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1. Comparison of single-atom HHG calculated by SFA and TDSE 
In order to verify the accuracy of our model, we also carried out the numerical 

solution of the time-dependent Schrödinger equation (TDSE) of a single helium atom 
based on a single active electron, and the results are shown in Figure S1 and Figure S2. 
Figure S1 showed the ionization probability with time at different driving laser intensities 
calculated by SFA and 3D-TDSE[1], respectively. In the ionization probability calculation, 
we considered six excited states: 1s2s, 1s2p, 1s3s, 1s3p, 1s4s, and 1s4p. The population of 
each state with time can be expressed as 𝑃 𝑡 |⟨𝜙 𝑟 |𝜑 𝑟, 𝑡 ⟩| , and the ionization 
probability with time can be expressed as 𝑝 𝑡 1 ∑ 𝑃 𝑡 , where 𝜙 𝑟  is the eigen 
wavefunction of each state and 𝜑 𝑟, 𝑡  is the wavefunction at time t. It is worth noting 
that, though the laser intensity legend labels in the following figures showed 7.5 I0, 12 I0, 
15 I0, and 20 I0, the actual intensities used in the following calculations are approximately 
6.8 I0, 10.2 I0, 12.2 I0, and 16.3 I0, respectively, which is because the intensity legend labels 
represent the peak laser intensity in a vacuum, but the actual peak intensity is lower due 
to the propagation effects in the medium, as shown in Figure 3 of the manuscript. It can 
be seen that the ionization probability obtained by TDSE at different laser intensities is all 
in good agreement with that obtained by SFA.  

 
Figure S1 Ionization probability calculated by TDSE (solid line) and SFA model (dashed 

line). I0= 1×1014 W/cm2. 

Figure S2 showed the harmonic spectrum calculated by TDSE (red and blue lines) 
and SFA (black line) at different laser intensities. In the TDSE calculation, we considered 
two cases of the initial wavefunction, one is a pure ground state (𝜑 𝜙 ) (red line), and 
the other is a superposition initial state of the ground and the 6 excited states above (𝜑𝜙 ∑ 𝑐 𝜙 ) (blue line), where 𝑐  is the initial populated coefficient of each state. One 
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can see that, as the driving laser intensity increases, not only the cutoff harmonics are 
extended, but also the plateau harmonic intensity is enhanced, and this is consistent for 
both the SFA and TDSE. In addition, it can also be seen that the single-atom harmonic 
spectra of TDSE corresponding to the two initial wavefunction cases are generally 
consistent at each laser intensity, except for significant deviations near the threshold 
harmonics (shadow region in each panel). In the threshold harmonics region, there is a 
significant enhancement around H13 for the case of the initial superposition state 
compared with the initial pure ground state, this can be attributed to the resonance 
enhancement of the harmonics caused by XUV-free induction decay (xFID) of the excited 
states[2]. Moreover, it should be noted that even though the initial wavefunction is a pure 
ground state, the influence of the excited states is also naturally included in the TDSE 
calculation. It is the periodic oscillations of the excited states’ population in the domain 
center of the driving laser that led to the influence of the excited state becoming less 
obvious. However, when the initial wave function is a superposition of the ground state 
and the excited states, the population of the excited states are relatively stable and their 
influence on the harmonics will be more noticeable. Therefore, there are some studies that 
use pre-excited states [3,4] or Rydberg states to enhance the HHG intensity [5,6]. 
Therefore, one can conclude that the effects of the excited states just exist below and near 
the threshold harmonics, which does not influence the harmonics in the high plateau 
region and near the cutoff region.  

Furthermore, by comparing the HHG spectra of TDSE and SFA, one can see that the 
cutoff energy of TDSE and SFA is nearly consistent at relatively low laser intensity (I < 12 
I0), but there are slight deviations at high laser intensity (15 I0 and 20 I0). In the high laser 
intensity, the cutoff region of TDSE appears flatter compared to SFA, which means that 
the cutoff energy of TDSE is lower than that of SFA. In addition, the HHG spectra orders 
of SFA appear clearer compared to the TDSE, which may be attributed to the fact that the 
HHG of the SFA only takes the transition of the ground state and the continuum state into 
consideration, but the HHG of the TDSE includes the contributions from all the excited 
states. 

 
Figure S2. HHG spectrum of single-atom response calculated by TDSE and SFA (black 

line) at different laser intensities. In the TDSE calculation, two initial state cases are 
considered: the initial pure ground state (red line) and the initial superposition state of 



 3 of 4 

 

the ground and six excited states (blue line). The shadow region represents the 
harmonics below the threshold. 

In order to clearly investigate the influence of the laser intensity on the harmonic 
intensity in the microscopic, we also calculated the average intensity of harmonic order 
from H65 to H95 in Figure S2 at each laser intensity, as shown in Figure S3, in which the 
harmonic intensity has been normalized. It can be seen that the evolution trend of the 
harmonic intensity calculated by both the SFA and TDSE is in agreement with each other; 
namely, the harmonic intensity increase with the laser intensity until saturation, which is 
consistent with the results of previous studies [7,8]. This is because the HHG is dependent 
on tunnel ionization, but excessive ionization would lead to the depletion of the ground 
state, which will prevent harmonic enhancement. In our simulations, the saturation 
intensity is higher than 20 I0. As the intensity exceeds saturation, the growth of harmonics 
will decelerate, and the cutoff order will deviate from the expected cutoff formula. 
Nevertheless, within the range of laser intensity we are considering, the results of SFA 
and TDSE are in good agreement with each other in the plateau and near the cutoff region. 

 
Figure S3. The normalized average intensity of harmonics from H65 to H95 with 

different laser intensities was calculated by TDSE and SFA. 

In conclusion, we have compared the HHG of the single-atom response calculated by 
the SFA and TDSE. Although the TDSE includes the effects of the excited states, the 
ionization probability of SFA and TDSE at each laser intensity is nearly the same as each 
other. Furthermore, by comparing the HHG spectra of SFA and TDSE, we find that the 
excited states only affect harmonics near the threshold and do not influence the harmonics 
of interest in the high plateau region, and the average intensity from H65 to H95 calculated 
by the SFA and TDSE with laser intensity shows the same trend, that is, the intensity 
increases with the increase in laser intensity until saturation. It should be noted that all 
the findings above are preliminary and just limited to the currently considered laser 
intensity range, that is, the laser intensity ≤20 I0. For a higher laser intensity, the effect of 
the excited state on the harmonic spectrum and intensity may be different and more 
pronounced, which should be more accurately simulated based on TDSE. Nevertheless, 
we believe that in our current work, SFA is accurate enough to describe our findings in 
the manuscript. 
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