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Abstract

In Dicke superradiance, N identical two-level atoms in a small volume share one collective
excitation ladder, and the ensemble discharges in a delayed burst whose peak grows
in accordance with N2 rather than N. Real emitters, however, usually have more than
two levels. When such an ensemble radiates cooperatively, its multiple decay channels
interact rather than simply add up. This mini-review covers recent work that solves this
interaction exactly for three-level atoms. We first recall the two-level benchmark: its
exact delay statistics, their Gumbel-distributed fluctuation, and the resulting 21.7% deficit
of the ensemble-averaged peak below the semi-classical estimate. The master-equation
framework developed by Agarwal and Cho, Kurnit and Gilmore, on which the three-
level results rest, comes next. The main part surveys three published papers, one for
each of the three dipole-allowed three-level configurations. In the cascade, two emission
pulses are correlated through an inherited timing. In the shared-source configuration, two
channels compete for one atomic reservoir; for equal rates, as shown by Holzinger et al.,
this competition produces an exactly uniform terminal distribution, as in a Pólya urn. In the
shared-sink configuration, two dynamically independent groups of atoms merge exactly
into a single collective burst of the combined ensemble. We call this superradiant synthesis.

Keywords: Dicke superradiance; collective spontaneous emission; three-level atoms; cooperative
decay; Pauli master equation; two-mode superradiance

1. Introduction
1.1. What This Mini-Review Is About

Leave an excited atom alone in the vacuum, and it decays exponentially, regardless of
whether other excited atoms are nearby. Dicke showed in 1954 [1] that this picture breaks
down once the atoms are close enough to share the same radiation field. The vacuum
then couples the atoms, and instead of N independent emitters, the ensemble behaves
as one quantum system, with its own ladder of collective states. An initially inverted
sample discharges in a single burst that is delayed, short, and intense, with a peak power
proportional to N2 rather than N. The effect is called superradiance when the sample
starts with a macroscopic dipole and superfluorescence when the dipole builds up from
vacuum noise. It has been studied extensively ever since [2–10], and it was confirmed
experimentally within two decades of its discovery [11].

Photonics 2026, 13, 933 https://doi.org/10.3390/photonics13100933

https://crossmark.crossref.org/dialog?doi=10.3390/photonics13100933&domain=pdf&date_stamp=2026-10-01
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/photonics
https://www.mdpi.com
https://orcid.org/0000-0003-0430-7256
https://doi.org/10.3390/photonics13100933


Photonics 2026, 13, 933 2 of 16

Almost all of this founding work treats atoms with only two internal levels, and the
reason is technical. A symmetrically prepared ensemble of N identical two-level atoms has
only N + 1 collective states available. What looks at first like an intractable 2N-dimensional
many-body problem collapses into a one-dimensional random walk. Real emitters, though,
are rarely two-level systems. A rare-earth ion, an alkali atom, a perovskite nanocrystal,
and a color centre each have several allowed optical transitions, not one. When such an
ensemble radiates cooperatively, its transitions do not simply add up. They interact through
the atomic populations they share, and how they interact depends on how the transitions
are connected. The multi-level version of the Dicke master equation was established in the
1970s by Agarwal [12,13]; Agarwal and Trivedi [14]; and Cho, Kurnit and Gilmore [15,16].
That work built on the atomic coherent-state methods developed by Arecchi et al. [17]. To
our knowledge, what was still missing almost five decades later was an exact solution for
a specific and complete set of few-level wiring patterns. This work set up the multi-level
master equation and solved it only approximately for particular configurations (mean-field
or noise-free Langevin equations) [14,15], but it did not give exact, mode-resolved timing
statistics (the delay of each emission mode and its fluctuation) for each dipole-allowed three-
level configuration; these, together with the running delay and fluctuation of Equation (5)
[18], are what the papers reviewed here add.

Here, we review work that fills this gap for atoms with three internal levels. We do
not re-derive the results. Our aim is to set five papers (three published, two posted on the
arXiv) side by side and to connect them to the classic and early literature they build on.
Two-level Dicke superradiance comes first, since every multi-level result that follows is
measured against it. Three-level atoms have three dipole-allowed wiring patterns. In a
cascade (ladder), the atom descends through two transitions in sequence [18]. When the
two transitions share an upper level (the Λ configuration), they compete for one atomic
reservoir and can be tuned against each other [19]; when they share a lower level (the
V configuration), two initially separate groups of atoms merge into a single collective
burst [20]. Below, we call the Λ and V configurations shared-source and shared-sink because
these names state directly which level the two channels share. Two companion papers go
further, and we cite both throughout. One gives closed-form (Bateman-type) solutions,
i.e., sums of exponentials of the kind Bateman obtained for radioactive decay chains [21],
for every atomic population in all three three-level wiring patterns at once [22]. The other
extends the same master-equation approach from three levels to four and treats all seven
dipole-allowed four-level wiring patterns with a single rate equation [23]. We use plain
terms such as “two-level atoms” and “three-level atoms” instead of the group-theoretic
labels SU(2) and SU(3), except when a result cannot be stated precisely without them.

1.2. Why Now?

We can see two reasons for writing this survey now. One is experimental: cooperative
emission is no longer confined to the dilute-gas laboratory; it now appears in a wide
range of condensed-matter and cold-atom platforms. Examples include room-temperature
superradiance from single diamond nanocrystals [24] and superfluorescence from lead–
halide perovskite quantum-dot superlattices [25] and from hybrid perovskite films at
high temperatures (even room temperature) [26–29]. It has also been seen in steady-
state superradiant lasing with less than one photon in the cavity [30], in the millihertz
strontium clock transition [31], and in superradiant bursts from ordered atomic arrays
[32,33]. Superradiant bursts have also been observed in a cascaded (chiral) quantum
system of atoms coupled with an optical nanofibre [34], and the emergence of second-order
coherence during superradiant and superfluorescent emission has recently been measured
[35,36]. Collective emission also underlies superradiant phase transitions, ranging from
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the cavity experiments of Baumann et al. [37] to a non-equilibrium superradiant phase
transition in free space [38]; these driven, steady-state phenomena are outside the scope of
this review.

Closest to the cascade case are two other sets of experiments: macroscopic coherence
formed under incoherent pumping, together with cascade superfluorescence, in rare-earth-
doped crystals [39,40], and picosecond- and femtosecond-pumped superfluorescence in
alkali vapors [41–46]. The Er:YLF experiments produce a pair of correlated bursts from a
three-level cascade, and the theory in Section 4 has to account for that.

The other reason is conceptual. Collective decay can be understood as probability
flow among the joint occupation states of the atoms, and once it is understood this way,
the natural question changes. It is no longer “what does superradiance look like?” but
“what does a given pattern of decay channels do?” A cascade correlates two pulses; a
shared-source configuration makes two channels compete; and a shared-sink configuration
lets one channel donate collective enhancement to the other. Three-level atoms are the
smallest system in which this question has a nontrivial answer. The electric-dipole selection
rule permits exactly three non-equivalent wiring patterns for a three-level atom, so the
answer can be given for every case: one paper, one configuration. This completeness is why
we read the three papers reviewed here as one trilogy rather than three separate results.

1.3. Scope

This mini-review covers two-level Dicke superradiance and the three dipole-allowed
three-level configurations: the cascade, the shared-source configuration, and the shared-
sink configuration [18–20]. We state results; we do not re-derive them. We also summarize
the master-equation framework behind all three papers, following Agarwal [12,13] and Cho,
Kurnit, and Gilmore [15]. To keep the review short, two closely related papers are cited but
not covered in detail: a time-resolved, channel-by-channel account of the dynamics of every
three-level configuration [22], and the extension of the same master-equation program
from three levels to four [23]. Full derivations, worked examples, numerical checks, and
experimental context for every result summarized here are in the original papers. Our
purpose is narrower: to state what each paper established, and to show how the five results
relate to one another and to the founding two-level theory developed by Dicke, Agarwal,
and Cho. This review is therefore focused on one exactly solvable line of work rather than
on the whole field of cooperative emission.

All results reviewed here were obtained in the small-sample, permutation-symmetric
(Dicke) limit, in which every atom couples identically to the radiation field. Real extended
ensembles depart from this limit: resonant dipole–dipole interactions produce collective
frequency shifts and can break permutation symmetry; spatially dependent couplings and
the sample geometry select preferred emission directions; and in optically thick media,
propagation effects reshape the pulses [7,8,32,47]. These effects are an important part of
modern superradiance physics and are not treated here. The exact results below should
therefore be read as a small-sample benchmark, not as quantitative predictions for extended
media; in particular, the comparison with the Er:YLF cascade experiments in Section 4.1
is qualitative, and a quantitative test would require accounting for propagation in the
extended crystal.

1.4. Organization of This Mini-Review

Section 2 recalls the two-level benchmark: the collective jump operator; the Pauli-type
master equation of Bonifacio, Schwendimann, and Haake [3,4]; the exact delay statistics
of Lee [48,49]; and the Gumbel form of their fluctuation. Section 3 summarizes the shared
framework (occupation states, collective operators, and the Pauli-type rate equation) on
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which the three-level results are built. The core of this review is Section 4, which addresses
the cascade, shared-source, and shared-sink configurations in turn; states the main result
of each published paper; and compares the result with the two-level benchmark. Sec-
tion 5 closes with a short synthesis and points ahead to the edge-flux (bond-by-bond flow,
Section 3) and four-level extensions.

2. The Two-Level Benchmark
We begin with the two-level case, which supplies the reference numbers for Section 4.

2.1. From One Atom to N Atoms

A single two-level atom has an upper state |1⟩, a lower state |2⟩, and a transition
frequency ω. It decays into the vacuum at the Einstein rate Γ = ω3|d12|2/(3πε0h̄c3). Now,
place N such atoms within a region that is small compared with the wavelength—the
small-sample, or Dicke, limit. Every atom then couples to the same field mode with the
same phase, so the vacuum cannot tell them apart. In accordance with Dicke’s work [1], the
N separate lowering operators are replaced by one collective operator, J− = ∑i σ

(i)
− . This

gives an equation of motion for the atomic density matrix ρ in Lindblad form, the standard
form for decay into a memoryless environment:

dρ

dt
=

Γ
2
(︁
2J−ρJ+ − J+ J−ρ − ρJ+ J−

)︁
. (1)

This equation was first written down by Agarwal [12] and Bonifacio, Schwendimann, and
Haake [3,4]. Because J− is a sum over atoms, the quadratic terms in Equation (1) contain
cross terms σ

(i)
− ρ σ

(j)
+ with i ̸= j: one atom emits while a different atom absorbs the emitted

amplitude. These cross terms are the whole difference between collective and independent
decay: without them, Equation (1) would simply describe N atoms decaying on their own.

2.2. The Dicke Ladder and the Pauli Master Equation

The operators J+, J−, and Jz =
1
2 ∑i σ

(i)
z obey the same algebra as an angular momen-

tum. An ensemble prepared symmetrically (every atom treated the same way at t = 0)
therefore stays on a single ladder of N + 1 collective states for the rest of its evolution:
the Dicke ladder |J, M⟩, with J = N/2. We relabel these states by occupation numbers,
namely, q1 = J + M (the number of atoms in |1⟩) and q2 = J − M (the number in |2⟩). In
this notation, the action of J− on these states is

J−|q1, q2⟩ =
√︂

q1(q2 + 1) |q1 − 1, q2 + 1⟩. (2)

Of the two factors that set the emission rate, q1 just counts the atoms that can still emit.
The other, q2 + 1, is a bosonic enhancement: the more atoms have already decayed into
the collective mode, the faster the remaining atoms are stimulated to follow. This factor
drives every burst in this mini-review. A short calculation from Equation (1) shows that the
level populations, Pn = ⟨q1 = n|ρ|q1 = n⟩, obey a closed equation of their own, with no
dependence on the off-diagonal (coherence) terms of ρ:

dPn

dt
= I(n + 1)Pn+1 − I(n)Pn, I(n) ≡ Γ n (N − n + 1). (3)

This is the Pauli-type master equation of Bonifacio, Schwendimann and Haake [3,4]. In
Dicke’s notation, with n = J + M, the rate is I(n) = Γ(J + M)(J − M+ 1); the normalization
of Γ used throughout is stated in Remark 1 (Section 3). Equation (3) describes a one-way
(pure-death) classical random walk, shown in Figure 1. It is what makes the problem
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solvable: both the two-level case here and the multi-level case in Section 3 reduce to
ordinary probability theory instead of a brute-force many-body quantum calculation.

8 1 7 2 6 3 5 4 4 5 3 6 2 7 1 8

n =

cooperative rate I(n) = n (N n + 1)(a)

8 7 6 5 4 3 2 1 0

1 2 3 4 5 6 7 8
rung n (number of atoms still excited)

0.000

0.025

0.050

0.075

0.100

0.125

dw
el

l t
im

e
=

1/
I(

n) the first and last rungs
dominate the total delay

(b)

Figure 1. The Dicke ladder as a one-way random walk, with N = 8. (a) The cooperative rate
I(n) = Γn(N − n + 1) is largest in the middle of the chain and smallest at the two ends. (b) The mean
dwell time 1/I(n) on each rung. The delay in the burst is the sum of the dwell times over the upper
half of the chain, and this sum is dominated by the first few rungs: the ensemble waits for the first
few photons and then avalanches.

2.3. Delay, Fluctuation, and Peak

Equation (3) is a pure-death process, so the waiting time on each rung is exponentially
distributed and independent of the waiting times on all other rungs. The time to reach
the half-inverted rung is the superradiance delay, τD. It is therefore a sum of independent
exponential random variables, and its mean and variance are known exactly [48–50] (see
Refs. [51,52] for recent analytical treatments of the same master equation):

τD =
HN

Γ(N + 1)
=

E0 + ln N
ΓN

[︁
1 + O(N−1)

]︁
,

σD
τD

=
π√

6 (E0 + ln N)
. (4)

Here, HN is the Nth harmonic number, and E0 = 0.5772 . . . is the Euler–Mascheroni
constant. The relative fluctuation shrinks only logarithmically with N: at N = 200, it is still
22% of the delay. Superradiance is a macroscopic effect, yet its timing stays uncertain at the
level of single photon-emission events. Lee showed that the rescaled delay converges to a
Gumbel distribution [53,54], the standard statistical law for the maximum (or, here, the last)
of many random events: Prob(ΓNτD − ln N ≤ x) → exp(−e−x). Rényi’s representation
[55], which writes the maximum of N independent unit exponential variables as the sum
∑N

k=1 Ek/k of independent unit exponentials Ek weighted by 1/k, makes this result precise,
because for a large N, the delay τD is dominated by terms of exactly this form. The
same fluctuation was measured by Vrehen and co-workers [56,57] and by Crubellier et al.
[58]. If one averages the familiar semi-classical sech2 pulse shape [8,9] over this Gumbel-
distributed delay, the ensemble-averaged peak comes out to ≈0.1957 N2Γ, not the textbook
value N2Γ/4. The 21.7% reduction comes from the random timing alone: averaging copies
of the same pulse shifted by random delays can only lower the peak. Figure 2 collects these
benchmarks, against which every three-level result in Section 4 is measured.
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Figure 2. The two-level benchmarks. (a) Normalized bursts: rescaling time by NΓ collapses the
curves, except for the slow logarithmic drift of the delay. (b) Peak intensity against N2, which is
about 21.7% below the semiclassical dashed line N2Γ/4. (c) The time of the peak (dots), compared
with the mean delay (E0 + ln N)/(ΓN) (dashed) and with (ln N + 0.3297)/(ΓN) (solid), the peak
time of the Gumbel-averaged sech2 pulse. The peak comes earlier than the mean delay because the
averaged pulse peaks between the most probable delay, ln N/(ΓN), and the mean delay. (d) The
exact delay standard deviation, rescaled by N, approaching π/

√
6.

Section 4 also makes repeated use of the running, or time-dependent, delay and
fluctuation, defined at every instant t rather than only at the end of the burst:

⟨A(t)⟩ =
∫︂ t

0
I(t′)dt′, ⟨τ(t)⟩ = 1

⟨A(t)⟩

∫︂ t

0
t′ I(t′)dt′, ⟨σ(t)⟩ =

√︁
⟨τ2(t)⟩ − ⟨τ(t)⟩2

⟨τ(t)⟩ . (5)

These running observables were introduced in Ref. [18]. Because they are defined at every
instant rather than as one number at the end, they show when, not just whether, a given
emission mode acquires its characteristic timing. This matters most when there are two
emission modes, as in Section 4. The three quantities are the cumulative moments of
the emitted intensity: ⟨A(t)⟩ is the energy radiated up to time t, ⟨τ(t)⟩ is the intensity-
weighted mean emission time of the light emitted so far, and ⟨σ(t)⟩ is its relative spread.
They need only the shot-averaged, time-resolved intensity of each emission mode, which
can be recorded with a streak camera or time-correlated photon counting after spectral
separation of the modes; no photon-correlation measurement is required. At early points in
time, when ⟨A(t)⟩ is still small, ⟨σ(t)⟩ is sensitive to detector noise and background, so in
practice it is meaningful only once ⟨A(t)⟩ exceeds the noise floor. To our knowledge, these
running observables have not yet been measured.

3. The Multi-Level Framework
All the three-level results in Section 4 rest on one framework, established by Agarwal

[12,13]; Agarwal and Trivedi [14]; and Cho, Kurnit, and Gilmore [15,16]. It applies to atoms
with an arbitrary number d of internal levels |1⟩, . . . , |d⟩ (with energies E1 > · · · > Ed),
confined to a region that is small compared with every emission wavelength. We call an
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allowed transition |u⟩ → |l⟩ a channel (u, l), with Einstein rate Γul and photon energy h̄ωul .
A configuration is the set of channels that the atom’s selection rules leave open.

Because the atoms are identical and couple identically to the field, an ensemble
prepared symmetrically stays symmetric for all time. The relevant states are then the
occupation-number states |q⟩ = |q1, . . . , qd⟩, with ∑i qi = N: one state for every way
of distributing N indistinguishable atoms among d levels. There are D(d)

N = (N+d−1
d−1 )

such states. For d = 3 and N = 200, this is 20 301 states, which can be compared with
3200 ≈ 1095 states in the full many-body space. This reduction turns an intractable problem
into a sparse system of ordinary differential equations of manageable size. The collective
transition operators Anm = ∑i |n⟩i⟨m|i act on this reduced space in exactly the same way
bosonic operators do:

Anm|q⟩ =
√︂

qm(qn + 1) |q − em + en⟩. (6)

Here, n, m ∈ {1, . . . , d} label the atomic levels, and en is the unit vector in the qn direction.
Equation (6) generalizes Equation (2) directly to d levels. As before, the first factor counts
how many atoms can emit, and the second is the bosonic enhancement from the receiving
level. This second factor is the whole mechanism by which one decay channel of a multi-
level atom can influence another: a channel that fills level n automatically enhances every
other channel that also ends on level n.

Assign one Lindblad decay term to each open channel. Taking the diagonal matrix
elements p(q, t) = ⟨q|ρ(t)|q⟩ then gives, without approximation, the Pauli-type rate
equation

∂p(q, t)
∂t

= ∑
(u,l)

Γul

[︂
ql(qu + 1) p(q + eu − el , t)− qu(ql + 1) p(q, t)

]︂
, (7)

with any term that would require a negative occupation number dropped and with total
probability ∑q p(q, t) = 1 conserved. It is the multi-level counterpart of Equation (3), and
every paper in Section 4 relies on three of its properties. First, a specific configuration is
selected just by setting the corresponding rates to zero; nothing has to be re-derived. Second,
Equation (7) describes a classical random walk on a finite, directed graph, so standard
tools for first-passage times and occupation times apply directly. Third, every transition
strictly lowers the atom’s total internal energy, so the graph has no closed loops; ordering
the states by energy makes the generator matrix triangular. Weighting each channel’s rate
by its photon energy gives the total radiated intensity,

I(t) = ∑
(u,l)

h̄ωul Γul ∑
q

p(q, t) qu(ql + 1), (8)

which obeys an exact energy-balance relation, d⟨E⟩/dt = −I(t), for every configuration
and every initial condition. The papers reviewed here use this identity throughout to check
both analytic and numerical results.

Geometrically, the occupation states |q⟩ sit at the lattice points of a (d− 1)-dimensional
simplex: a chain of N + 1 sites for two-level atoms, and a triangle of 1

2 (N + 1)(N + 2) sites
for three-level atoms (Figure 3). Each open channel moves the state by one fixed step on this
lattice, so collective decay is directed probability flow on a lattice. Section 4 traces where this
flow goes in each of the three three-level configurations. Reference [22] gives a closed-form,
channel-by-channel account of this flow for all three configurations at once: it assigns an
exact, time-dependent value to the flow through every lattice bond (the edge flux), not only
the total intensity of Equation (8). We only cite this result here. The rate-equation approach
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also works beyond three levels. For four-level atoms, the occupation lattice becomes a
tetrahedron, and all seven dipole-allowed configurations reduce to one Pauli-type rate
equation of the same form as Equation (7). The closed-form transition matrix elements and
the emitted intensity for that case are worked out in Ref. [23].

|1

|2

one channel

(a)
SU(2)

12

23

Ladder

12 13 13
23

V

(b)
SU(3)

|N, 0|0, N

chain, N + 1 sites

(c)
|N, 0, 0

|0, N, 0 |0, 0, N
triangle, (N+1)(N+2)/2 sites

(d)

Figure 3. (a) The two-level atom and its single channel. (b) The three dipole-allowed three-level
configurations covered in Section 4: cascade, shared-source, and shared-sink. (c,d) The corresponding
occupation-number lattices at N = 8: a chain of N + 1 sites and a triangle of 1

2 (N + 1)(N + 2) sites.
Four-level atoms occupy a tetrahedron [23].

Remark 1 (Normalization). We use the convention in which Γul is the ordinary Einstein A
coefficient, so a single isolated atom in |u⟩ decays at rate Γul . Some of the literature, including
Ref. [23], instead defines a rate γlu with a unit prefactor in the decay term; the two conventions are
related by Γul = 2γlu. This choice affects only absolute rate prefactors, not exponents, delays, or
pulse shapes.

4. Three-Level Atoms: A Trilogy of Configurations
The electric-dipole selection rule restricts a three-level atom to exactly three inequiva-

lent maximal channel configurations, each with two open channels. They are the cascade
(1 → 2, 2 → 3); the shared-source configuration, in which one upper level feeds two lower
ones (1 → 2, 1 → 3, conventionally labeled Λ); and the shared-sink configuration, in which
two upper levels feed one common lower level (1 → 3, 2 → 3; conventionally labeled V).
This count of three follows from a parity argument. The dipole operator is parity-odd, so
each level carries a parity label, and a channel is open only between two levels of opposite
parity. With three levels, there are only two parity classes, so at least one pair of levels
must share a parity; the channel between that pair is closed. Which pair is closed fixes the
configuration (Figure 4). The same argument gives 2d−1 − 1 maximal configurations for a
general d-level atom: one for two levels, three for three levels, and seven for four levels.
The four-level case is the subject of Ref. [23].
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|1

|2 |3

single sink |0, 0, N

(a)

 initial state     absorbing state

Ladder

1 2
2 3

|1

|2 |3

sink =  entire bottom edge

(b) 1 2
1 3

|1

|2 |3

source on the (1, 2) edge

(c)
V

1 3
2 3

Figure 4. The three dipole-allowed three-level configurations as bond sets on the triangular
occupation-number lattice (N = 10). Grey bonds are lattice directions closed by parity; colored
bonds are open channels. Stars mark the initial states used in each paper reviewed below; open circles
mark absorbing states (states the ensemble cannot leave). (a) Cascade: The two channels are in series,
and the flow must cross the lattice from |N, 0, 0⟩ to |0, 0, N⟩. (b) Shared-source: The two channels
compete for the same source, and the absorbing set is the entire bottom edge. (c) Shared-sink: The
natural initial state is the midpoint of the (1, 2) edge, and both channels end on the same vertex.

Even before any equations are solved, the three configurations differ qualitatively. The
cascade’s two channels act in series: the decay must pass through the whole lattice, one step
at a time. In the shared-source configuration, they act in parallel and compete for the same
upper level, so which lower level each atom ends up in is decided stochastically, not set in
advance. The shared-sink channels are parallel too, but there, they cooperate because both
feed the same lower level. Each of the next three subsections reviews the paper that works
out one of these cases in full.

4.1. Cascade: Correlated Pulse Pairs

For the cascade, Equation (7) couples channels (1, 2) and (2, 3). Reference [18] solves
this system exactly, starting from full inversion, p(N, 0, 0) = 1, and characterizes it by the
rate ratio α = Γ23/Γ12. The paper’s central finding is that the ensemble emits a correlated
pair of bursts, not two independent ones. The upper transition behaves like an ordinary
two-level burst: its delay, τ1D = (E0 + ln N)/(Γ12N), is essentially unaffected by the
second channel as long as α ≲ 0.1. The lower transition is the interesting one: it cannot
begin until level 2 has been populated, and this population comes directly from the upper
transition. Its delay therefore adds to the first transition’s delay, ⟨τ2(∞)⟩ ≃ τ1D + τ2D, with
τ2D ≃ τ1D/α. Both modes retain the N2 scaling of the two-level benchmark. Its main
methodological contribution is the running fluctuation ⟨σ(t)⟩ of Equation (5). The first
mode’s running fluctuation has a single minimum, located at its own delay. The second
mode’s running fluctuation has two: an early one inherited from the first mode’s timing,
and a later one of its own (Figure 5d). This two-minimum signature gives a sharper test of
correlation between the two pulses than a static delay measurement for a simple reason.
A single delay number cannot tell “late because slow” apart from “late because it had to
wait”; the running fluctuation can. Er:YLF cascade measurements [39,40] report this kind
of correlated pulse pair, with a reproducible relative delay consistent with τ1D + τ2D. The
two-minimum structure of the running fluctuation is a more specific prediction of Ref. [18],
and, to our knowledge, it has not yet been tested experimentally. Testing it requires only
the shot-averaged, time-resolved intensities of the two spectrally separated cascade pulses
(Section 2).
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Figure 5. Cascade superradiance, as per Ref. [18]. (a) Mode-resolved transients for N = 200: decreas-
ing α separates the pulse pair in time without changing either pulse’s shape. (b) Both modes obey the
N2 law. (c) Running delays: Mode 1 saturates at E0 + ln N and mode 2 at (1 + α−1)(E0 + ln N). (d)
Running fluctuations: Mode 2’s two minima are the timing signature of a correlated pulse pair.

4.2. Shared Source: Competition and Mode-Selective Control

In the shared-source (Λ) configuration, channels (1, 2) and (1, 3) both drain the same
upper level. Reference [19] solves this case, again from full inversion, with a rate ratio
α = Γ13/Γ12. Its main result is mode-selective control, as discussed below. The final
distribution of atoms between the two lower levels is not treated in Ref. [19]; it has been
obtained exactly by Holzinger et al. [59], whose work is summarized below. For equal rates,
α = 1, this distribution is exactly uniform, not binomial. Every possible split k = 0, 1, . . . , N
between the two lower levels is equally likely. The proof comes from classic probability
theory. At each step, the two channels compete for the next atom, and the probability of
each outcome reduces to that of a Pólya urn: an urn that starts with one ball of each color
and gains one ball of the color just drawn after every draw [54,60]. The correspondence is
exact: after q2 atoms have decayed through channel (1, 2) and q3 have decayed through
channel (1, 3), Equation (6) gives the rates Γq1(q2 + 1) and Γq1(q3 + 1), so the next atom
takes channel (1, 2) with probability (q2 + 1)/(q2 + q3 + 2). The enhancement factors q2 + 1
and q3 + 1 are exactly the ball counts of the urn. The exact solution of a Pólya urn is the
discrete uniform distribution. Independent branching, atom by atom, would instead give
a binomial distribution sharply peaked around an equal split. The bosonic enhancement
factor in Equation (6) favors whichever channel is already ahead, and this positive feedback
is what flattens the binomial peak into a uniform distribution. For α ̸= 1, the branching
process becomes a Friedman–Bagchi–Pal urn with unequal reinforcement [61,62]. The
disadvantaged channel’s share of the atoms then vanishes rapidly with N: at α = 0.1 and
N = 60 (Figure 6d), more than 97% of the probability lies within three atoms of complete
transfer to the favored channel (about 92% at N = 1000).

The shared-source problem has been solved in full by Holzinger et al. [59]. They
considered N emitters with one excited state that decays collectively into d ground sublevels
and solved the master equation with a symbolic quantum-trajectory method. For d = 2,
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this is exactly the shared-source configuration reviewed here, with the same normalization
of the rates and with their ratio r = Γ2/Γ1 playing the role of α. Starting from full inversion,
they express every population as a finite sum of exponentials, valid for any N and any rates,
and give a closed form for the final distribution over the two ground sublevels for any
N and any r (Equation (A5) of Ref. [59]). At r = 1, it reduces to the uniform distribution
1/(N + 1) discussed above, and they connect the problem to a two-color Pólya urn with
unequal reinforcement.

Holzinger et al. also show that the mean fraction of atoms that end in the second
ground sublevel, n̄2, acts as the order parameter of a dissipative first-order transition at
r = 1. By symmetry, n̄2 = 1/2 there, and its slope, ∂rn̄2|r=1 = (N + 2)(HN+1 − 1)/(6N) ≃
(ln N)/6, diverges logarithmically with N, so for N → ∞, the faster channel collects
essentially all the atoms. For d channels of an equal rate, they derive scaling laws for
the peak time and peak intensity of the burst. Their results thus cover the final state of
the shared-source configuration, while Ref. [19] covers its emitted intensities, delays and
mode-selective control.

Mode-selective control, the main result of Ref. [19], works as follows. Mode 1 obeys
the N2 law for every value of α, but its coefficient s1(α) falls from 0.195 at α = 0.1 to 0.111
at α = 1, amounting to nearly a factor of two. The change is controlled entirely by the other
channel’s rate; nothing about mode 1’s own transition is altered. The cascade offers no
such control because there, the second channel cannot influence the first until the second
channel starts.
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Figure 6. The shared-source configuration; panels (a–c) correspond to Ref. [19], and panel (d) was
computed for this review from Equation (7) (cf. Ref. [59]). (a) Mode-resolved transients at N = 200:
The two channels drain one reservoir, so strengthening one weakens the other. (b) Peak intensity
against N2: Mode 1’s slope falls from 0.195 (α = 0.1) to 0.111 (α = 1), constituting the mode-selective
control effect. (c) Asymptotic running delays. (d) Final distribution over the absorbing bottom edge:
It is exactly uniform at α = 1 (dashed line) and increasingly one-sided as α decreases.

4.3. Shared Sink: Superradiant Synthesis

The shared-sink (V) configuration opens channels (1, 3) and (2, 3): two upper levels
both decay to one common lower level. Reference [20] starts from an initial state that is
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different from the other two papers: this is not full inversion, but there are N atoms in each
excited level and none in the ground level, p(N, N, 0) = 1. At t = 0, the two groups are
dynamically independent, and in isolation, each would undergo its own N-atom two-level
burst. The central result is that, for equal rates Γ13 = Γ23 = Γ, the two groups do not stay
independent. The population of the shared ground level follows exactly the same equation
as a two-level Dicke chain for the combined 2N-atom ensemble for every possible initial
split between the two excited levels. The paper calls this result superradiant synthesis:
two groups of atoms that share only a ground level end up radiating exactly as a single
combined ensemble. The bosonic enhancement from the shared ground level erases any
memory of how the atoms were originally divided between the two excited levels. The
mechanism can be gleaned from Equation (7): for equal rates, the total rate at which
the ensemble leaves a state |q1, q2, q3⟩ is Γ(q1 + q2)(q3 + 1), which depends only on the
number q1 + q2 = 2N − q3 of excited atoms, not on how they are split. The ground-level
population therefore performs exactly the two-level walk of Equation (3) with N → 2N
for any initial split (q1, q2) with q1 + q2 = 2N, not only the symmetric one. For unequal
rates, the coupling shows up in the timing. The faster channel bursts first, on its own Dicke
schedule, and deposits its atoms in the shared ground level. The slower channel then starts
from a population already at the point of the maximum cooperative rate in its own Dicke
chain, so it fires with no build-up delay. The resulting speed-up scales as follows (Figure 7c):
1 + Γ13/Γ23.
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Figure 7. The shared-sink configuration and superradiant synthesis, as per Ref. [20]. (a) The slow
mode fires immediately behind the fast one, which is an order of magnitude earlier than the same
group of atoms would fire in isolation (dashed). (b) For equal rates, the total transient is exactly the
2N-atom two-level burst for every split of the atoms between the two excited levels. (c) The speed-up
factor against the rate ratio. (d) Both modes obey the N2 law throughout, unlike the shared-source
case.

4.4. The Three Configurations Compared

All three papers share one lattice, one master equation, and one matrix element.
They differ only in where the bosonic enhancement factor acts. Table 1 summarizes the
comparison.
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Table 1. The three three-level configurations compared.

Cascade Shared Source Shared Sink

Reference [18] [19] [20]

Channels in series parallel, shared
source parallel, shared sink

Enhancement inherited contested donated
Main effect correlation competition synthesis
Absorbing set one vertex one edge one vertex
Second mode delayed by τ1D + τ2D suppressed if α ≪ 1 advanced to τ1D
N2 law, mode 2 holds degrades holds

Solvable limit α → 0: two Dicke
edges

α = 1: uniform urn
[59]

Γ13 = Γ23: Dicke
chain

Within the small-sample model considered here, these three configurations exhaust
the dipole-allowed channel configurations of a three-level atom. A fourth level allows
the three effects to be combined, and it also allows configurations whose channel graph
contains a closed loop rather than only tree-like branches, which is impossible with three
levels. This four-level case is the subject of Ref. [23]. A channel-by-channel account of the
flow underlying all three configurations above is given in Ref. [22].

5. Conclusions
Collective spontaneous emission from identical few-level atoms, in the small-sample

limit, reduces exactly to directed probability flow on a lattice of occupation states. One oper-
ator relation governs that flow, Anm|q⟩ =

√︁
qm(qn + 1)|q′⟩. Its bosonic-enhancement factor

is the origin of the two-level N2 burst, and it is also the entire mechanism by which one de-
cay channel of a multi-level atom influences another. The two-level benchmark reviewed in
Section 2 sets the standard for every three-level result: the exact delay τD = HN/[Γ(N + 1)],
its Gumbel-distributed fluctuation, and the resulting ≈ 0.1957 N2Γ ensemble-averaged
peak.

The three-level trilogy surveyed in Section 4 shows that the three dipole-allowed
configurations of a three-level atom behave in three different ways, even though they share
one master equation. In the cascade, the second pulse inherits the timing of the first, a
correlation exposed by the two-minimum structure of the running fluctuation [18]. The
shared-source channels compete instead: they drain one reservoir, so one mode’s peak can
be tuned by nearly a factor of two through the other mode’s rate [19]. For equal rates, the
ensemble ends in an exactly uniform distribution over the absorbing edge, constituting
a Pólya-urn effect, not the binomial distribution one might expect [59]. The shared-sink
configuration, finally, synthesizes. For equal rates, the whole three-level problem collapses
exactly onto a two-level Dicke chain of the combined ensemble. For unequal rates, the
slower group of atoms is handed a population already at the point of the maximum
cooperative rate, and it radiates with no build-up delay [20].

The trilogy belongs to a larger body of work. A companion paper gives an exact,
closed-form, channel-by-channel account of every state in every three-level configuration
within one framework [22]. The rate-equation approach that unifies the cascade, shared-
source, and shared-sink configurations in Equation (7) also extends, without modification,
to four-level atoms, where seven dipole-allowed configurations reduce to one Pauli-type
equation on a tetrahedral occupation lattice [23]. Historically, the line runs from Dicke’s
original two-level reduction [1], through the multi-level master equation of Agarwal [12,13]
and Cho, Kurnit, and Gilmore [15], to the three-level trilogy reviewed here and its four-level
extension. The main lesson of these papers is that the channel topology of a few-level atom,
not just its level spacings or decay rates, decides how the atom radiates collectively.
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