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Abstract: We propose a method for generating three-dimensional light fields with given intensity
and phase distributions using purely phase transmission functions. The method is based on a
generalization of the well-known approach to the design of diffractive optical elements that focus
an incident laser beam into an array of light spots in space. To calculate purely phase transmission
functions, we use amplitude encoding, which made it possible to implement the designed elements
using a single spatial light modulator. The generation of light beams in the form of rings, spirals,
Lissajous figures, and multi-petal “rose” distributions uniformly elongated along the optical axis in
the required segment is demonstrated. It is also possible to control the three-dimensional structure
of the intensity and phase of the shaped light fields along the propagation axis. The experimentally
generated intensity distributions are in good agreement with the numerically obtained results and
show high potential for the application of the proposed method in laser manipulation with nano-
and microparticles, as well as in laser material processing.

Keywords: laser beam shaping; intensity; phase; Whittaker integral; Lissajous figures; trans-
mission function

1. Introduction

The generation of optical fields with a given amplitude and phase distribution is a
very popular task in optical manipulation [1–5] and laser material processing [6–8]. In
these areas, structured laser beams with a predetermined amplitude and/or phase gra-
dient are widely used for the realization of guiding of nano- and micro-objects [9], as
well as for transfer of molten material [10,11]. For example, annular optical vortex beams
with helical wave fronts are used to rotate optically trapped nano- and microparticles [5]
and to implement the spiral-shaped mass transfer of a temporarily molten mater in thin
films of polymers [12], metals [10], and semiconductors [13]. Full control of the ampli-
tude and phase using computer-generated holograms made it possible to implement the
guiding of the trapped particles along complex two-dimensional trajectories. Because of
this, various manipulation techniques and applications have been demonstrated in recent
decades [2,5,8,13,14]. A further transition to the design of elements generating the required
three-dimensional light fields led to the demonstration of the three-dimensional controlled
guiding of microparticles in space [15]. In the field of laser material processing, light fields
with a desired three-dimensional structure have been used to fabricate three-dimensional
chiral microstructures [16].

There are many different techniques for the generation of structured laser beams
as well as their superpositions and arrays—the use of spatial light modulators, mode
convertors, and the use of nonlinear media [17–20]. In addition, there are special types of
structured laser beams that are curvilinear, such as Airy beams [21]. However, to implement
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full control of the beam structure, iterative or non-iterative algorithms for calculating the
transmission functions of optical elements, such as diffractive optical elements (DOEs) or
metasurfaces [22], should be used. In the case of the generation of two-dimensional fields,
methods based on the use of two-phase DOEs calculated using the Fourier transform [9] or
a rigorous mathematical derivation in the curvilinear coordinate were used [23]. Various
amplitude encoding techniques combined with discrete inverse Fourier transform are also
widely used to provide full intensity and phase control. However, these approaches are
less efficient due to encoding [24]. Some methods include a non-iterative beam shaping
technique that does not require solving inversion problems of light propagation [25]. In fact,
similar approaches are used to design elements generating structured three-dimensional
amplitude–phase distributions [26]. Another method, based on the use of singular beams,
has made it possible to create laser beams which are navigated along parabolic, hyperbolic,
or spiraling trajectories with a preserving orbital angular momentum and a nonexpanding
dark “hole” in the main lobe [27]. The use of more complex approaches, including the
use of two counter-propagating structured laser beams in a 4Pi focusing system, makes
it possible to form both the dark hollow beams mentioned above and three-dimensional
light curves with a given intensity distribution in arbitrary combinations [28]. However,
the calculation is much more complicated than the methods mentioned above, and very
fine tuning of the optical setup is required.

Here, we present a simple method to calculate a field for generating 3D parametric
light curves based on the generalized method of focusing on a 3D set of discrete light points.
In contrast to the ways mentioned above, the proposed approach provides a simple way to
calculate the complex transmittance of an optical element to generate 3D light curves. In
addition, we considered a way to equalize the intensity on the curve, taking into account
the presence of singular points (cusps). Various types of contour distributions (rings,
spirals, Lissajous figures, curves in the form of roses) are considered, and the possibility
of controlling their 3D structure (such as the sequence of focusing segments of the curve
at different distances due to the parametric function of the longitudinal coordinate) is
demonstrated. The results of the experimental formation of the calculated curves are in
good agreement with the simulation results. These pieces of research can be useful in laser
manipulation with nano- and microparticles, as well as in laser material processing.

2. Methods

In this section, we discuss a method for calculating the field for the formation of 3D
parametrically specified light curves based on the generalization of the focusing method in
a 3D set of discrete light points.

2.1. Shaping of Parametric Light Curves: Theoretical Foundations
2.1.1. Formation of a Set of Light Points

A simple and fast solution for the formation of arbitrary light curves, including three-
dimensional ones, is the composition in one optical element of several elements focusing
on some primitive distributions (points, lines, rings, and others) [29–32].

Let us consider first a 2D problem. In some plane it is necessary to form a set of light
points with given coordinates (uq, vq) and complex amplitudes (weights) gq. If the points
(primitives) do not intersect, then the field can be represented in the following form:

F(u, v) = ∑
q

gqδ
(
u− uq, v− vq

)
(1)

To calculate the field that forms distributions (1) in the focal plane, one can use the
Fourier transform of the function defined by Equation (1):
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E(x, y) =
∞∫
−∞

∞∫
−∞

F(u, v) exp
(

ik
f (xu + yv)

)
dudv =

∞∫
−∞

∞∫
−∞

∑
q

gqδ
(
u− uq, v− vq

)
exp

(
ik
f (xu + yv)

)
dudv =

= ∑
q

gq exp
(

ik
f
(
xuq + yvq

))
.

(2)

As follows from Equation (2), a set of prisms with carrier frequencies (uq, vq) is
obtained. If a lens is added to the field (2), then it will form a distribution (1) in the focal
plane. This approach is often used to calculate multi-order diffractive optical elements
matched to a certain set of laser modes used for multiplexing and detection [33,34].

If it is necessary to form a distribution (1) in some plane at a distance z0 from the input
plane, then the Fresnel transform can be used:

E(x, y) =
∞∫
−∞

∞∫
−∞

F(u, v) exp
[
− ik

2z0

(
(x− u)2 + (y− v)2

)]
dudv =

∑
q

gq exp
[
− ik

2z0

((
x− uq

)2
+
(
y− vq

)2
)]

.
(3)

In this case, a set of decentered parabolic lenses is obtained.
Using expression (3), it is easy to obtain a generalization to the 3D case:

E(x, y) = ∑
q

gq exp
[
− ik

2zq

((
x− uq

)2
+
(
y− vq

)2
)]

. (4)

2.1.2. Formation of Parametrically Specified Light Curves

We also consider the 2D case first. Let us define the light curve in the parametric form:

C(u, v) =


u0(t) = pu(t),
v0(t) = pv(t),
t = [t1, t2].

(5)

If the curve is thin and does not have too many intersections, then, taking into account
the complex distribution of g(t) along the curve, the field distribution on the plane can be
represented in the following form:

Ft(u, v) =
t2∫

t1

g(t)δ(u− u0(t), v− v0(t))dt. (6)

To calculate the field that forms distribution (6) in the focal plane, one can use the
Fourier transform and obtain the well-known Whittaker integral [25,35]:

Et(x, y) =
t2∫

t1

g(t) exp
[

i
k
f
(xu0(t) + yv0(t))

]
dt. (7)

When the field (7) is supplemented with a lens, curve (5) will be formed with the
distribution of g(t) in the focal plane. To form such a distribution in the plane at a distance
z0, another field is used:

Et(x, y) =
t2∫

t1

g(t) exp
{
−i

k
2z0

[
(x− u0(t))

2 + (y− v0(t))
2
]}

dt. (8)

To generate 3D curves defined in a parametric form:

C(u, v, z) =


u(t) = pu(t),
v(t) = pv(t),
z(t) = pz(t).

(9)
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We propose the use of a generalization of expression (8) as follows:

F(x, y) =
t2∫

t1

g(t) exp
{
−i

k
2z(t)

[
(x− u(t))2 + (y− v(t))2

]}
dt. (10)

The function g(t) is complex and can be used both to introduce variations in the
intensity and phase distributions along the light curve. Phase gradient control can be useful
in manipulating trapped particles to create a directed energy flow along the curve [9,36,37].

2.1.3. Leveling the Intensity on the Curve by Taking into Account Singular Points (Cusps)

We also note that changes in intensity may be needed to reduce the intensity in areas
where the points of the curve are denser. In this case, one can use the expression for the
differential of the arc length s(t) by the parameter t:

ds(t)
dt

=

√(
u(t)
dt

)2

+

(
v(t)
dt

)2

. (11)

If the curve contains singular points (cusps), then the following relation holds at
these points:

ds(t)
dt

= 0. (12)

An example is a cardioid whose radius equation is:

ρ(ϕ) = a(1 + cosϕ), (13)

where ϕ is the angular parameter.
Let us take into account the relations:

u(ϕ) = ρ(ϕ) cos(ϕ),
v(ϕ) = ρ(ϕ) sin(ϕ),
ρ(ϕ) =

√
u2(ϕ) + v2(ϕ).

(14)

Then, the expression for the arc length differential in Equation (11) can be written in
the following form:

ds(ϕ)
dϕ

=

√
ρ2(ϕ) +

(
dρ(ϕ)

dϕ

)2

. (15)

Finally, for cardioid (13), we get:

ds(ϕ)
dϕ

=
√

2a
√

1 + cosϕ. (16)

It follows from Equation (16) that at φ = π, there is a singular point:

ds(ϕ)
dϕ

∣∣∣∣
ϕ=π

= 0. (17)

A concentration of curve points occurs near such positions, and the intensity increases
significantly in comparison with other regions of the curve. In this case, in order to
compensate this concentration and smooth out the intensity distribution over the entire
curve, it makes sense to set the weight function g(t) in Equations (7), (8) and (10) in
proportion to the function (11) or (15):

g(t) ∼=
ds(t)

dt
. (18)

2.2. Experimental Setup

In the experiments for the generation of the predetermined three-dimensional light
curves, designed amplitude–phase transmission functions were first encoded into pure
phase masks. Amplitude encoding was used to encode the calculated amplitude–phase
distributions into pure phase transmission functions of the elements realized using the
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SLM [38,39]. In this case, the complex amplitude–phase field Aexp (iφ) at each point was
defined as the sum of two pure phase fields u and ν:

A exp(iφ) = exp(iu) + exp(iν). (19)

The phase values u and ν are displayed in adjacent samples of the designed phase
element. Phase samples u and ν are in a 2 × 2 sub-matrix along two diagonals. The phases
u and ν can be calculated from the known amplitude and phase of the encoded light field
as follows: {

u = φ+ arccos(A/2),
ν = φ− arccos(A/2).

(20)

The encoded elements were realized with a reflective phase only (with 256 gray levels)
spatial light modulator (SLM) PLUTO VIS (1920 × 1080-pixel resolution, 8 µm pixel pitch).
The experimental setup is shown in Figure 1. The output laser beam with a wavelength
of λ = 532 nm was extended and collimated with a system composed of a pinhole PH
(aperture size of 40 µm) and a lens L1 (f 1 = 250 mm). Diaphragm D1 was used to separate
the central spot of the Airy disk resulting from the wave diffraction of the pinhole. Then,
after the modulated laser beam reflected from the SLM was spatially filtered with the help
of a diaphragm, D2, and two lenses, L2 and L3, with focal lengths of f 2 = 500 mm and
f 3 = 150 mm. This combination of lenses also formed an image of the plane conjugated to
the SLM display in the focal plane of lens L3. The intensity distributions of the investigated
laser beams formed at various distances from the plane z = 0 were captured with a video
camera CAM (TOUPCAM UHCCD00800KPA, Hangzhou ToupTek Photonics Co., Ltd.,
Hangzhou, China, 3264 × 2448 pixels) mounted on the optical rail.
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Figure 1. Experimental setup for generation of predetermined three-dimensional light curves: laser
is a solid-state laser, PH is a pinhole (aperture size of 40 µm); L1, L2, and L3 are lenses (f 1 = 250,
f 2 = 500, and f 3 = 150 mm, respectively), D1 and D2 are circular diaphragms, SLM is a spatial light
modulator (HOLOEYE PLUTO VIS with a 1920 × 1080-pixel resolution, HOLOEYE Photonics AG,
Berlin, Germany), and CAM is a video camera (TOUPCAM UHCCD00800KPA, 3264 × 2448 pixels).

3. Results

In this section, we present the results of the simulation and experiment for the follow-
ing general parameters: k = 2π/λ, λ = 532 nm. The remaining parameters were varied in
accordance with the defined curves and the field distribution on them.

3.1. Light Ring

To form a 2D ring in a defined plane z0, the following parametric expression is used:

Cr(u, v, z) =


u(t) = rc cos(t),
v(t) = rc sin(t),
z(t) = z0.

(21)

We used z0 = 250 mm, rc = 0.5 mm, t ∈ [0, 2π), g(t) = 1 (the intensity is uniform along
the curve). The results of the calculation and experiment are shown in Figure 2. As can be
seen, a clear formation of the ring occurs at a distance z = z0 = 250 mm (before and after
this plane, the picture looks blurry).
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Figure 2. Shaping of a 2D light ring at the distance z0 = 250 mm: modeling (upper line) and
experimentally obtained (bottom line) intensity distributions at various distances from the plane
z = 0 (amplitude and phase are shown on the left). The scale bar is 1 mm. The calculated amplitude and
phase distributions used for the generation of the 2D light ring refer to the source plane (z = 0 mm).

To form a 3D curve in the form of an open and stretched ring along the axis on the
interval z ∈ [zs, ze], the following parametric expression is used:

C3D_r(u, v, z) =


u(t) = rc cos(t),
v(t) = rc sin(t),

z(t) = zs + t · (ze − zs)/2π.
(22)

with rc = 0.5 mm, t ∈ [0, 2π), g(t) = 1, zs = 200 mm, and ze = 300 mm.
The results of the calculation and experiment are shown in Figure 3. As can be seen,

different segments of the ring are sequentially focused at different distances. Note, the
radius of the 3D ring slightly increases with an increasing distance, i.e., in fact, a spiral
distribution is formed.
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Figure 3. Shaping of a 3D ring uniformly stretched along the optical axis on the interval
z ∈ [200 mm, 300 mm]: modeling (upper line) and experimentally obtained (bottom line) inten-
sity distributions at various distances from the plane z = 0 (amplitude and phase are shown on the
left). The scale bar is 1 mm. The calculated amplitude and phase distributions used for the generation
of the 3D light ring refer to the source plane (z = 0 mm).

3.2. Light Spiral

To form a 2D light spiral with two turns at a defined plane z0, the following parametric
expression is used:

Cs(u, v, z) =


u(t) = rc · t · cos(t)/4π,
v(t) = rc · t · sin(t)/4π,
z(t) = z0.

(23)

with rc = 1 mm, t ∈ [0, 4π), g(t) = t (the function grows towards the periphery of the curve
to provide a uniform intensity due to the growth of the radius of the curve).

The results of the calculation and experiment are shown in Figure 4, which shows a
clear formation of a two-turn spiral with uniform intensity at a distance z = z0 = 250 mm
(the picture is blurry before and after this plane).
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To form a 3D two-turn spiral uniformly stretched along the optical axis on the interval
z ∈ [zs, ze], the following parametric expression is used:

C3D_s(u, v, z) =


u(t) = rc · t · cos(t)/4π,
v(t) = rc · t · sin(t)/4π,

z(t) = zs + t · (ze − zs)/4π.
(24)

with rc = 1 mm, t ∈ [0, 4π), g(t) = t, zs = 200 mm, and ze = 300 mm.
In this case, when moving from zs to ze, the spiral will “appear” from the center to the

periphery (Figure 5). If z(t) = ze − t(ze − zs)/4π, then it will be vice versa—the spiral will
“appear” from the periphery to the center (Figure 6). Note, a different scenario for focusing
parts of the curve can be useful for capturing and transporting microparticles to different
regions of space.
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Figure 5. Shaping of a 3D light two-turn spiral uniformly stretched along the optical axis on interval
z ∈ [200 mm, 300 mm] with direction from the center to the periphery of the curve (the rest as in
Figure 2).
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Figure 6. Shaping of a 3D light two-turn spiral uniformly stretched along the optical axis on a
segment z ∈ [200 mm, 300 mm] with direction from the periphery to the center of the curve (the rest
as in Figure 2).

3.3. Lissajous Figures

To form 2D Lissajous figures in a defined plane z0, the following parametric expression
is used:

CL(u, v, z) =


u(t) = ru · cos(m1t),
v(t) = rv · sin(m2t),
z(t) = z0.

(25)

with t ∈ [0, 2π), m1 and m2 are integers specifying the order of the Lissajous figure [40].
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Although curves of this type do not have cusps, there are regions with increased
points density. To reduce the increase in intensity in these areas, one can use the weighting
function g(t), which is proportional to the arc length differential, using expression (11):

g(t) ∼=
ds(t)

dt
=

√
[rum1 sin(m1t)]2 + [rvm2 cos(m2t)]2. (26)

The results of calculation and experiment for various parameters are shown in Figure 7.
As can be seen, the function g(t) makes it possible to significantly change the intensity
distribution, as well as to introduce a phase gradient along the curve.
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Note, for the Lissajous figure with m1 = 1, m2 = 3, the use of the weight function of
Equation (24) made it possible to equalize the intensity along the curve (compare the third
and four lines of Figure 7). There are two brighter points due to the fact that these points
are passed twice for different values of the parameter.

The use of the complex function g(t) makes it possible to introduce a phase gradient of
different directions and speeds (the last four lines of Figure 7).

To form 3D Lissajous figures uniformly stretched along the optical axis on the interval
z ∈ [zs, ze], the following parametric expression is used:

C3D_L(u, v, z) =


u(t) = rc · cos[m1(t + t0)],

v(t) = rc · sin[m2(t + t0)],
z(t) = zs + t · (ze − zs)/2π.

(27)

with rc = 0.5 mm, t ∈ [0, 2π), g(t) = 1, zs = 200 mm, and ze = 300 mm.
The results of the calculation and experiment are shown in Figures 8 and 9 with

different starting/ending points on the curve which are controlled by t0.
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The results of the calculation and experiment are shown in Figure 10. 

Figure 8. Shaping of a 3D Lissajous figure with parameters m1 = 1, m2 = 2, g(t) = 1, uniformly stretched
along the optical axis on the interval z ∈ [200 mm, 300 mm] with t0 = 0. The calculated amplitude
and phase distributions used for the generation of the 3D Lissajous figures refer to the source plane
(z = 0 mm).
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Figure 9. Shaping of a 3D Lissajous figure with parameters m1 = 1, m2 = 2, g(t) = 1 uniformly stretched
along the optical axis on the interval z ∈ [200 mm, 300 mm] with t0 = π/4. The calculated amplitude
and phase distributions used for the generation of the 3D Lissajous figures refer to the source plane
(z = 0 mm).

3.4. Rose Curves

To form 2D m-petal “roses” in a defined plane z0, the following parametric expression
is used:

Crs(u, v, z) =


u(t) = rc · cos(mt) cos(t),
v(t) = rc · cos(mt) sin(t),
z(t) = z0.

(28)

with rc = 0.7 mm, m is a parameter, which in the general case can be a non-integer, which
allows you to form “double” roses.
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The results of the calculation and experiment are shown in Figure 10.
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Figure 10. Modeling and experimentally obtained intensity distributions of 2D “rose” curves at the
distance z0. The scale bar is 1 mm. The calculated amplitude and phase distributions used for the
generation of the 2D “rose” curves refer to the source plane (z = 0 mm).

The issue of increased brightness of self-intersection points is especially important for
rose curves, in which the multiplicity of the central point is equal to the number of petals.
In this case, using the weight function of Equation (18) will not help.

However, inserting a phase shift (such as g(t) = exp(iαt)) made it possible to remove
a bright light point through which the curve passes twice due to destructive interference
(compare the third and fourth lines in Figure 10).

To form 3D rose curves uniformly stretched along the optical axis on the interval
z ∈ [zs, ze], the following parametric expression is used:

C3D_rs(u, v, z) =


u(t) = rc · cos(mt) cos(t),

v(t) = rc · cos(mt) sin(t),
z(t) = zs + t · (ze − zs)/2π.

(29)

with rc = 0.7 mm, zs = 200 mm, and ze = 300 mm. The results of the calculation and
experiment are shown in Figures 11 and 12.
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Figure 11. Modeling and experimentally obtained intensity distributions of a 3D curve in the form of
a 3-petal “rose” with parameters m = 3, t ∈ [0, π) uniformly stretched along the optical axis on the
interval z ∈ [200 mm, 300 mm] (the rest as in Figure 2).
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Figure 12. Modeling and experimentally obtained intensity distributions of a 3D curve in the form of
a part of a “rose” m = 0.5, t ∈ [0, 2π) with a linear phase shift along the curve g(t) = exp(i5t) uniformly
stretched along the optical axis on a segment z ∈ [200 mm, 300 mm] (the rest as in Figure 2).

It can be seen that in the case of the formation of 3D curves (Figures 3, 5, 6, 8, 9, 11
and 12) at different distances, separate parts (segments) are most clearly distinguished and
focused on accordance with the equation for the dependence z(t).

As can be seen from the above presented simulation and experimental results, there
is good agreement between them. This fact shows that the use of a gray scale SLM in
combination with the coding method described in Section 2.2 provides a sufficient quality
of the optical realization of the given 3D intensity distributions.

4. Discussion

In this work, we presented a simple approach that can be used to calculate the trans-
mission functions of diffractive optical elements shaping three-dimensional laser beams
with predetermined intensity and phase distributions on an arbitrary segment of prop-
agation. The approach is non-iterative, does not require high-performance computing,
and makes it easy to control not only the trajectory of the beam propagation but also the
uniformity and direction of the intensity gradient along the generated light curve.

One major feature of the proposed method from the previously described
methods [15,16,25–27] is the weighting function, which takes into account not only the
desired distribution of intensity and phase along the curve, but also provides its correction
considering the nonlinearity of the curve equation (described in detail in Section 2.1.3).
Note that such a correction is useful for a wide range of curves, including those without
singular points. For example, without such a correction, the unit amplitude weight function
g(t) = 1 does not provide a uniform intensity on a spiral (since the intensity will decrease as
it unwinds). More clearly the action of the correction can be seen on the Lissajous curves
(Figure 7, rows 3 and 4).

It is worth mentioning that the construction of a curve by points (using the considered
method) suggests that they should be set densely enough so that unevenness does not
visually appear. This complicates the required transmission function by having a fine
structure. Therefore, for the formation of some types of curves (for example, spirals) it
may be more convenient to use generalized spiral axicons or lenses [41–45]. However,
such spiral elements are suitable mainly for curves described by a single-valued function.
Therefore, we advise the generation of a “terry rose” by the method proposed in this work.
The reason is that the curve parameter, even if it has the meaning of an angle, can take any
different value, and the geometric angle is cyclic in 2π radians.

In addition, it was shown in this work that the additional phase function provides
the intensity distribution manipulation in the vicinity of the self-intersection points of the
curves (Figure 10, lines 3 and 4).

The advantages of the proposed method mentioned above are useful in laser ma-
nipulation and laser material processing since it can be used to control the direction of
movement of optically trapped nano- and microparticles and temporarily molten materials
on the surface of thin films. In the case of the laser processing of bulk materials, this can also
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be used to provide additional control over the three-dimensional structure of the formed
chiral microstructures [16].

The limitation of the proposed method is due to the non-high efficiency of generating
the desired laser beams, which can be explained by the need to perform additional ampli-
tude encoding the implementation of a purely phase transmission function. However, this
advantage can be easily overcome by using high-power laser sources and fabricating the
designed elements by etching glass or fused silica substrates.

5. Conclusions

A method for generating three-dimensional light fields with given intensity and phase
distributions using purely phase transmission functions was proposed and numerically and
experimentally investigated. The method is based on a generalization of the well-known
approach to the design of diffractive optical elements that focus an incident laser beam into
an array of light spots in space. The possibilities of generating curved light beams in the
form of rings and spirals uniformly elongated along the optical axis in the required segment
were shown. In this case, we can control the number of turns of the generated light spirals,
as well as the dimensions of the generated light distributions. In addition, the possibility of
generating light fields in the form of Lissajous figures and multi-petal “rose” distributions
was demonstrated. The proposed approach can be used to control the three-dimensional
structure of the intensity and phase of shaped light fields along the propagation axis. All
these examples of light fields were successfully generated experimentally, which indicates
the high applicability of the proposed approach.
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