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Abstract

We present a Maxwell–Bloch dynamics model for Terahertz Quantum Cascade Lasers
(THz QCLs) that integrates a density matrix transport model, independent of the num-
ber of states per QCL period, with the Maxwell wave equation under the slow-varying
envelope approximation. This model is extended to include external homodyne feedback,
generalizing the Lang–Kobayashi model typically used for diode lasers. Unlike previous
approaches, our model allows for the simulation of the self-mixing (SM) effect in THz
QCLs without the need for effective parameters, commonly used in diode laser models.
We demonstrate the model’s ability to capture laser dynamics and analyze the SM effect
through numerical simulations. The model enables us to evaluate the quality of THz QCL
designs for SM applications, which is not possible with effective two-level treatment via
the Lang–Kobayashi approach.

Keywords: Quantum Cascade Laser; electronic transport; optical feedback; self-mixing
effect; Maxwell-Bloch dynamics; Terahertz

1. Introduction
Optical feedback interferometry through the self-mixing effect (SM) is a specialized

sensing technique in which a small portion of the laser’s emitted radiation is re-injected
into the cavity via an external mirror. This re-injected light interferes with the original
beam, causing a perturbation in key laser characteristics, such as threshold gain, optical
power, lasing frequency, and terminal voltage. By analyzing the perturbed response of the
system, it becomes possible to study both the properties of the re-injected light and the
external target. Essentially, this effect serves as a highly sensitive modulation tool, making
it invaluable for advanced imaging and sensing applications.

The SM effect has been explored in nearly all types of lasers, including gas masers [1,2],
semiconductor diode lasers [3–5], solid-state lasers [6–8], fiber lasers [9,10], fiber ring
lasers [11,12], quantum cascade lasers [13–19], and interband cascade lasers [20]. A key
advantage of this method is that it allows the same device to function both as the light
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source and the detector. This feature is particularly important in terahertz laser feedback
interferometry (LFI) applications, where detector availability is often limited.

Terahertz quantum cascade lasers (THz QCLs) [21–23] are cutting-edge light sources
operating in the typically underexplored far-infrared region of the spectrum. These struc-
tures maintain population inversion between lasing levels at scales as small as ∼10 meV,
enabling frequency operation in the range of 1.2–5.7 THz [24–27], delivering high power
performance [28], and operating at temperatures of up to 261 K in pulsed operation [29]
and 129 K in continuous wave (CW) operation [30], without requiring an external magnetic
field. Terahertz technology has found applications in various fields, such as medical diag-
nostics, free-space communications, and chemical sensing [31–35], as well as imaging via
the self-mixing (SM) effect [15–18,36–42].

The most prominent model for the SM effect is the Lang–Kobayashi (LK) model [43],
which combines a simplified Maxwell equation with an effective two-level rate equation
that accounts for carrier transport within the lasing medium. However, the carrier transport
in THz QCLs is significantly more complex. Several models have been proposed [44], each
differing in numerical complexity and the extent to which quantum effects are considered.
Semi-classical rate-equation (RE) approaches [45] are often the simplest, though they neglect
coherence effects and quantum mechanical dephasing, which can lead to non-physical re-
sults when applied to THz QCLs [46]. Coherent quantum models, such as non-equilibrium
Green’s function (NEGF) methods [47,48], provide detailed insight into quantum effects
but suffer from high computational costs. Density matrix (DM) approaches [46,49–53] offer
a balanced solution by extending RE models to include coherent effects while maintaining
relatively low computational overhead.

These models typically account for various non-radiative interactions of electrons
with alloy disorder (AD), longitudinal optical (LO) phonons, acoustic (AC) phonons,
ionized impurities (II), interface roughness (IFR), and other electrons (EE). These scattering
mechanisms are often treated using perturbation theory through the Fermi-golden rule [54],
although more general treatments are possible within the DM [55], Wigner function [56],
and NEGF frameworks.

The dynamics of various types of lasers are often modeled by coupling the Maxwell
wave equation to a rate equation transport model [57] or a density matrix model [58],
typically considering only a few lasing states [59]. The dominant model for the self-mixing
effect, known as the Lang–Kobayashi (LK) model [43], was originally developed for diode
lasers. This model employs only two lasing levels and a phenomenological medium
polarization model that linearizes the material gain dependence on carrier concentration.

When such an approach is applied to more complex laser systems, such as terahertz
quantum cascade lasers, where designs may involve over ten quasi-bound levels, two
key issues arise: (i) reducing the quantum system to two effective lasing levels, and
(ii) determining the parameters initially derived for diode lasers, which involve several
approximations. This results in the creation of hybrid, device-specific models [40,41].
Consequently, there exists a gap in our understanding of how active media, which differ
significantly from laser diodes, undergo the SM effect.

The general framework for laser dynamics in THz QCLs does exist. It combines
the DM model and Maxwell wave equation, leading to the Maxwell–Bloch model. This
methodology has been present in literature for a long time [60–62]; however, the key chal-
lenge is adjusting the superoperator of DM model for the laser system under consideration.
The approach in [62] is a great example of high-detail modeling of dynamics, incorporat-
ing both spatial and temporal aspects of laser dynamics, where the drawback is a high
computational cost.
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The Lang–Kobayashi (LK) model typically incorporates only the time-dependent
Maxwell equation, where the focus is not on the buildup of the optical field inside the
laser cavity, but rather on the properties of its time-dependent envelope. To the best of our
knowledge, the slow-varying time-dependent envelope approach has mostly been applied
to systems with only a few lasing states [58,59,61,63]. The coupling of a superoperator for
a quantum cascade laser (QCL) system with N states, however, has not been previously
explored in the context of the LK model. This is precisely the gap our work addresses.

In [49], we introduced the slow-varying envelope approximation for THz QCLs,
coupling the density matrix to the Maxwell wave equation. However, this earlier work
did not consider optical feedback, which is a critical component of the self-mixing (SM)
effect. In this paper, we extend that framework by exploiting the Hermiticity of the density
matrix to reduce the superoperator size, enhancing numerical efficiency. We then formulate
the Maxwell equation under optical feedback from first principles, deriving a SM model
that goes beyond the LK approach. This new model couples our density matrix approach
to the Maxwell wave equation both with and without external feedback. Notably, our
dynamical SM model is independent of the number of states per QCL period and does not
rely on any effective parameter determination, unlike the traditional diode laser models.
We analyze dynamics of several typical representative THz QCL structures, compare the
SM model output to the experimental results and discuss the effect of THz QCL design on
SM applications.

2. Theoretical Model
2.1. Transport Model

The Density Matrix (DM) models require solving the Liouville equation:
ih̄ dρ̂

dt = [Ĥ, ρ̂] + ih̄D̂, which involves the density matrix ρ̂, the Hamiltonian Ĥ, and the
dissipator D̂. The dissipator is introduced to account for processes not included in the
system’s Hamiltonian but which cause coherent interactions between the basis states. It
ensures that the density matrix remains positive and semi-definite, and its evolution is
typically described by the master equation in Lindblad form [64–67]. The most common
form of the dissipator used in laser systems is based on scattering rates derived from the
Fermi-golden rule, expressed as D̂ = − ρ̂

τ , where the scattering tensor 1/τ satisfies the
Lindblad master equation. It is worth noting that alternative dissipators, which consider
carrier transport in a more general way, are also discussed in the literature [55].

In [46,49], we developed a DM model illustrated in Figure 1, which models a QCL
as an infinite period quantum system where periods interact via the nearest-neighbor
approximation, resulting in infinitely sized banded tridiagonal system Hamiltonian H and
the corresponding dissipator D and density matrix ρ. When these infinitely large variables
are plugged into Liouville equation, the underlying periodicity in the model reduces to a
system of density matrix equations that correspond to different partitions of the system
Hamiltonian [46,49]:

ih̄
d
dt

 ρ1

ρ0

ρ−1

 =

 [H0, ρ1] + [H1, ρ0] + eKLρ1 − ih̄D1

[H−1, ρ1] + [H0, ρ0] + [H1, ρ−1]− ih̄D0

[H−1, ρ0] + [H0, ρ−1]− eKLρ−1 − ih̄D−1


(1)

Each partition in Equation (1) has a size of N × N, where N denotes the number of
states in a single (central) QCL period. The unknowns in this system are the density matrix
partitions ρ0,±1, which correspond to the Hamiltonian partitions with the same indices.
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Detail on calculating coherent interaction terms between adjacent periods, denoted as H±1,
and dissipator terms can be found in [46,49].

Figure 1. Illustration of DM Hamiltonian under infinitely periodic, tight-binding, and the nearest-
neighbor approximation for THz QCL presented in [46,49]. Central period of THz QCL, denoted
by its tight-binding Hamiltonian H0, interacts with its two nearest-neighboring periods via Hamil-
tonian blocks H1 and H−1. The upstream and downstream periods are shifted by ±eKL due to the
application of external electrical field bias K across period of length L, and each interact with their
nearest neighbor in a similar fashion. The overall system Hamiltonian (H) is an infinite (Q → ∞)
tri-diagonal banded matrix. The H0 block accounts for sub-band energies and dipole approximation
for interaction with optical electrical field, while a coherent inter-period interaction is modeled via
Rabi terms Ωij that form H±1 matrix blocks. In addition to the Hamiltonian, the system’s dissipator is
also a tri-diagonal banded matrix, where central block corresponds to scattering rates τij and lifetimes
τi in central period, while inter-period coherences are modeled via dephasing times τ||ij. We can
assume a similar tri-diagonal banded form of the density matrix.

The optical properties can be modeled via dipole approximation within the non-
rotating-wave approximation (NRWA) [49]. The interaction energy VAC = eẑA(t) between
lasing levels resonates at the transition frequency ω, leading to the formation of an optical
field A(t) = A0(exp(iωt) + exp(−iωt)), which subsequently leads to H0 Hamiltonian
blocks having three components: H0 = HDC + H+

AC exp(iωt) + H−
AC exp(−iωt), where

HDC is the tight-binding Hamiltonian and H±
AC = eZA0, with Z being the dipole matrix.

When this is plugged in Equation (1), the system expands to a 9N2 × 9N2 system in the
complex plane. The steady-state analysis can be conducted by simply inverting the linear
superoperator matrix [49]. However, the dynamic study necessitates coupling this system
to the Maxwell wave equation, which significantly increases the computational load. The
main challenge is that 9N2 ordinary differential equations (ODEs) in the complex plane
result in a system of 18N2 × 18N2 in the real plane. However, both the system Hamiltonian
and the density matrix must be Hermitian, and we can use these properties to reduce the
system size. For example, the third equation in Equation (1) is the complex conjugate of
the first, so only two equations are needed to solve the system. Moreover, when NRWA is
applied, the density matrix must remain Hermitian (ρ0 = ρ†

0 and ρ1 = ρ†
−1), allowing us to

remove one more equation. This reduces the system to 5N2 equations. Introducing NRWA
results in the following identities, based on the Hermiticity of the system:
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ρ+0 = (ρ−0 )
†, ρ+1 = (ρ−−1)

†, ρ−1 = (ρ+−1)
†

ρDC
0 = (ρDC

0 )†, ρDC
1 = (ρDC

1 )†, ρDC
−1 = (ρDC

−1 )
† (2)

The Liouville equation in Equation (1) under NRWA approximation can thus be
reduced to the following:

ih̄
dρ+1
dt

= [HDC, ρ+1 ] + [H+
AC, ρDC

1 ] + [H1, ρ+0 ] + eKLPρ+1 − ih̄
ρ+1
τD

+ h̄ωρ+1

ih̄
dρDC

1
dt

= [HDC, ρDC
1 ] + [H1, ρDC

0 ] + [H+
AC, ρ−1 ] + [H−

AC, ρ+1 ] + eKLPρDC
1 − ih̄

ρDC
1
τD

ih̄
dρ−1
dt

= [HDC, ρ−1 ] + [H−
AC, ρDC

1 ] + [H1, (ρ+0 )
†] + eKLPρ−1 − ih̄

ρ−1
τD

− h̄ωρ−1

ih̄
dρ+0
dt

= [H−1, ρ+1 ] + [HDC, ρ+0 ] + [H+
AC, ρDC

0 ] + [H1, (ρ−1 )
†]− ih̄

ρ+0
τD0

− ih̄
ρ+0
τ

+ h̄ωρ+0

ih̄
dρDC

0
dt

= [H−1, ρDC
1 ] + [HDC, ρDC

0 ] + [H+
AC, (ρ+0 )

†] + [H−
AC, ρ+0 ] + [H1, (ρDC

1 )†]

− ih̄
ρDC

0
τD0

− ih̄
ρDC

0
τ

(3)

This system consists of 5N2 equations; however, the terms highlighted in red possess
special commutator linearization, which is further explained in the Appendix A. While this
system can be used to obtain the steady-state solution, the superoperator does not exhibit a
straightforward symmetric expansion, as discussed in [49].

The five commutator equations in Equation (3) can be linearized using the Khatri–Rao
formulation introduced in [49]. Additionally, for dynamic analysis, it is also beneficial to
separate the real and imaginary parts of the system in Equation (3) and reformulate it as a
10N2 ODE system in the real plane. This form is suitable for numerical integration methods
within the GSL libraries in C++. The linearization process for the system in Equation (3) is
detailed in the Appendix A and it results in the following:

dρdyn

dt
= Ldynρdyn + BN (4)

where Ldyn is a superoperator of size (10N2 − 2) × (10N2 − 2), and BN arises from
the normalization condition. Instead of inserting the equation ∑i ρDC

0ii
= 1, we di-

rectly substituted ρDC
0NN

= 1 − ∑i ̸=N ρDC
0ii

into the system. The term ρdyn is a (10N2 − 2)-
dimensional column vector, formed by stacking the vectorized elements (unpacked row-
wise) ρ+

′
1I , ρ+

′
1R, ρDC′

1I , ρDC′
1R , ρ−

′
1I , ρ−

′
1R, ρ+

′
0I , ρ+

′
0R, ρDC′

0I , ρDC′
0R in this order. Here, the indices I and

R refer to the imaginary and real parts, respectively. The detailed construction of Ldyn and
BN is provided in the Appendix A.

The current density operator is given by Ĵ = ien2D
h̄L [Ĥ, ẑ], and the polarization operator

is P̂ = −e n2D
L ẑ, where n2D is the sheet doping density. To correctly evaluate the expectation

values of these operators, the tri-diagonal infinite-period Hamiltonian and density matrix
must be used as illustrated in [46], where we need to seek the limit limQ→∞

1
Q Tr(ρ̂ Ĵ) and

limQ→∞
1
Q Tr(ρ̂P̂), yielding the following:
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JDC = − ien2D
h̄L

Tr
{

Z
(
[H−1, ρDC

1 ] + [HDC, ρDC
0 ]

+[H+
AC, ρ−0 ] + [H−

AC, ρ+0 ] + [H1, ρDC
−1 ]
)

−L
(

H1ρDC
−1 − ρDC

1 H−1

)}
P+ = −e

n2D
L

Tr
(
Zρ+0

)
g =

ω

cnϵ0

ℑ(P+)

ℜ(A)
= − eωn2D

Lcnϵ0

ℑ
(
Tr
(
Zρ+0

))
ℜ(A)

(5)

where n represents the refractive index, JDC is the current density, and g is the material
gain calculated as an imaginary part of the susceptibility.

The driving term in Equation (3) corresponds to the optical electric field present in the
H±

AC terms, which must be coupled to the Maxwell wave equation. It is important to note
that, as suggested in [58], a generalization of this approach can be made to incorporate the
spatial properties of the optical field.

2.2. Maxwell–Bloch Model

The Maxwell wave equation for an isotropic medium is represented by a four-
dimensional partial differential equation [68]. In laser systems with a Fabry–Pérot cav-
ity, two primary approaches are typically used to simplify this general formulation: the
Traveling-Wave method [58], which reduces the problem to two dimensions (one spatial
and one time dimension), and the Fourier method, where it is assumed that an orthogonal
set of electromagnetic modes satisfies the Laplace equation by eliminating the spatial com-
ponent of the general formulation. The Fourier method for the electric field of mode Em is
given as follows:

∂2Em

∂t2 +
σ

ϵ0n2
∂Em

∂t
+ ω2

mEm = − 1
ϵ0n2

∂2Pm

∂t2 (6)

where ωm represents the resonant frequency of mode m, Pm is the medium polarization,
and σ is the conductivity, which is introduced to account for ohmic losses in the cavity. The
conductivity is given by σ = ϵ0ncgth(ωm), where gth(ωm) is the threshold modal gain. In a
Fabry–Pérot resonator, the threshold gain is expressed as gth(ωm) = Γ−1

m (αmir + αw(ωm)),
where Γm is the modal overlap factor for mode m, αmir is the mirror loss, and αw(ωm) is
the waveguide loss. In our calculations, we utilize the model from [69] to calculate the
threshold gain.

Equation (6) is often simplified by introducing the slow-varying envelope approx-
imation, Em = Am(t)

(
eiωt + e−iωt), which is consistent with the NRWA approximation

introduced in Equation (3). For simplicity, we consider only a single cavity mode, so
Am(t) = A(t).

Optical feedback can be incorporated into Equation (6) using an equivalent electric

circuit equation [68], by adding the term
(

8γe
ϵVc

) 1
2 dA

dt to the right-hand side of the Maxwell
wave equation, where γe represents the external cavity loss, and Vc is the normalization
constant. However, a more common approach involves adding feedback terms after
applying the slow-varying envelope approximation, which was originally introduced
in [43] and is widely known as the Lang–Kobayashi model.

In the LK model, feedback is introduced by analyzing multiple reflections in an
extended (compound) cavity system [70], represented by the term κ̃e−iωτext , where

κ̃ = κ
τc

= (1 − R2)
√

R3
R2

1
τc

is the reinjection rate of light into the cavity. Here, κ is the cou-
pling strength, R2 is the reflectivity of the semi-transparent mirror, R3 is the reflectivity of
the target, τc is the internal cavity round-trip time (= 2nL

c ), and τext is the round-trip time
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in the external cavity (= 2next Lext
c ), where next is the refractive index of the external medium

and Lext is the length of the external cavity.
The Maxwell wave equation via the Fourier method and under the slow-varying

envelope approximation in presence of optical feedback simplifies to the following:

∂A
∂t

=−
(

σ

2ϵ0n2 + i(ω − ωm)

)
A − i

ω

2ϵ0n2 P

+ κ̃eiωτext A(t − τext)

(7)

This formulation is analogous to the Lang–Kobayashi (LK) model, with the key dif-
ference being that the polarization term in Equation (7) is no longer treated analytically
using a two-level approximation as in [43]. The formalism in Equation (7) enables coupling
with the Bloch equations, where the polarization term can be computed in a more general
manner, as described in Equation (5), and it accommodates the case of an N-level system.

To formulate a Maxwell–Bloch model that is compatible with the transport model in
Equation (5), it is convenient to introduce a new variable, gc = κ/L, since κ̃ can be expressed
as κ̃ = κ

τc
= c

2n · gc. This term can be interpreted as a coupling loss. By splitting the real
and imaginary parts of Equation (7) and utilizing the relationship between material gain
and medium polarization as outlined in Equation (5), we can formulate the Maxwell–Bloch
model as:

dρdyn

dt
= Ldynρdyn + BN

∂AR
∂t

=
c

2n
[(g − gth)AR(t) + (ω − ωm)AI + gc cos(ωτext)AR(t − τext)

+gc sin(ωτext)AI(t − τext)]

∂AI
∂t

= − c
2n

[gth AI(t)− (ω − ωm)AR − gc sin(ωτext)AR(t − τext)

+gc cos(ωτext)AI(t − τext)] +
eωn2D

2Lϵ0n2 ℜ
(
Tr(Zρ+0 )

)
(8)

Equation (8) represents a general Maxwell–Bloch formalism that couples the Liou-
villian superoperator to the Maxwell equation under optical feedback for THz QCL. A
key distinction from the conventional LK model is that we do not employ any approxi-
mations that reduce our N-level quantum system to an effective two-level laser model.
Our approach does not require any linearization of the material gain with respect to car-
rier concentration, nor does it involve unit disparities that typically necessitate special
normalization [43,68]. (Note that the electric field envelope A(t) is in [V/m] units).

Laser equation models [68] typically consist of a set of carrier concentration, Maxwell
wave equation, and polarization equations. In contrast, the system in Equation (8) can be
viewed as a merger of the carrier and polarization equations into a density matrix model
via the system’s Liouvillian. The equations corresponding to the diagonal elements of the
density matrix are equivalent to the rate equations, while the off-diagonal elements make
a significant contribution to the medium polarization [46]. In Equation (8), we present
a general framework for the QCL system, where our superoperator accommodates any
number of states within the QCL structure. Moreover, optical feedback is incorporated in
such a way that no effective parameters, like those used in the LK model, are needed.

In Equation (8), we have separated the real and imaginary parts of the Maxwell
equation presented in Equation (7). Alternatively, we could have employed amplitude and
phase equations, as performed in the LK model. The real part of the envelope, AR(t), in
Equation (8) captures the fundamental behavior of any laser: in the absence of feedback
(gc = 0), the material gain is clamped to the threshold gain at steady-state. However,
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with optical feedback, the reinjected loss introduces a perturbation to the threshold gain,
thereby altering the steady-state behavior. By introducing an effective threshold gain
as gthe f f

= gth + gc sin(ωτext + ϕ), we can model the SM effect using an effective third
mirror [71]. This approach could be applied to the QCL structure [72], although it would
require inverse interpolation after mapping the steady-state behavior.

3. Numerical Results
The system of equations in Equation (8) can be numerically solved as a first-order

ODE system, for which a variety of solvers are available in many computational libraries.
In this work, we utilized the GSL library in C++ and applied the Runge–Kutta Cash–Karp
algorithm, which is particularly effective for stiff problems [73].

3.1. THz QCL Dynamics Without Optical Feedback

The layer structure of the active region in THz QCL devices usually falls within three well-
established designs, namely bound-to-continuum (BTC), longitudinal-optical (LO) phonon, and
hybrid designs, each one having a unique set of advantages and drawbacks. One of the key
differences between these designs is in the period length, whose reciprocal controls the lasing
threshold [74]: BTC structures operate with a low threshold but poor temperature performance,
while LO phonon-based QCLs, in contrast, operate well at high temperatures, but have a very
high threshold (thus only pulsed operation is usually achieved). Hybrid QCL designs combine
aspects of LO and BTC schemes to achieve a moderately low threshold, large dynamic range,
continuous-wave (CW) operation, and tolerance to high operating temperatures.

We will analyze representative structures of each of the three QCL design schemes,
with our primary goal being to investigate the application of the model in Equation (8)
across a broad set of THz QCL designs. We focus on three structures: Device A–a 3.4 THz
structure based on the LO-phonon scheme [28]; Device B–a 2 THz structure based on the
BTC scheme [46]; and Device C–a 3.4 THz structure based on the Hybrid scheme [75].

We applied our steady-state DM model [46,49] to all three structures to obtain current
density and material gain dependence on the applied electric bias, upon which we applied
the dynamics model that allows us to extract optical power and investigate gain dynamics,
as shown in Figure 2. An example of steady-state transport characteristics for Device C is
presented in Figure 3.
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(b) 2 THz BTC QCL.
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(c) 3.4 THz Hybrid QCL.

Figure 2. Simulated time-dependent material gain for three representative QCL designs at their
respective resonant biases at 20 K. (a) LO-phonon based 3.4 THz QCL [28] with K = 8.8 kV

cm ,
(b) BTC QCL [46,57] with K = 1.95 kV

cm , (c) Hybrid THz QCL [75] with K = 4.7 kV
cm . The insets

on the left show the temporal evolution of the optical electric field (real part in blue, imaginary part
in red), while the insets on the right display the time evolution of optical power. The central inset
(green) displays spectral profile of the material gain at respective external electric field bias for each
design. All three designs use a surface plasmon waveguide, with the threshold gain calculated using
the model from [69].
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Figure 3. Modeled current density as a function of external bias K within the range of 3.8–5 kV/cm
at 20 K for device C [75]. The purple data points represent steady-state solutions derived from the
dynamics model shown in Figure 2. The green data points were obtained using the steady-state
model [46,49], assuming a negligible optical field in the quantum system. The inset illustrates the
single-pass material gain as a function of the applied electric field.
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The threshold gain gth is calculated using the modal loss model in [69], where we
assumed a surface-plasmon waveguide (without loss of generality). The gain dependence
on electric bias G(K) is calculated, assuming negligible optical field in the system, resulting
in what is commonly referred to as “single-pass” material gain, which is not clamped by the
modal loss. The dynamic model in Equation (8) can be applied at voltages where g > gth.
The bias points at which we present the dynamic results are illustrated in Figure 2.

We assume no optical feedback in Equation (8) (gc = 0) and set the initial guess for
the electric field to arbitrary values (ER, EI) = (104,−104) [Vm−1] in all simulations. The
initial guess for the density matrix elements is set close to the steady-state solution at very
low optical field, as we do not have a model for spontaneous emission.

In Figure 2, we show the main features of THz QCL laser dynamics as the gain
stabilizes and limits to the modal loss in steady-state. In a Fabry–Perot cavity with length
Lc, the round-trip time is approximately given by 2nLc/c ≈ 22 Lc [ps mm−1]. Typical
cavity lengths for THz QCLs are between 1 mm and 3 mm, which results in round-trip
times on the scale of 22–66 ps. In the examples presented in Figure 2, we observe that the
transient effects occur on a timescale shorter than the round-trip time. This is due to the
short upper lasing level (ULL) lifetime of approximately 12 ps, meaning that QCL devices
do not exhibit relaxation oscillations, which are typical in other types of lasers [76]. The
rapid gain recovery observed in THz QCLs has been experimentally verified [77–79] and is
a vital characteristic for high-speed modulation applications.

It is important to note that the choice of the initial guess significantly impacts the solution
of the ODE, especially due to the stiff nature of this numerical problem. In some cases, starting
with a very low electrical field value can prevent the method from converging. Additionally,
the method may diverge if the simulation includes states that do not contribute meaningfully
to the primary QCL transport behavior (e.g., higher continuum-like states).

For the structure shown in Figure 2c, the initial guess underestimated the steady-state
value, resulting in a much longer transient period. However, this example demonstrates
that the simulation can still reach the steady-state even when the initial guess is not optimal.

We also emphasize that the optical field in the Liouvillian superoperator of Equation (4)
influences the steady-state current density calculation in our transport model. In [46], we
accounted for this effect by varying only the real part of the optical field until the modal
gain stabilized at the loss level. In this work, we apply the model in Equation (8) at each
bias point where g > gth to obtain the corrected values for both the steady-state current
density and optical power.

Figure 3 illustrates how the current density is influenced by the inclusion of the optical
field within the Liouvillian, which causes the material gain to be constrained by modal
loss. In principle, the dynamic model should be taken into account when computing the
current density. This is especially crucial when focusing solely on transport characteristics,
as neglecting the dynamic effects on current density could result in an underestimation
by 20–30%. However, this does not notably increase the computational cost. One can
sweep the optical field to determine the point at which the material gain is limited by the
modal loss, and this can be achieved with various root-finding algorithms, which typically
converge quickly.

The initial conditions used in Figure 2 do not accurately represent the internal state
of the QCL or the spontaneous emission processes. The response shown represents the
dynamics for a specific initial condition. For instance, the result in Figure 2b may suggest
that the gain recovery time (GRT) is longer than the cavity round-trip time, which could
imply that mode-locking is possible. However, this is not observed experimentally [78]. In
Figure 2b, we simulated the dynamics at the peak of power, while the experimental data
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in [78] shows that GRT increases as the bias is raised, with a measured GRT of around 25 ps
at a bias point below the peak power.

The model in Equation (8) can be utilized to estimate GRT by introducing active
modulation of the waveguide loss as gth = gth + gmod(t), while maintaining the feedback
gc = 0 for bias values above threshold and once the laser has reached its steady state.
The modulation function gmod(t) can represent any active modulation effect that alters the
waveguide loss, allowing us to explore various modulation schemes to predict the QCL’s
dynamic response and GRT.

3.2. Self-Mixing Effect

To simulate the SM effect, the first step is to evaluate the transport properties of the
device by solving for the steady-state solution of Equation (8). We use the fitting method
described in [46] to match the transport behavior of the 3.4 THz structure in [75]. The
device is assumed to have a cavity length of 1.88 mm, a ridge width of 150 µm, and a ridge
height of 14.2 µm, with a contact resistance of 1.2 Ω. We set the bias at K = 4.56 kV cm−1,
corresponding to a current density of 357.3 A cm−2. The SM effect is modeled using
Equation (8) by incorporating the coupling loss and the cavity round-trip time. The
system is most responsive when ωτext is an integer multiple of π/2. Therefore, for a given
frequency, the strongest response is achieved by adjusting the external cavity length in
increments of half a wavelength (80 µm).

In Figure 4, we show the picosecond dynamics of optical power under the self-mixing
effect. The external cavity length is fixed at Lext = 0.7 m + 80 [µm], while three different
coupling loss values are considered to represent weak, moderate, and strong feedback
regimes [80]. It is important to note that the model in Equation (8) does not account
for temperature variations in the laser medium, though this could be incorporated at
a high computational cost. The coupling loss in Figure 4 induces a dynamic response
on a timescale shorter than the cavity round-trip time, after which a new steady state
is reached. In practical SM effect applications, changes in the terminal voltage Vsm are
typically measured instead of optical power. The SM effect also modulates current density
in a manner similar to that shown in Figure 4, allowing us to extract Vsm by inverse
interpolation of the current–voltage curve, once the data in Figure 3 is scaled by the
device dimensions.
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Figure 4. Simulated time evolution of optical power for varying values of the coupling loss gc. The
self-mixing feedback is applied at 50 ps, using the operating bias from device C [75] at 4.56 kV

cm , with
the cavity length set to the value yielding maximum SM sensitivity at Lext = 0.7 [m] + 80 [µm].
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In Figure 5, we show the self-mixing (SM) voltage as a function of the external cavity
length Lext = 0.7 m + ∆Lext for three different values of coupling loss. One common
application of the SM effect is in displacement sensing [80], where an external mirror is
periodically moved around a fixed position on the linear portion of the sinusoidal curve
in Figure 5. In Figure 6, we present the response of the terminal voltage when the external
mirror is displaced with a 2 µm amplitude around Lext = 0.7 [m] + 70 [µm]. The resulting
terminal voltage is approximately 10 mV, which aligns well with experimental observations
of this technique [75].
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Figure 5. Modeled dependence of self-mixing voltage on external cavity length, Lext = 0.7 [m] +∆Lext,
for various values of coupling loss gc in device C [75]. The self-mixing voltage was calculated by
inverse interpolating the steady-state current density using the experimental current–voltage (I–V)
curve at 20 K under continuous-wave (CW) operation.
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Figure 6. Self-mixing voltage signal (red) corresponding to the variation in external cavity length
(blue), where Lext = 0.7 [m] + 75 [µm] + ∆, for a coupling loss of gc = 0.6 cm−1.

The results presented in Figures 4 and 5 show the effects of three values of injection
loss gc = κ/L, corresponding to weak, moderate, and strong optical feedback. In LK mode,
moderate and strong feedback lead to asymmetry in the detected voltage [80], which is
not captured in Figure 5. One limitation of this model is that it does not account for the
temperature dependence of parameters, as discussed in [41]. However, the numerical com-
plexity of this model is already moderately high, and its primary application is illustrated
in Figure 4. Currently, no model exists that can determine which parameters affect the
magnitude of the self-mixing (SM) signal in THz QCLs, and the existing LK model requires
parameter fitting to match experimental data. The modeling framework we have presented
and the results in Figure 4 provide a unique advantage: the ability to qualitatively assess
the suitability of different THz QCL designs for SM applications. This allows us to estimate
the magnitude of the SM voltage signal, the dynamic range of the THz QCL design, and its
sensitivity to modulation.
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4. Conclusions
We presented the reduced Liouvillian superoperator for the partitioned Hamiltonian

introduced in [46,49]. The simplification in the equations in the system was achieved
by exploiting the Hermiticity of the density matrix and its Hamiltonian. In Figure 2, we
presented the modeled material gain dynamics of three exemplary THz QCLs. The high
level of detail in the Bloch equations provides us with more accurate insights into the
physics of THz QCLs, and this approach can further be extended to study various external
modulation effects, gain recovery time calculation, and device performance optimization.

In Figure 3, we showcased the importance of incorporating the optical field dynamics
with the transport model because the presence of the optical field affects the transport
characteristics of the device. Nominally, transport characteristics, such as the current
density, can be fitted to the experiment by using IFR parameters [46]; however, the optical
field in the transport model should not be neglected. Setting the optical field manually to
a low value only models the transport in a “single-pass” setup, which can show whether
the device has material gain to support lasing; however, for the current density calculation,
one must incorporate dynamics of the optical field with the transport equations in order to
correctly fit the data to the experiment. This can be achieved via the model discussed in
this paper or, since only the steady-state solution is of interest, via a root-finding algorithm,
where one seeks the optical field value for which material gain clamps to the loss, as
discussed in [46].

The key contribution of this work is the framework that generalizes the LK model be-
yond the two-level diode laser consideration in Equation (7), where any complex quantum
systems can be examined via their medium polarization term. We considered the case of
THz QCLs, where we coupled our transport model superoperator to the Maxwell wave
equation, allowing us to study the pico-second dynamics of LK effect in THz QCLs. We
demonstrated how the SM effect causes the change in the steady-state optical power and
how it evolves in time. This enabled us to study the SM effect in any THz QCL device
without a need for parametric two-level approaches [40], which, while crucial in determin-
ing the operational boundaries for the design of the overall system, do not offer a way
to improve the design of the laser itself. In Figure 4, we considered the case of moderate
and strong feedback on exemplary THz QCL. The key takeaway of these results is that
re-injected light affects the quantum system on a pico-second scale, whereas the SM effect
in practice is largely driven by temperature fluctuations of device parameters [80]. Since the
temperature effects happen on a micro-second timescale, the model presented in this work
can be used to tabulate the temperature dependence of the model parameters and generate
an effective model in similar fashion as in [40]. However, the primary potential application
of approach we presented is its ability to incorporate high-detail microscopic modeling of
the THz QCL bandstructure, allowing us to select or engineer optimal devices. Unlike the
effective two-level models for SM, the approach presented in Figure 4 can be repeated for
arbitrary THz QCL design and allows us to evaluate their quality for SM applications in
terms of the magnitude of SM voltage signal, dynamic range, or sensitivity.
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Appendix A. Liouvilian Superoperator Linearization
The linearization of the commutator system of equations in Equation (3) can be carried

out algebraically by introducing the following banded matrices:

H =


HDC H+

AC 0 H1 0
H−

AC HDC H+
AC 0 H1

0 H−
AC HDC 0 0

H−1 0 0 HDC H+
AC

0 H−1 0 H−
AC HDC


5N×5N

IU =


I I I I I
I I I I I
I I I I I
I I I I I
I I I I I


5N×5N

Υ =


eKLP IN2 0 0 0 0

0 eKLP IN2 0 0 0
0 0 eKLP IN2 M1 0
0 0 M1 0 0
0 M1 0 M+

AC 0


5N2×5N2

D =


D′

1 0 0 0 0
0 D′

1 0 0 0
0 0 D′

1 0 0
0 0 0 D′

0 0
0 0 0 0 D′

0


5N2×5N2

Ω =


IN2 0 0 0 0
0 0 0 0 0
0 0 −IN2 0 0
0 0 0 IN2 0
0 0 0 0 0


5N2×5N2

ρ′ =


ρ+

′
1

ρDC′
1
ρ−

′
1

ρ+
′

0
ρDC′

0


5N2×1

(A1)

where I denotes an N × N identity matrix, and IN2 refers to an N2 × N2 identity matrix. The
zero blocks in Hred are of size N × N, while all other zero blocks are of size N2 × N2. The
matrices M1 and M+

AC represent special sub-Liouville superoperators, which correspond to

https://doi.org/10.5518/1786
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the linearization of the commutators involving H1 and H+
AC, respectively, and are associated

with the red-colored terms in Equation (3).
The main challenge with these terms is that they target the conjugate transpose of the

unknown, whereas all other commutators are linearized by row-wise vectorization of the
original (non-transposed) density matrix blocks. For example, the commutator [A, X] can
be directly linearized using the Kronecker product as A ⊗ I − I ⊗ AT , where X is linearized
by row-wise vectorization. However, the linearization of the commutator [A, XT ] must
preserve the order of the equations obtained by linearizing [A, X]. This vectorization does
not have a straightforward algebraic transformation in the literature, but it can be derived
by mathematical induction, as shown in Appendix B.

The matrices in Equation (A1) enable the algebraic linearization of Equation (3),
following a similar approach to the formalism introduced in [49]:

dρ′

dt
= Lρ′

L = − i
h̄

(
H ⊠ IU − IU ⊠ H.T + Υ − ih̄D + h̄ωΩ

) (A2)

To match the matrix dimensions, the Khatri–Rao products must be computed before
adding other terms.

The system in Equation (A2) is formulated in the complex plane. However, many
C++ libraries (e.g., GSL [73]) require a system of real equations. By separating the real
and imaginary parts in Equation (A2), one would obtain a system of 10N2 real equations.
Fortunately, an algebraic expansion rule is available. Consider a commutator −i[Hk, ρk],
where both are complex: Hk = HkR + iHkI and ρk = ρkR + iρkI . The commutator results in
two separate equations:

ℑ : [HkI , ρkI ]− [HkR , ρkR ]

ℜ : [HkI , ρkR ] + [HkR , ρkI ]
(A3)

The linear form of Equation (A3) is as follows:((
HkI −HkR

HkR HkI

)
⊠

(
I I
I I

)

−
(

I I
I I

)
⊠

(
HT

kI
HT

kR

−HT
kR

HT
kI

))(
ρkI

ρkR

) (A4)

We now define a complex expansion rule for terms of the form i[Hk, ρk]:

Hrot
k →

(
HkI −HkR

HkR HkI

)
(A5)

Additionally, the terms highlighted in red in Equation (3) correspond to the complex
conjugate of the density matrix partitions. This is equivalent to multiplying by −1, and the
expansion rule for the linearized form of [Hk, ρT

k ] = Mkρ′k is the following:

Mrot
k →

(
MkI −MkR

−MkR −MkI

)
(A6)

The expanded superoperator of real equations derived from Equation (A3) is then
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dρrot′

dt
= Lrotρrot′

Lrot =
1
h̄

(
Hrot ⊠ Irot

U − Irot
U ⊠ Hrot.T

+ Υrot + h̄D′rot + h̄ωΩrot
) (A7)

where

• Hrot is a 10N × 10N partitioned matrix derived from the one in Equation (A1) by
applying the expansion rule in Equation (A5). Note that only the HAC block has an
imaginary part, and the real basis of wavefunctions was used to derive the H±1 blocks.

• Irot
U is a 10N × 10N partitioned matrix, where each partition is an identity matrix I. It

can be algebraically formed as U10×10 ⊗ IN×N .
• Υrot is a 10N2 × 10N2 partitioned matrix, obtained by applying the rule in Equation (A3)

to the terms eKLP IN2×N2 , treating them as purely real, and using the rule in
Equation (A6) for the terms M1 and MAC.

• D′rot is a 10N × 10N partitioned matrix, obtained by applying the rule in Equation (A5),
treating this matrix as purely imaginary, since it contains an additional imaginary
unit in Equation (A3). This also causes the sign change in front of this term. Simply
put, D′rot is a block-diagonal matrix with D′

1, D′
1, D′

1, D′
1, D′

1, D′
1, D′

0, D′
0, D′

0, D′
0 on the

main diagonal.
• Ωrot is a 10N × 10N partitioned matrix, derived from the one in Equation (A1) by

applying the rule in Equation (A5) to each IN2 element, treating it as purely real.
• ρrot′ is a 10N2 column vector consisting of the stacked vectorized elements:

ρ+
′

1I , ρ+
′

1R, ρDC′
1I , ρDC′

1R , ρ−
′

1I , ρ−
′

1R, ρ+
′

0I , ρ+
′

0R, ρDC′
0I , ρDC′

0R .

This system is almost identical to the one in Equation (4). The only remaining task is to
implement the normalization condition ∑i ρDC

0ii
= 1, which can be achieved by substituting

one of the equations in the system, for example, ρDC
0NN

= 1 − ∑i ̸=N ρDC
0ii

, directly into the
system. The vector ρdyn is of length 10N2 − 2 for the steady-state solution. This transforms
the equation to Lrot → Ldyn and ρrot → ρdyn, resulting in Equation (4).

The vector ρdyn lacks the real and imaginary parts of ρDC
0NN

; otherwise, it is identical

to ρrot′ from Equation (A7). The matrix Ldyn is similar to Lrot
red but differs in the removal

of rows and columns (corresponding to the real and imaginary parts) that target the ρDC
0NN

element in the original system (i.e., the (5N2 − 1)-th row and column). Furthermore, each
column targeting ρDC

0ii
, i ̸= N, is altered by subtracting the columns targeting the real

and imaginary parts of ρDC
0NN

from the original system. As a result, the matrix Ldyn has
dimensions (10N2 − 2)× (10N2 − 2).

The vector BN is a 10N2 − 2 column vector, which is actually a column from the
original superoperator that targeted the real part of ρDC

0NN
, while the two rows are omitted

since the equations targeting the real and imaginary parts of ρDC
0NN

are deleted. The de-
tailed explanation of how Ldyn and BN are generated from the initial system is provided
in Appendix C.

Appendix B. Linearization of AXT B
The Kronecker product can be used to linearize the equation AXB = C as (A ⊗

BT)x′ = c′, where x′ and c′ represent the row-wise vectorized forms of X and C, respectively.
If vectorization is performed column-wise, the linearization takes the form (BT ⊗ A)xc = cc.
However, when the equation involves both X and XT , linearizing AXT B via the Kronecker
product is not straightforward due to the differences in the vectorization of X and the order
of equations in AXT B.
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Consider the 2 × 2 case where we have AXT = E and XT B = F, where(
a11 a12

a21 a22

)(
x11 x21

x12 x22

)
=

(
e11 e12

e21 e22

)
(

x11 x21

x12 x22

)(
b11 b12

b21 b22

)
=

(
f11 f12

f21 f22

) (A8)

The products in Equation (A8) are as follows:(
a11x11 + a12x12 a11x21 + a12x22

a21x11 + a22x12 a21x21 + a22x22

)
=

(
e11 e12

e21 e22

)
(

x11b11 + x21b21 x11b12 + x21b22

x12b11 + x22b21 x12b12 + x22b22

)
=

(
f11 f12

f21 f22

) (A9)

If we formulate x′ through row-wise vectorization and write the equations in
Equation (A9) in row-wise order, the resulting system is

a11 a12 0 0
0 0 a11 a12

a21 a22 0 0
0 0 a21 a22




x11

x12

x21

x22

 =


e11

e12

e21

e22




b11 0 b21 0
b12 0 b22 0
0 b11 0 b21

0 b12 0 b22




x11

x12

x21

x22

 =


d11

d12

d21

d22


(A10)

The 4 × 4 matrices in Equation (A10) do not directly correspond to any specific alge-
braic operation like the Kronecker product. In a more visual sense, linearizing AXT shifts
the rows of A diagonally, while XT B results in the shifting of columns of B. These types of
operations can be efficiently achieved using the Khatri–Rao product as follows:

(
I2×2

I2×2

)
⊠

(
AR1

AR2

)
x11

x12

x21

x22

 =


e11

e12

e21

e22


= (IR ⊠ AR)x′ = e′

(
I2×2 I2×2

)
⊠
(

BC1 BC2

)
x11

x12

x21

x22

 =


f11

f12

f21

f22


= (IC ⊗ BC)x′ = f ′

(A11)

This also gives
(IC ⊠ BC) = (IR ⊠ BR)

T (A12)

where AR is a partitioned matrix where each partition corresponds to a row from the
original matrix, while IR is a partitioned matrix where each partition is an identity matrix.
Similarly, BC is a partitioned matrix where each partition corresponds to a column of the
original matrix, and IC has identity matrices as its column partitions. It is important to note
that the identity in Equation (A12) is directly derived from Equation (A10) by setting the a
and b elements equal and transposing the 4 × 4 matrices.
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This formulation can be generalized for matrices A and B as

AXT B → AR ⊠ (BT)C,

where (BT)C represents the partitioning of the matrix BT into columns.

AXT B →


AR1

AR2
...

ARN

⊠
(

BT
C1

BT
C2

· · · BT
CN

)
x′

=


AR1 ⊗ BT

C1

AR2 ⊗ BT
C2

...
ARN ⊗ BT

CN

x′

(A13)

It is important to ensure that the number of columns in BT corresponds to the number
of rows in A.

In the context of the density matrix model, Equation (A11) becomes applicable when
linearizing terms of the form [A, ρ] + [B, ρT ]:

[A, ρ] + [B, ρT ] = C

→ (A ⊗ I − I ⊗ AT)ρ′ + (IR ⊠ BR − (IR ⊠ BR)
T)ρ′ = c′

(A14)

Appendix C. Normalization of DM Superoperator
The normalization condition in the density matrix formalism dictates that the sum of

the diagonal elements of the density matrix must equal one, ensuring probability conserva-
tion within the chosen basis. There are different ways to implement this condition. One
simple method is to remove one of the equations corresponding to a diagonal element of
the density matrix and replace it with the normalization condition. This would introduce a
constant term into the system’s superoperator, enabling a straightforward solution in the
steady state. However, this approach is not suitable for dynamic models, as most solvers
require a specific vector of equations with derivatives on one side.

Alternatively, the normalization condition can be reformulated by rearranging the
terms and setting one diagonal element of the density matrix equal to one minus the sum
of all other diagonal elements:

ρjj = 1 − ∑
i ̸=j

ρDC
0ii

(A15)

This equation must be substituted throughout the entire system wherever the chosen
ρjj appears. This substitution causes the system to “shrink” by eliminating the row and
column corresponding to the ρjj element. To illustrate this, consider a linear system of
differential equations LX = dX

dt : a11 a12 a13

a21 a22 a23

a31 a32 a33


 x1

x2

x3

 =
d
dt

 x1

x2

x3

 (A16)

If we implement the relation x3 = Y − x2 − x1 (with Y = 1, though we will retain the
general form), and eliminate the third equation, the system in Equation (A16) simplifies to
the following:
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(
a11 − a13 a12 − a13

a21 − a23 a22 − a23

)(
x1

x2

)
+ Y

(
a13

a23

)
=

d
dt

(
x1

x2

)
(A17)

Two effects can be observed in Equation (A17):

• The column corresponding to x3 in the initial system in Equation (A17), excluding the
a33 element, remains as a free term in Equation (A17) multiplied by the constant Y.

• The same column is subtracted from the columns corresponding to the x1 and
x2 variables.

If we partition the system in Equation (A16) by columns as (A1 A2 A3)X = dX
dt , the

condition x3 = 1 − x2 − x1 modifies the system as follows:

(A1R − A3R A2R − A3R)⊙ XR + YA3R =
dXR

dt
(A18)

where the R notation refers to the fact that the last equation in Equation (A16) is removed,
and the original columns are “shrunk” by the last element. The ⊙ symbol indicates a dot
product when the partitioned form is used.

The normalization condition for the DM model used in this thesis follows the outline in
Equations (A17) and (A18); however, there is a slight complication regarding which columns
and rows need to be altered. The system in Equation (A7) has a size of 10N2 × 10N2, but the
normalization condition only affects the diagonal elements of ρDC

0 located in the N2 × N2

partition in the 10th (real part) and 9th (imaginary part) rows of the overall system. The
selected diagonal element corresponds to the last state in the basis, whose equation is
written in the 10N2-th (real part) and 9N2-th (imaginary part) rows.

The normalization condition ρDC
0NN

= 1 − ∑i ̸=N ρDC
0ii

affects the system created in
Equation (A7) as follows:

• Rows 10N2 and 9N2 are deleted from the system.
• Columns 10N2 and 9N2 (after the previous removal) are also deleted from the system

and stored in column vectors CR and CI, respectively.
• Each column that targets the real part of diagonal elements ρDC

0ii
, i ̸= N, is subtracted

by column CR.
• Each column that targets the imaginary part of diagonal elements ρDC

0ii
, i ̸= N, is

subtracted by column CI.
• Column CR is added as a free term to the system (note that CI is not added, since in

that case Y = 0 in Equation (A18)).

The system can then be written as in Equation (3). Note that the overall Maxwell–Bloch
system is coupled, and the optical electric field equations can be added either at the bottom
of the DM system or at the position of the deleted equations due to the normalization
condition. In either case, the overall system will have 10N2 differential equations, which
can be solved by various packages within the C++ GSL library.
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63. Silvestri, C.; Qi, X.; Taimre, T.; Rakić, A.D. Multimode dynamics of terahertz quantum cascade lasers: Spontaneous and actively
induced generation of dense and harmonic coherent regimes. Phys. Rev. A 2022, 106, 053526. [CrossRef]

64. Lindblad, G. On the generators of quantum dynamical semigroups. Commun. Math. Phys. 1976, 48, 119–130. [CrossRef]
65. Kossakowski, A. On quantum statistical mechanics of non-Hamiltonian systems. Rep. Math. Phys. 1972, 3, 247–274.

. [CrossRef]
66. Gorini, V.; Kossakowski, A.; Sudarshan, E.C.G. Completely positive dynamical semigroups of N-level systems. J. Math. Phys.

1976, 17, 821–825. [CrossRef]
67. Banks, T.; Susskind, L.; Peskin, M.E. Difficulties for the evolution of pure states into mixed states. Nucl. Phys. B 1984, 244, 125–134.

[CrossRef]
68. Siegman, A. Lasers; University Science Books: Melville, NY, USA, 1986.
69. Evans, C.A.; Indjin, D.; Ikonic, Z.; Harrison, P.; Vitiello, M.S.; Spagnolo, V.; Scamarcio, G. Thermal modeling of terahertz

quantum-cascade lasers: Comparison of optical waveguides. IEEE J. Quantum Electron. 2008, 44, 680–685. [CrossRef]
70. Qi, X.; Bertling, K.; Taimre, T.; Agnew, G.; Lim, Y.L.; Gillespie, T.; Robinson, A.; Brünig, M.; Demić, A.; Dean, P.; et al.

Observation of optical feedback dynamics in single-mode terahertz quantum cascade lasers: Transient instabilities. Phys. Rev. A
2021, 103, 033504. [CrossRef]

71. Kane, D.M.; Shore, K.A. Unlocking Dynamical Diversity: Optical Feedback Effects on Semiconductor Lasers; John Wiley & Sons:
Hoboken, NJ, USA, 2005.

72. Grier, A. Modelling the Optical and Electronic Transport Properties of AlGaAs and AlGaN Intersubband Devices and Optimisation
of Quantum Cascade Laser Active Regions. Ph.D. Thesis, University of Leeds, Leeds, UK, 2015.

73. Galassi, M.; Davies, J.; Theiler, J.; Gough, B.; Jungman, G.; Alken, P.; Booth, M.; Rossi, F.; Ulerich, R. GNU Scientific Library;
Network Theory Limited Godalming: Godalming, UK, 2002.
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