
wherein the coordinates of the (i + 1)-th point are derived from the i-th point. For the i-th
ray emitted from the source, let the refraction points on the three freeform surfaces and
the intersection point on the virtual plane be P;(x}, 1), U; (x5, v5), Vi (x4, %), and T;(D, v5),
respectively. The angle between ray OP; and the optical axis is denoted as 6.

Referring to F1gure 2, the unit ¢ direction vectors of rays OP;, P;U;, U;V;, and V,T; are
obtained and denoted I, 1 12, 13, and 14, respectively. According to Snell’s law, the unit normal
vectors of surfaces Sl S2, and S3 at refraction points P;, U;, and V; are determined and

- -

denoted 47, a4}, and a3, respectively. From Figure 2 and Snell’s law, Equations (1) and (2)
are derived as follows:
T

- = = o\T OP Pu UV
(11112113114) = ( (1 0)) (1)
|OP1| |Piui| |UV|
R R R IR IR LT
(zi,z;,a;)T:(”2'If‘”1"j, I’If) @
ny - I, —nqy - Ll Iny - Iz —ny - Ll ny - Iy —ny- I

Since the normal vector is perpendicular to the tangent direction of its respective
surface, and the points P; and P, ;, U; and U;,, V; and V;,; are adjacent to each other,
Equation (3) can be obtained:

S = i i = T T
(al'PiPHl/ ay Uiy q, a3'ViVi+1> = (0,0,0) (3)

Based on the above information, the coordinates of P, ;, U,,, and V, ; can be further
solved. From the equation of the straight line OP, ,, the relationship between the abscissa
and ordinate of point P, ; can be obtained, as shown in Equation (4).

yi"—l = tan 9i+1 . xi"—l (4)

Combining the first fractions of Equations (2) and (3) with Equation (4) yields the
coordinate relation between P,,; and P;, i.e., the iterative relation for adjacent points on the
generatrix of freeform surface S1, as given in Equation (5).

a, 'yi+ﬂix -
uiv- tand,,,+ aj (5)

i+1 _ i+1
yit = tan 6y, - xg

i+1 _
X

The freeform surface S1 acts as a light concentrator. Therefore, a convergence coefficient
7 (0 < 7y < 1) is introduced, meaning that the angle between the refracted ray after passing
through S1 and the optical axis becomes 7 times the original angle, i.e., u; ., = 7 - 6;,4,
where u; is the angle between the straight line P;U; and the optical axis.

Then, applying the same iterative scheme as for S1 to freeform surface S2 yields its
adjacent-point iterative relation, as given in Equation (6).

yh+tan u;xit

y’“)"’“zx )
az Ctanu g +ah (6)

il _ il il il
Y5t = tan ulH(x —xi ) +y)

x12+1 ﬂzy (

Finally, the same scheme applied to S3 yields Equation (7) for its iterative relation.

a3,
=g+ (- s (7)
3

x
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In Equation (7), the vertical coordinate yéi“) of V. is not directly linearly related to
its horizontal coordinate xém); therefore, yém) is solved separately based on the source
intensity distribution and the virtual-plane irradiance distribution, as detailed below. Specif-
ically, the light source is characterized by an on-axis radiant intensity I, and a Lambertian
order m.

Light-emitting diodes (LEDs) are ubiquitous in daily life and industry. Given their
typical Lambertian emission, we model the illuminant as a Lambertian point source, charac-
terized by an on-axis intensity Iy and a Lambertian order m. Rays within the cone half-angle
0; are successively refracted by freeform surfaces S1-S3, yielding a uniform circular irradi-
ance pattern with irradiance E; and radius i on the target plane (Figure 3).

Y_axis

X_axis

| Y.axis

X_axis

Figure 3. Energy mapping: source angle to illuminated radius (Module 1).

Based on the conservation of étendue, the luminous flux of the source within the cone
half-angle §; is calculated from both the source side and the illuminated area side, yielding
the equality relationship shown in Equation (8).

{ D4y = o7 dp )" Iocos™Bsin 66 ®
Dy = Iy Eo - 27tydy
For the case m = 1, substituting this value into Equation (8) yields %, as given in

Equation (9), where 6,,,,, denotes the maximum emission half-angle of the source, and R,
is the radius of the largest uniformly illuminated circular area on the target plane.
sin 6,

i

Y3 = Ryax (9)

sin 6,,,,.

Equation (9) shows that, for a rotationally symmetric mapping, the target radius
depends only on the polar angle of the emergent ray while the azimuthal angle remains
unchanged; the mapping therefore reduces to an explicit radial function in the meridional
plane. Within each sub-aperture, the corresponding surface profile can be represented
as a height function, whose gradient defines the surface normal field. Consequently, the
integrability condition within each sub-aperture is satisfied by construction.

2.2. Microlens Array Design (Module 2)

The second module is a microlens array that splits the collimated uniform beam into
sub-beams, each directed by a microlens to a prescribed target position, forming a basic
illumination unit of fixed size and known irradiance. The superposition of these units—
analogous to pixel arrangement—synthesizes any desired irradiance distribution. Thus, the
array converts the uniform beam into a tailored beam meeting the specifications.

The design procedure is identical for all microlenses; thus, a single microlens is taken
as representative to illustrate the design process (parameters defined herein are confined
to this discussion and remain independent of other sections). As shown in Figure 4, the
dashed red box outlines a schematic of the front and back surfaces of the microlens. The
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front surface is planar and coincides with the XOY plane; thus, a collimated beam normally
incident on this surface undergoes no refraction. The back surface, on the other hand, is a
freeform surface S, which determines the deflection direction of the beam. The refractive
index of the lens is n,, while that of the surrounding medium is n;. The incident beam
is collimated uniform illumination with a rectangular cross-section of dimensions ¢ x d;
the coordinates of its lower-left corner are (a, b, 0). Here, c and d denote the microlens
sizes in the X and Y directions, respectively. Upon refraction by the freeform surface, the
beam forms a rectangular uniform spot on the target plane (defined by z = L). The spot
has dimensions C x D, and its lower-left corner coordinates are (A, B, L). Here, C and D
denote the target area sizes in the X and Y directions, respectively.

Y _axis

posterior surface,
FreesurfaceS Y gxis

Anterior surface projection \L -

X _axis

Figure 4. Schematic diagram of the principle of a single microlens.

The freeform surface S is constructed via a point-by-point iterative method. Let the
intersection of the j-th incident ray with the freeform surface be M]»(xj, Y, z]-) and the corre-
sponding point on the target plane be P; (Xj, Y;, L). The points corresponding to the adjacent
ray are M, and P; 4, respectively. To establish the correspondence between the incident
beam and the illuminated region, an appropriate mapping must be determined. Since the in-
cident beam is a collimated uniform rectangular beam and the illuminated region is likewise
rectangular and uniform, a linear mapping follows naturally from étendue conservation, as
expressed in Equation (10). Essentially, this linear mapping partitions the uniform circular
spot from the first stage into sub-apertures according to the microlens aperture size and
applies linear scaling along the x or y direction within each sub-aperture. Because the
Jacobian of this axis-aligned linear mapping is constant and its curl vanishes, integrability is
preserved within each sub-aperture. The global mapping is therefore piecewise integrable,
with continuity satisfied across adjacent sub-aperture boundaries. The method is therefore
applicable only to target distributions that admit such a partition—the pixelated output
being a direct consequence of this partition—and not to arbitrary mappings on a single
global surface. For target distributions that cannot be adequately represented by such a
partition, a finer microlens pitch or additional optimization steps would be required.

X,—A Xi—a Xj—a
{f =17 {ijc’ +A

C c
Y;~B _ y-b = Yj _ Dy,d_—b +B (10)

D d

Based on the above conditions, the unit direction vectors of the incident ray and the

outgoing ray, I; and R;, can be obtained. Then, based on Snell’s law, the unit normal vector
N ; of the freeform surface S at point M; is obtained, as shown in Equation (11),

— —

=00 wR -,
I—é _ pri = N] = — (11)
77 M| |"1RJ' —ml;
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Since the normal vector is orthogonal to the tangent direction, and point M; is adjacent
to M]»H, we have

Combining Equations (11) and (12) yields the coordinate relationship between M;_,
and M;, i.e., the iterative relation between adjacent points on freeform surface S, as expressed
in Equation (13). With this iterative relation, the surface data of freeform surface S can be
constructed point-by-point given an initial point.

N; N;
Z =7+ N_Z(xf %) + N—Z(%‘ ~Yjs1) (13)

Physically and geometrically, Equation (13) embodies a local tangent-plane approxi-
mation, assuming piecewise linearity between adjacent discrete points. These local tangent
planes are iteratively stitched together to reconstruct the smooth freeform surface. Mathe-
matically, this approach is equivalent to a first-order explicit PDE formulation.

The microlens aperture has no theoretical upper bound; pattern complexity is governed
mainly by the number of microlenses. In practice, it is constrained by two factors: the source
étendue and collimation quality, which determine the uniformity of the sub-beam incident
on each microlens, and the fabrication process, which sets the minimum feature size and
aspect ratio. The millimeter-scale aperture adopted here is compatible with diamond
turning, injection molding, and UV nanoimprint lithography. The design method itself
imposes no lower bound on feature size; the practical minimum is dictated by the selected
fabrication process.

3. Simulation Results and Preliminary Analysis
3.1. Lens Modeling

To verify the final irradiance distribution of the designed optical configuration, a three-
dimensional model of the constituent lenses was constructed following the design method.
MATLAB (2025a) was employed to generate code for solving the lens model data. Subse-
quently, SolidWorks 2018 was used to build the lens model, and the optical simulation soft-
ware TracePro was utilized to perform ray tracing and analyze the irradiance distribution.

Based on the optical design parameters, a configuration comprising three lenses was
constructed, as shown in Figure 5. The refractive index of the selected lens is n = 1.52521
at the test wavelength. The source is modeled as a Lambertian emitter with a half-angle of
1t/2, emitting over the full solid angle, and the wavelength is set to 500 nm.

Figure 5 illustrates the design of a dual-lens illumination system. The first module
(subfigure (a), Len 1, and subfigure (b)) transforms the Lambertian source into a uniform
collimated beam, while the second module (subfigure (c)) is responsible for reshaping the
collimated beam into a specific pattern. Due to the matching planar interfaces, lens (b)
and module (c) are integrated into a single lens, Len 2 (subfigure (e)), thereby simplifying
the system from three elements to two. The optical simulation, as shown in subfigure (d),
demonstrates that the light successfully projects a clear ‘1314520 image onto the receiving
plane, preliminarily validating the feasibility of the proposed design.
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Figure 5. Lens model and optical path simulation: (a) front lens with freeform surface; (b) rear
lens with freeform surface; (¢) microlens array; (d) ray tracing simulation optical path diagram;
(e) combined lens.

3.2. Preliminary Analysis

To verify the feasibility of the proposed design method, the above optical model
was imported into simulation software to obtain the irradiance distribution maps on the
illumination plane and the corresponding cross-sectional irradiance distribution curves for
quantitative evaluation. Two cases were employed for simulation verification.

In Case 1, the incident collimated uniform beam was segmented into 64 sub-regions
(A1, A2, A3, ..., A64 in Figure 6a), which correspond to 64 sub-regions in the target region
(B1, B2, B3, ..., B64 in Figure 6b), respectively, together with one peripheral boundary
region, forming the pattern “1314520” on the illumination plane. The simulated irradiance
result and the cross-sectional irradiance distribution curve are shown in Figure 6¢. In Case
2, the collimated uniform beam was segmented into 58 sub-regions and one peripheral
boundary region, and the target pattern was “ECJTU”. The sub-region division scheme and
simulation results for this case are shown in Figure 7, and the layout format is consistent
with that in Figure 6.

Irradiance( W/m?)
omNwaGS N

AT =16#
%00 400 -300 -200 00 0D 200 300 400 600 "’:j’""‘:‘“'/;’“) -
=
=4
(@)
__B1-B64 __

|

(Ww)A-uonisod
005 00F O0OE 00Z OOT O 00T- 00Z- 0OE- 0OV~ 00S-

(b) ©

Figure 6. Mapping and simulation (Case 1): (a) division of the incident beam; (b) division of the
target region; (c) irradiance map.
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Figure 7. Mapping and simulation (Case 2): (a) division of the incident beam; (b) division of the
target region; (c) irradiance map.

From the irradiance distributions shown in Figures 6 and 7, it can be observed that
the irradiance gradient between the low- and high-irradiance regions changes abruptly,
forming sharp light-dark cutoff boundaries and thus endowing the characters with high
visual contrast. Overall, the target character patterns are clearly legible, with no evident
localized over-bright or over-dark regions, indicating that the constructed lens model can
achieve the prescribed complex irradiance distribution. This validates the effectiveness of
the proposed design method.

3.3. Engineering Error Analysis

To evaluate the tolerance of the system to practical assembly errors, tolerance simula-
tions were conducted in three dimensions: light source size deviation, position deviation,
and angular deviation. Using the control-variable method, each parameter was set at six
levels: light source diameters of 0, 0.1, 0.2, 0.3, 0.4, and 0.5 mm; angular deviations of 0°, 1°,
2°, 3% 4°, and 5°; and position deviations of 0, 40, 80, 120, 160, and 200 pm (the light source
diameter was fixed at 0.2 mm in the angular and position deviation tests). The number of
traced rays was 2 x 10°, and the working distance was 2500 mm.

The evaluation metrics are defined as follows: uniformity U (further subdivided into
pattern-region uniformity U, and boundary-region uniformity U, defined as the ratio of
average to maximum irradiance), utilized to evaluate the absolute flatness of the illumination
spot; energy utilization efficiency E (defined as the ratio of the luminous flux received on
the target to the luminous flux emitted by the source); and the contrast ratio (CR), defined
as the ratio of the average irradiance within the main illuminated pattern to that within the
peripheral boundary region.

The simulation results for both cases are summarized in Tables 1 and 2 and are also
visualized as line charts in Figures 8 and 9. Figures 8a—c and 8c—f illustrate the variation
curves of uniformity and energy efficiency for Case 1 and Case 2, respectively. Figure 9a,b
depict the variation curves of the contrast ratio for Case 1 and Case 2.

Based on the simulation data and trend-line analysis under the two deviation con-
ditions, it can be concluded that among the three types of deviations, angular deviation
imposes the most significant impact on system performance, followed by source size devia-
tion, while positional deviation has the least influence.

First, regarding energy efficiency, the energy utilization efficiency E for both design
cases remains around 92% under all deviation conditions, with a fluctuation of less than 1%.
This stability arises because the misaligned beam remains within the clear apertures and
the target plane is much larger than the pattern, so flux spillover is negligible. This indi-
cates that the designed lens structure maintains a stable luminous flux collection capability
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across the entire illumination angle range, and assembly errors do not cause apprecia-
ble energy leakage, thereby demonstrating the high robustness of the design in terms of
energy efficiency.

Second, in terms of uniformity, as the source size, tilt angle, and positional deviation
increase, the uniformity metrics U, and U, exhibit varying attenuation. Specifically, when
the source diameter increases from 0 to 0.5 mm, U, and U, for Case 1 decrease from 87.40%
and 85.09% to 79.04% and 79.87%, respectively; while those for Case 2 decrease from 85.40%
and 85.41% to 75.26% and 75.30%, both remaining above 75%. This verifies that the lens
possesses a certain tolerance to variations in source size. When the angular deviation
reaches 5°, U, and U, for both cases remain in the range of 73-77%. Furthermore, even
under a positional deviation of 200 pm, the uniformity remains above 80%.

Table 1. Comparison of simulation results for performance metrics under different deviations (Case 1).

Dimensional Deviation

0 0.1 mm 0.2 mm 0.3 mm 0.4 mm 0.5 mm
U, (%) 87.40 86.44 84.71 83.77 81.23 79.04
U, (%) 85.09 83.14 82.47 83.46 81.38 79.87
E (%) 92.43 92.41 92.42 92.43 92.42 92.42
CR 241 2.40 2.40 2.37 2.36 2.33
Angular Deviation
0° 1° 2° 3° 4° 5°
U, (%) 84.19 83.89 82.68 79.46 76.99 76.11
U, (%) 83.80 82.54 77.38 75.81 73.47 73.08
E (%) 92.41 92.43 92.41 92.43 92.42 92.41
CR 2.40 2.39 2.36 2.32 2.25 2.15
Positional Deviation
0 0.1 mm 0.2 mm 0.3 mm 0.4 mm 0.5 mm
u, (%) 84.46 84.07 83.49 82.92 83.05 82.42
U, (%) 83.28 83.49 82.86 82.71 82.55 82.00
E (%) 92.43 92.42 92.42 92.40 92.42 92.43
CR 2.39 2.39 2.37 2.35 2.39 2.37

Table 2. Comparison of simulation results for performance metrics under different deviations (Case 2).

Dimensional Deviation

0 0.1 mm 0.2 mm 0.3 mm 0.4 mm 0.5 mm
u, (%) 85.40 84.85 83.04 80.62 78.01 75.26
u, (%) 85.41 84.35 83.91 81.25 79.54 75.30
E (%) 92.43 92.42 92.42 92.40 92.42 92.38
CR 3.40 3.39 3.37 3.29 3.13 291
Angular Deviation
0° 1° 2° 3° 4° 5°
U, (%) 84.04 83.86 82.81 81.50 79.69 77.91
U, (%) 84.04 81.02 79.36 78.17 74.62 72.21
E (%) 92.42 92.42 92.41 92.42 92.43 92.41
CR 3.37 3.32 3.29 3.25 3.19 3.06
Positional Deviation
0 0.1 mm 0.2 mm 0.3 mm 0.4 mm 0.5 mm
U, (%) 84.26 83.61 83.56 83.92 82.95 82.88
U, (%) 84.04 83.54 83.90 82.71 80.59 81.22
E (%) 92.43 92.42 92.43 92.46 92.48 92.31
CR 3.37 3.37 3.37 3.34 3.33 3.30
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Figure 8. Variation curves of system energy efficiency and uniformity with respect to source size
deviation, angular deviation, and positional deviation. (a) Effect of light source size (Case 1); (b)
Effect of tilt angle (Case 1); (c) Effect of light source position (Case 1); (d) Effect of light source size
(Case 2); (e) Effect of tilt angle (Case 2); (f) Effect of light source position (Case 2).
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Figure 9. Contrast ratio versus deviation level: (a) Case 1 and (b) Case 2.

Finally, regarding the contrast ratio (CR), Case 1 is most sensitive to angular deviation.
Under the nominal condition, the CR is maintained at 2.40, but it drops to 2.15 when the
angular deviation reaches 5°. The impacts of source size and positional deviations on CR
are relatively low, with CR remaining above 2.3. For Case 2, the source size deviation
imposes the most significant impact: the CR decreases from 3.40 under nominal conditions
to 2.91 when the source size increases to 5 mm. The sensitivities to angular and positional
deviations are lower, with CR remaining above 3.0. Notably, the positional deviation has
virtually no effect on the CR for Case 2.

Additionally, to demonstrate generality, a high-frequency OR code and an irregular
Chinese character were simulated (Figure 10), exhibiting sharp boundaries and high fidelity.

In this work, the energy utilization efficiency E is defined as the ratio of the luminous
flux received on the target plane to the luminous flux emitted by the source. The reported
E is a geometric ray-tracing efficiency: the lens material is assumed to be non-absorbing,
and the air—dielectric interfaces are assumed to be free of reflection losses in the TracePro
model. Consequently, the simulated E quantifies the geometric flux collection and delivery
capability of the designed configuration, rather than the absolute radiometric throughput
of a fabricated system. Fresnel reflection and material absorption are discussed separately
in Section 4.
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(b)

Figure 10. Simulated irradiance distributions of complex patterns: (a) a QR code encoding “OPTICS”;
(b) Chinese characters “H[E”.

4. Discussion

From the above simulation results, a comparison of MA [12], Multi-level SRBFs [8],
and SRM [25] is given, with a summary in Table 3.

Table 3. Qualitative comparison of design paradigms.

Method Formulation Solver Construction Structure Target Type
MA 2nd-order PDE Global PDE solve Concise Smooth
ML-SRBFs Algebraic Global Iterative Concise Extended
SRM 2nd-order PDE Global Iterative Concise Complex
Proposed 1st-order Explicit Point-by-point Complex Pixelated

Unlike MA, SRM, and multilevel SRBFs, which are typically formulated as second-
order implicit PDE problems and solved iteratively, the proposed method uses a first-order
explicit recurrence for the decoupled subproblem after collimation. This does not imply
lower computational cost for the original coupled problem or numerical superiority under
identical settings. The trade-off is a more complex lens configuration with multiple freeform
surfaces and a microlens array, increasing alignment and fabrication complexity. Table 3 is
therefore a structural and problem-formulation comparison, not a numerical-performance
ranking; literature-reported efficiency and uniformity are not directly comparable and are
not used for ranking.

Compared with analytical ray-mapping methods that presuppose integrability and
often require a second-order solve or iterative mapping correction, the proposed recurrence
is not an alternative solver for the same constrained problem; it addresses the second-stage
subproblem after collimation has been removed. The first-order form is a consequence
of decoupling, not an approximation to the coupled second-order solution. Within each
microlens sub-aperture, the linear mapping is integrable by construction, and inter-sub-
aperture discontinuities are intentional for pixelated targets.

The additional surfaces and microlens array also introduce Fresnel losses not included
in the geometric efficiency reported in Section 3.3. For n = 1.52521, a single air—dielectric
interface has R ~ 4.3%; for four interfaces, the uncoated Fresnel throughput is approxi-
mately 83.8%, whereas AR coating can reduce the per-interface loss to below 0.5% and raise
the total throughput above 97%. This throughput trade-off is noted as a practical limitation
of the proposed multi-surface configuration.

5. Conclusions

To address the inherent trade-off faced by conventional single-stage freeform surface
design in simultaneously achieving high optical energy utilization and uniform illumina-
tion, this paper proposes a first-order iterative illumination design and simulation method
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based on a freeform surface-microlens array. The scheme adopts a stepwise design strategy
that decomposes the complex beam shaping problem under a point light source into two
independent subtasks: collimation and secondary shaping. By decoupling the collimation
function from the pattern-generation function, the design fundamentally circumvents the
constraint of strict integrability in single-stage mapping, significantly reducing the com-
plexity of mathematical modeling and numerical solution. Simulation results show that the
proposed method achieves a geometric optical efficiency of 90% and an irradiance unifor-
mity of 87% under full-angle illumination. As a simulation-only study without experimental
fabrication or optical characterization, the reported efficiency is a geometric ray-tracing
efficiency excluding Fresnel reflection, material absorption, and spectral dispersion, and
thus represents a geometric design upper bound rather than an experimentally achieved
performance. Fabrication and optical characterization will be addressed in future work.
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