hv .
™ photonics

Article

Rigorous Coupled-Wave Analysis Algorithm for Stratified
Two-Dimensional Gratings with Unconditionally Stable
H-Matrix Methods

Kaixuan Song 12, Jiyong Wang "%* and Gaofeng Wang -*

check for

updates
Received: 3 August 2025
Revised: 15 September 2025
Accepted: 19 September 2025
Published: 22 September 2025

Citation: Song, K.; Wang, J.; Wang,
G. Rigorous Coupled-Wave Analysis
Algorithm for Stratified
Two-Dimensional Gratings with
Unconditionally Stable H-Matrix
Methods. Photonics 2025, 12, 943.
https:/ /doi.org/10.3390/
photonics12090943

Copyright: © 2025 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

Ministry of Education Engineering Research Center of Smart Microsensors and Microsystems, School of
Electronics and Information, Hangzhou Dianzi University, Hangzhou 310018, China;
songkaixuan@hdu.edu.cn

International Co-Operation Platform of Intelligent Ocean Equipment Technology of Zhejiang Province,
Hangzhou Dianzi Univeristy, Hangzhou 310023, China

*  Correspondence: jiyongwang@hdu.edu.cn (J.W.); gaofeng@hdu.edu.cn (G.W.)

Abstract

Nanostructures with the two-dimensional (2D) periodicity are attracting increasing at-
tention due to their promising applications in planar optical devices and their potential
for scalable industrial production. While Rigorous Coupled-Wave Analysis (RCWA) has
proven to be an efficient electromagnetic solver for simulating the diffraction of large-scale
periodic nanostructures, it has been largely applied in nanostructures with one-dimensional
(1D) periodicity and suffers from potentially low computational stability. In this study,
we present a step-by-step formulation of the RCWA algorithm for 2D stratified grating
structures. Through dimensionality reduction, we show that the boundary conditions in 2D
gratings can be transformed into forms analogous to those of 1D gratings. Additionally, we
implement a hybrid matrix algorithm to enhance the computational stability of the RCWA.
The stability and accuracy of the hybrid matrix-enhanced RCWA algorithm are compared
with other recursive methods. An exemplary application in metalens demonstrates the
effectiveness of our algorithms.

Keywords: RCWA; 2D grating; hybrid matrix algorithm; metalens

1. Introduction

Being a type of two-dimensional (2D) periodic structure, metasurfaces have emerged
as a versatile tool for controlling light at the nanoscale [1-3]. These periodic subwavelength
nanostructures enable the unprecedented manipulation of the phase [4], amplitude [5],
and polarization [6] of electromagnetic waves, paving the way for compact and high-
performance optical devices [7-10]. Two-dimensional gratings are one kind of metasur-
faces, which pattern the nanostructures periodically in the two directions of the in-plane.
They have garnered increasing attention from researchers due to the development of
nanofabrication technologies [11]. For the analysis of such 2D periodic structures, several
computational approaches are commonly employed, such as Finite-Difference Time Do-
main [12], boundary element method (BEM) [13,14], the Finite Element Method [15], and
Rigorous Coupled-Wave Analysis (RCWA) [16-20]. As a semi-analytical electromagnetic
solver, RCWA has the advantages over other approaches of both accuracy and efficiency if a
large area (cm? or beyond) of nanostructures is required [11]. For example, the cutting-edge
augmented-reality glasses based on diffractive optical elements [21] and the inversely
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designed [22,23] optical devices usually require numerous computational resources for
full-wave simulations, making other numerical approaches almost impossible.

Tamir, Wang, and Oliver [24] appear to have first applied the RCWA to grating prob-
lems in the mid-1960s. From 1981 to 1986, Moharam and Gaylord used the RCWA to
analyze slanted gratings [25], conical gratings [26], and metallic gratings [27]. In 1996,
Lalanne and Morris proposed a novel formulation that significantly enhanced the con-
vergence rates for TM polarization in 1D gratings [17]. Following this work, Lalanne
introduced a new formula applicable to 2D gratings [18]. In 1996, Li established a theoreti-
cal framework [19] that showed that the reason for the success of Lalanne’s formulation [17]
was that it uniformly preserved the continuity of appropriate field components across the
discontinuities of the permittivity function. In 1997, Li presented a new formulation [20] of
the RCWA that applies correct rules [19] of Fourier factorization for crossed surface-relief
gratings. RCWA with such a Fourier factorization converged much faster than traditional
approaches. In 2003, Li introduced formulas for crossed anisotropic gratings featuring
arbitrary permittivity and permeability tensors [28]. In 2008, Liu and Lalanne developed an
RCWA algorithm to discuss 2D metallic gratings, focusing on extraordinary optical trans-
mission (EOT) through subwavelength nanohole arrays [29]. In 2005, Logofatu developed
a methodological framework that integrated analytical formulations with computational
implementation for 2D gratings [30]. In recent years, several ideas for RCWA algorithms
without solving eigenvalues have been progressively proposed [31,32]. While RCWA for
single-layer gratings is well-established, its numerical instability in matching boundary
conditions across multilayered grating interfaces has become a focal point of the research.

To tackle the computational instability and inefficiency for large-depth gratings, Mo-
haram et al. [33] proposed the enhanced transmittance matrix (T-matrix) method for the
stratified structures of 1D gratings. Compared to the standard T-matrix algorithm, the
enhanced algorithm effectively reduces computational instability. Apart from the enhanced
T-matrix method widely used in optics, other methods, including the reaction matrix
(R-matrix) [34] and scattering matrix (S-matrix) [35], were put forward to enhance the com-
putational stability of RCWA for stratified 1D gratings. In 2006, Tan presented enhanced
R-matrix algorithms, which delivered superior stability compared to conventional R-matrix
algorithms [36]. In 2011, Rumpf proposed an enhanced S-matrix algorithm by sandwiching
a grating layer between two virtual thicknessless vacuum layers, accelerating the compu-
tational time by potential parallel processes [37]. Tan [38] pointed out that the T-matrix
and R-matrix methods might exhibit sever computational instabilities if the thickness of
the grating layer becomes excessively large or small, respectively. He proposed a so-called
hybrid matrix (H-matrix) method for grating structures with an arbitrary thickness but with
1D periodicity. The H-matrix method demonstrated superior stability over the T-matrix
and R-matrix methods [38].

In comparison with the 1D case, the computational stability problem of RCWA for
structures with 2D periodicity is more severe considering the increased electromagnetic
mode coupling complexity, but has received much less attention. In this work, the RCWA
algorithms for the structures with 2D periodicity are derived step by step. Through system-
atic numerical benchmarking, we demonstrate the superior performance of the enhanced
H-matrix relative to widely adopted large-scale computation matrices. The results con-
firm its optimal stability and computational efficiency as a boundary matching algorithm
for reflection analysis. We used the design of metalens, for example, to demonstrate the
application of such algorithms.
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2. Formulation
2.1. Fourier Expansion of the Permittivity Within the Grating Region

A plane wave with wavelength A is incident with an incidence angle 6, an azimuth
angle ¢, and a polarization angle ¢. The definition of the angles and the geometry of
grating are shown in Figure 1a. The grating is bound by two semi-infinitive homogeneous
media, Region I and Region II, with relative permittivity values of eI and ell, respectively.
The relative permeability for the three regions is u = 1. The 2D grating exhibits a spatial
period of Ay along the x-axis and Ay along the y-axis. As Figure 1b shows, the grating
has alternating regions of dielectric constants, ¢4 (ridge) and g (groove); the dielectric
permittivity can be represented as [30]:

s(x ) _ €rd fxle <x< foAx a”dfylAy <y < foAy 1)
Y Egr else !

where fy = fio — fx1, fy = fy2 — fy1- fx1, fx2 represent the dimensionless fractions of the two
boundaries of a grating ridge with respect to a grating period along the x-axis. f,1, and
fy2 have the same indications, but along the y-axis. The dielectric function in the grating
region is first expanded using a Fourier series, which can be expressed as [30]:

e(x,y) = Y enmexp[i(mKyx + nKyy)], )
m,n
where ¢y, is the (m, n)th Fourier coefficient of the relative permittivity. K, and K, are

defined as Ky=271/Ax, Ky=27t/Ay. The coefficients of the Fourier expansion (2) can be
calculated by:

Ay A
Emn = A:Ay/o y/O e(x,y)exp|[—i(mKyx + nKyy)|dxdy. (3)

(b)

Region I
. iy
Grating NS Zy?_x | i y?_yi«—»l I i
Region II
JRNLC I VI

Figure 1. (a) Schematics of single 2D-layer grating structures. (b) Schematic diagram of unit 2D
grating structures.

According to Li [20], the algorithm demonstrated significantly accelerated convergence
when utilizing the following Fourier decomposition.

e = [{[178 b ], = 2 [ {[/e mexpl—itn — pkrlas, @

el b = [ {11761 gl = 2 [ {11761 pupt)esp itn = Kealdy, @
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where:
[1/¢€],,, = L/Ax ! exp[—i(m — n)Kyx|dx (6)
me AeJoooe(x,y) P R
[1/¢], = L/Ay LI [—i(m —n)Kyy|d (7)
mn Ay 0 S(X,y) P ]/y Y.
2.2. Electromagnetic Fields at Region I and Region 11
The incident electric field can be expressed as [28]:
— — .
Einco = looexp [1 (kgx + kgy — kgozﬂ , 8)

mn
Ex,a
mn
Ey,u
mn
Hx,a

Hy

where 0 = x, y, or z, representing the electric component along the x-, y-, or z- direction. I,
is the amplitude of the incident electric field. The k), kg, k% can be defined as [30]:

K) = kisinfcosg, kg = kisinfsing, k% = kicosf. 9)

where k; = 27, /efji/ A is defined as the wave number in Region L. kyy = 27, /eqji/ A is
defined as the wave number in Region II. Then, electric fields in Region I and Region II are
expressed with the following Rayleigh expansions [20]:

Eox = Eineo + Y RI"G expli(klx + Ky + Kz, (10)
m,n
Ea,n =) T;”’”;exp [i (k?x +kyy — kgfﬁz)} . (11)
m,n

where 0 = x or y. Ry and T;"" are the amplitudes of the (m, n)th-order reflected and
transmitted electric fields, respectively. k¥ and ky are defined as:

kit =k +mKy, k= k) +nKy. (12)
k27 is to be solved from:
2 2 2
K2+ k2 + K =k, (13)

where a = I or II, which represents the wave number in Region I or Region II. The sign of
k7% is chosen according to [28]:

Re[KI'W] + Im[k27] > 0.

The Maxwell’s equations, when utilizing Gaussian units, are given by the following
equations [28]:
— — — —
V x E = ikopH, V xH = —ikoeE, (14)
where kg = 27t/A is the wave number in the vacuum. In Region I and Region II, by substitut-

ing Equations (10) and (11) into Maxwell’s Equation (14), the amplitudes of electromagnetic
fields in Region II and Region I can be written as [28]:

I 0 I 0 Xm0 0 0 ] [cpm+

0 I 0 I 0 Xyt 0 0 ||y (15)
—Amm _pmn - Amn - gmn 0 0o Xm= 0 |||

cmmo Amm —Cit —AM| |0 0 0 xpm] ey
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where A", BJV", Ci"" and X" are defined as [28]:
a a a a
knkm m\2 2 Kl z k2
AN — g — —(ke)"+ky  ~mp —(ky)"+ (16)
" = W B 5 e i .7
X = exp(—ikI"z), XMt = exp(ik''z) (17)
mn+ _ pmn mn+ __ mn— __ mn— __ Tmn
CUI R CLT,H =0 CU,I - IU Ca,II - T(r ’ (18)
W — I 0 V. — —AZW _Bgm (19)
a — 7 a —
0 I cmn - pmn

The reason for writing the electromagnetic fields in the form of Equation (15) is that
the field components share a similar configuration for the three regions, as will be discussed
in the subsequent sections in this paper.

2.3. Electromagnetic Fields at the Grating Region

The electromagnetic fields can be expressed using a Fourier expansion in the grating
region, which can be written as [30]:

Eg = Z {EZW(Z); + E;,””(z); + E;””(z)?} exp (ikmx + zk”y) (20)
m,n

Hy= X [H)% + B (@)Y + ) Jexp (k2 +iy), @)
mmn

where EX™, H" EJ™, Hy™, E'", and H;"" are the complex amplitudes of the electromag-
netic field. By substituting Equations (20) and (21) into Maxwell’s Equation (14), the spatial
harmonic components within the grating region are derived [30]:

ko BET' 2 h h
o = KuH" — K KH)" — KiHY 22
T oz %smp,nh(xy yx)/ (22)
ko 9E"" 2 h h
X0 = —IuH"" — KEHP" — ke 2
; az %{Zm p,nh(x Y y x)/ (3)
ko OHy"" h
B0 — w3 ey n BV (KB — KED™) (24)
P
ko OHY"" h
2 2 I
pa

To unify the dimensionality of all the variables, the indices for the 2D grating are
redefined as:
u=msy+n, v=psy+h, (26)

where s1 = 205, + 1 and sp = 2l + 1. Here, m ranges from —iy, x t0 Myay, 1 ranges
from—x t0 Nyay, p ranges from —pyax t0 Py, and h ranges from —Hhygy t0 Nyax, With #yax
= Pmax and Nyax = Ny The parameters My and pyay represent the maximum order of
Fourier harmonics in the x-axis. Similarly, #4x and Ay represent the maximum order of
Fourier harmonics in the y-axis. Thus, the index u ranges from —myax 2pyaxy + 1) — Hyax
to Myax (2Mmax + 1) +Mmax, and v ranges from —pax 2hmax + 1) — Hax t0 Pruax Qhimax + 1)
+ hyax. The total number of possible values for u is 21y + 1) (2110 + 1), and for v, it
is 2pmax + 1) 2hmax +1). When myax = pinax = 0(imax = hmax = 0) and fy = 1(f, = 1), the 2D
grating turns into a 1D grating with the periodicity in the y- (x-) axis. The dimensionality

uo = = Empn-hs A" = 1/e,, -pn-hr =Xy = =LTel ] mn ,ph

reduction from 4D to 2D is achieved by =
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EY5%=[ €] 1 un,pn- The wave vectors are converted to 2D vectors via the following diagonal
matrix construction: K¥° = k7', / ko, K”” = k”éuv /ko. 6,0 is the Kronecker delta function,
which is zero everywhere, except u = v.

After unifying the dimensionality of all the variables, Equations (22)—(25) can be

o)) o))
i\ E, Hy)' i “\H, E,

According to Li [20], the convergence is significantly improved when F and G are

reduced to:

defined as:
B K;{UAMUK;U l’lk% _ K%UAMUK;{U (28)
= ) ,
_yko + K;,’UA”vav _K;UAHUK;W
G= —IGTRy —HkGEY + KUK (29)
—K{K}” + ykgzgfgy Ky2Ky?

Equation (27) can be further reduced to:

—k30? (E ) = M(E) (30)
Y Yy

where M = F*G. The coupled-wave Equation (30) can be addressed by determining the
eigenvectors and the eigenvalues associated with the matrix M. Following this, the am-
plitudes of the electric and magnetic fields in the grating region can be expressed as [28]:

Eg, Z Wauv] |: (m]exp( Iquv] ) *ujexp (i%mjz) +} exp[i(K?;x + Kﬁl/v]/)]/ 31)
u,,j

Hyo(2) = T Vo [ ~Cougerp (~ i) + cfygexpiu?) Jexpli(KEx + KiFy)). 32)
u,v,j

Q and W are the eigenvalue and eigenvector matrices of the matrix M, respectively.

Juvj and W,; are the elements of matrices 1/ Q/ k% and W, respectively. The sign of the quy;
should be satisfied to [20]:
Re[%wi] +Im [%wi} >0, (33)

V = GW/(koQ). ¢}, and c_, j can be determined by matching boundary conditions.

0'1[
Equations (31) and (32) can be expressed as a matrix form:

+ +
Eg,xu wa] quv]’ Xuvj+ J(r) 0 0 C’J‘r”j
Eg,yu _ Wyuv] Wyu vj 0 Xuvj — 0 0 Cyuj . (34)
Hg,xu qu quv] 0 0 X;:z;j+ 0 C;uj
Hgyu Vyuv] ~Vyuoj 0 0 0 Xoio] (S

Equation (34) can be further simplified as:

E W WI[[XT 0 +
8l = Sl (35)
H, vV -V||0 X ||c
where
Eg _ Eg,xu , Hg — Hg,xu S OW = quvj LV quv] ,
Eg,yu Hg,yu Wyuvj Vyuvj
- + - +
X Xuvj+ 0 X+ Xuv]+ 0 c Cxu]] ot [Cxu]]
— 7 JF 7 — 7 +
0 Xuvj— 0 Xuvj— Cyu] Cyu]
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Employing an identical transformation, Equation (15) can be recast in an equivalent
structure. Equation (35) is analogous to the RCWA formulas for 1D gratings, where W and
V are the eigenvector matrix blocks. X is the propagation matrix block. ¢* and ¢~ represent
unknown constants in different regions, which are determined by applying boundary
condition matching.

2.4. Matching the Boundary Conditions in Single-Layer 2D Gratings

To determine the unknown constants, we first considered matching the boundary
conditions for the single layer of gratings. The relationship of electromagnetic fields
between z = 0 and z = d can be expressed in an H-matrix form [38]:

Hg(d) HY HY || Eg(d) |
where matrix blocks H(!! can be obtained from:
Hy vyl [ owo owxr@][ v -vxr@)] -
Y HY VXt(d) =V | |WXT(d) w

W and V are the eigenvector matrix blocks in the single grating layer. X is the
propagation matrix in the single grating layer. Now, we match the tangential electric and
magnetic fields through [38]:

E;u(d) = Egg(d) = Wi T, Hyn(d) = Hog(d) = VT,

’

a,
(38
Ey1(0) = Egg(0) = Wily + WiR, Hy1(0) = Hpg(0) = Vil, — VIR )

For most grating problems, transmission and reflection amplitudes are expected,
which can be obtained by [38]:

I; ! 1Al (39)

1 1 -1
- [_WI_HHVI Hyy Wiy ] l_Hl[l‘/I+W
—HSV v+ HEwy

Once the diffraction amplitudes are obtained from Equation(39), the diffraction effi-
ciencies can be determined by using [28]:

2 J— J—
DEy; = B{°|RY[* + Af*|Ry |+ i (RyRE + RYRY) ), (40)

u
Ry

2 _ 0
DE,; = BY|T¥|? + Ak?|T4|” + Ccio (T;T;t + T;‘Tyu), (41)

where A7%, B;” and C;” are can be derived by through Equations (16) and (26). Ry, Ry, T
and T}/ are defined as:

i
Ty

[R? —r |X|=T.
RY T

2.5. Matching the Boundary Conditions in Stratified 2D Gratings

For stratified 2D gratings, as shown in Figure 2, the grating region is further divided
into L layers. The refraction index of the /th layeris n; (I =1, 2, ..., L) and the thickness
of the Ith layer is d;. Each layer may have distinct a grating period or filling factor. There
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are connections between the electromagnetic field at the boundariesz=7," and z =7 ¥,
which can be described using a stacked HIY matrix:

_ ! ! _
a(z)| _ [#) ) [r(z)] )
Hi(Z])|  |Hy Hy)|EL(Z])
Region I
layer L+1 7 g+ 7
layer L | | -~ LA
layer [+1 _
L _ Z =2, Z1
layer / | | gl -
Z=2"1,2
layer /-1 [ |
la ér 1 :
yerl | L, Z3, 77
layer 0 +1 5 N -1
Incident wave 0 Region 1
Figure 2. Schematics of a stratified unit grating cell.
The relationship between stack HI! and stack HI* is [38]:
Hy) Hi _ Wi Wzler () [H‘ﬁ
= !
al ol - ml | T E i) —EY ] [w- ] @) w)
~ViXtd) | [T 0
w+H | o BT
HI+1 is the H-matrix of the output layer, which is:
[H%H] H%HW - [0 : ] @)
L+1 Ly | = :
Hy (L0

By substituting Equation (44) into Equation (43), the HIM matrix at layer L can be

obtained from the H**1 matrix at layer L+1. Substituting H" into Equation (43) yields
HL—1. By repeating this procedure, H'!l is ultimately acquired. H!!! provides the con-
nection of electromagnetic fields between the first layer and L layer. After obtaining H,
for stratified grating structures, the transmission and reflection amplitudes, as well as the
diffraction amplitudes, can be calculated using Equations (39)—(41).

For problems solely concerning reflectance, the enhanced H matrix is expressed by [38]:

HY = W, + W) [V - viny) (45)

where:

-1
I = =X (=d) Wi+ Hy ] [ B ), (46)
)

We assume the L + 1 layer is infinite, so H%H is determined by:

HPIH} = W1 (Vier) (47)
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The reflection efficiency is given by [38]:

R=[HV+W| - [~W + H V| Iebnodro. 48)

The enhanced H matrix exhibits greater stability than other algorithms. A detailed
discussion is provided in the next section.

3. Numerical Result

For numerical validations, we first verify the stability of the enhanced H-matrix
method using a symmetric single-layer 2D grating. The incident wavelength A is 1 um. The
incident angle, azimuth angle, and polarization angle are set as 6 = ¢ = ¢ = 0°. The key
parameters of the grating are listed in Table 1.

Table 1. The parameter of the symmetric single-layer grating.

Parameter Ay

fa fa f yl f y2 €I e Erd Egr m n

Value 12um 12pum  0.25 0.75 0.25 0.75 1 225 225 1 12 12

Figure 3 compares computational stability as a function of grating thickness d between
five algorithms, the T-matrix (circles), S-matrix (dashed line), R-matrix (square), H-matrix
(triangular), and enhanced H-matrix (solid line), in a logarithmic coordinate system. The
condition number of a matrix is the ratio between the largest singular value and the
smallest singular value, implying the sensitivity of output values to the input data. A larger
condition number indicates greater matrix instability and a higher likelihood of numerical
errors during matrix inversion. We calculated the condition numbers of the matrices to be
inverted in these methods. For instance, the condition number of the matrix to be inverted
in H' corresponds to the condition number of the second matrix on the right-hand side
of Equation (43). We calculated the condition numbers in Tl (Equation (16) in Ref. [38]),
R (Equation (17) in Ref. [36]), st (Equation (19) in Ref. [37]), Hil (Equation (32)), and
enhanced HI! (Equation (45)) versus the layer thickness relative to the wavelength.

108+ ‘
—6— T-matrix
— = =S-matrix
—&— R-matrix
6 —a— H-matrix
10°F Enhanced H-matrix

Condition number

107 102 1072 107! 1 10

Figure 3. Comparison of the condition numbers between five recursive methods.

As Figure 3 shows, the condition numbers in R[1] decrease as the grating thickness
increases in the bilogarithmic diagram, indicating the R-matrix method is suitable for the
thick gratings. By contrast, the condition numbers in T[1] increase almost exponentially as
the grating thickness increases, meaning that the T-matrix method is suitable for the thin
gratings. However, the H-matrix and S-matrix combine the advantages of the R-matrix
method and T-matrix method. The condition numbers of H!I and S[!l to be inverted
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initiate from a much lower level than R and remain quite stable for a large thickness range.
Notably, condition numbers in enhanced H' to be inverted demonstrate the smallest value
compared to the other methods, which demonstrates unconditional computational stability,
even for 2D periodic structures.

To evaluate computational efficiency, an asymmetric single-layer 2D grating was used
for comparative analysis. Table 2 lists the details of the testing platform. It can be noted that
all the benchmarks are evident on the same platform. The incident wavelength A is 1 um.
The angles of incidence, azimuth, and polarization are all set to 6 = ¢ = ¢ = 0°. Parameters
are detailed in Table 3. Harmonic orders—representing the maximum Fourier expansion
terms in RCWA simulations—directly influence solution accuracy. While higher harmonics
improve precision, they increase computational demands. We employed both the enhanced
H-matrix and the S-matrix method to compute reflection coefficients for this structure,
with the computation time serving as the efficiency metric. The runtime measurement
method uses MATLAB R2022a’s tic and toc functions, while memory usage is measured
with MATLAB’s memory function. These functions collect the memory usage and time
consumption of the S-matrix and H-matrix code blocks, while the memory usage and time
consumption of other code blocks, such as eigenvector calculations, are not included. As
Figure 4a shows, the enhanced H-matrix method consistently outperforms the S-matrix
approach, reducing the computation time by a range of 16-30%. According to Figure 4b, the
enhanced H-matrix outperforms the S-matrix, with a memory consumption value reduced
by approximately 20%. This indicates that the enhanced H-matrix shows advantages in
optimizing memory usage as well as in computational efficiency. It should be noted that
during the computation of the S-matrix, transmission-related variables were intentionally
excluded—only reflection variables were computed—ensuring a valid comparison.

Table 2. The detailed implementation and testing setup information.

Category Specification
HexaCore AMD Ryzen 5 4600H, 3921 MHz (3.0 GHz base, 4.0 GHz turbo) 6
Processor
cores, 12 threads
Cache 384 KB L1 cache, 3 MB L2 cache, 8 MB L3 cache
Memory 16GB (2 x 8 GB) Ramaxel RMSA3320M]J78HAF-3200 DDR4
Memory Transfer Speed Read: [45.68 GB/s], Write: [45.80 GB/s]
Operating System Windows 10 64-bit
Software MATLAB R2022a, default numerical libraries
Table 3. The parameter of the asymmetric single-layer grating.
Parameter Ay Ay fa fo fin fi2 &1 E304 Erd Egr d
Value 12um 1.2 um 0.416 0.833 0.416 0.833 1 2.25 2.25 1 1 um

We next verify the accuracy of the H-matrix using three-layer grating slabs, as shown
in Figure 5a. The light is incident from Region II. The incident wavelength is 1.55 um, with
incident angles of 8 = 0°, ¢ = 0°, and ¢ = 0°. The grating parameters are listed in Table 4.
Figure 5b shows the simulation results using the S-matrix method (cube and triangle
symbols) and H-matrix method (cross and dashed line). The x-axis represents the first
layer thickness relative to the wavelength, and the y-axis shows reflection and transmission
efficiencies. When the normalized parameter d;/A is relatively small, variations in d;
are minimal; consequently, diffraction efficiency shows only minor changes. Conversely,
when dy /A is sufficiently large, variations in d; become substantial, resulting in significant
alterations in the diffraction efficiency. As can be seen, there is a good agreement between
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the H-matrix method and S-matrix method, validating the accuracy of our proposed H-
matrix algorithm. In Figure 5b, the solid line represents the results of the enhanced H-matrix
algorithm. The enhanced H-matrix method provides almost the same results as those of
the regular H-matrix method and S-matrix method, but the required computation memory
is reduced by almost half [38].

(b) 10° —30%

Enhanced H-matrix
= = = S-matrix
—&— Speed up

160%

Enhanced H-matrix
= - —S-matrix

=
= S
g k3
g 103 —&— Memory reduction _g
) &
140% £ 2 -
> £ 10 120% £
55 =
e = o
120% & 2
= T 5
2 2
=
s gy 2 e e 0%
6 10 14 8 22 26" 1075 10 14 18 22 26
Harmonics Harmonics
Figure 4. (a) Comparison of the computational speed between the S-matrix and enhanced H-matrix.
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Figure 5. (a) Schematic unit cell of a three-layer grating slabs. (b) Validation of H-matrix computa-
tional accuracy against the S-matrix method.

Table 4. Three-layer grating slabs.

Parameter Value Parameter Value
d2 0.5 Hm Er1 1
ds 0.5 um Elayerl,rd 2.16
Ax 0.6 pm €layerl,gr 1
Ay 0.6 um Elayer2 12.06
€ 1 Slayer3 2.16
Max 10 Nimax 12

We finally demonstrate the practical application of such an H-matrix-enhanced

2D RCWA algorithm. To validate the algorithm, a metalens consisting of 2D gratings

was designed. The incident light with a wavelength of 532 nm is normally incident at
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6 = ¢ = ¢ = 0° on the metalens. The unit cell of the metalens comprises a substrate layer
with a thickness of 1 um and a refractive index of 1.5. The nanopillar within the unit cell of
the metalens has a refractive index of 2.04 and a height of 1.2 um. The periodicity of the
unit structure is 0.45 pm. As shown in Figure 6a, a parametric database was established
utilizing the 2D RCWA H-matrix algorithm. The database established a map between P,
and the phase of transmission. Py, denotes the cross-sectional width of the cube-shaped
nanopillar. According Capasso [39], the metalens unit cells are spatially arranged according
to hyperbolic phase requirements. The metalens is designed with a focal length of 100 pm
and a radius of 11 um. An approximate method was employed to compute electromagnetic
fields in the far-field beyond the metalens [3]. The distribution of electric field intensity in
the x-z plane is shown in Figure 6b. Figure 6¢ shows the electric field amplitude along the
x-direction in the focal plane. The full-width at half maximum of the focus is 2.35 pum. The
results demonstrate that the metalens designed using the 2D RCWA H-matrix algorithm
achieves excellent phase matching, thereby validating the accuracy of our algorithm.

100

Pypm]

(b) (z-z plane) (c)
200 :4—»:
1 40 20 N
g 160 &E\
> 30 Rt
18 120 = 30 | FwHM=23s48pum
4 ~— 20 =
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: 0 0 -10 =5 0 5 10
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Figure 6. The metalens is designed using the 2D RCWA H-matrix algorithm. (a) The database
establishing a map between Py, and the phase of transmission. (b) Simulated electric field in the x-z
cross-section. (c) Electric field intensity in the focal plane.

4. Conclusions

In this paper, we derive the RCWA algorithms for 2D gratings step by step. We
also develop a stable enhanced H-matrix algorithm for 2D stratified grating structures.
The simulation results of specific grating structures demonstrate that the enhanced H-
matrix algorithm offers better stability compared to the T-matrix, R-matrix and S-matrix
algorithms. The integration of the enhanced H-matrix with 2D grating structures provides
a more stable and efficient approach. Notably, the dimensionality reduction achieved
through the enhanced matrix methodology offers a new solution to address the prolonged
runtime and excessive memory consumption in the inverse designs of metasurfaces, which
will be an interesting research topic in our future study.
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