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Abstract

:

For a partially coherent Laguerre–Gaussian (PCLG) vortex beam, information regarding the topological charge (TC) is concealed in the cross-spectral density (CSD) function phase. Herein, a flexible method for the simultaneous determination of the sign and magnitude of the TC for a PCLG vortex beam is proposed based on the measured CSD amplitude and phase after the beam propagates through a dual cylindrical lens with adjustable angles. Both the stripes in the CSD amplitude and phase exhibit quantitative relationships with the value of TC, that is,    N = 2   l   + 1   . Meanwhile, the angle adjustability of cylindrical lenses allows flexible measurements, thus rendering the scheme effective for both high and extreme coherences.
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1. Introduction


The vortex beam is characterized by the helical distribution of isophase lines along the azimuth angle, and the convergence of the isophase lines depends on the coherence singularities [1]. The phase of spiral wavefronts can be described as exp(ilφ), where l and φ represent the topological charge (TC) and azimuth coordinate, respectively. TC l is typically an integer that can be defined as the number of turns of phase twists at a specified wavelength. The sign of l depends on the rotation direction of the phase; a larger l value indicates that light rotates faster along the optical axis. In 1992, Allen et al. [2] hypothesized that each photon of a vortex beam exhibits an orbital angular momentum (OAM) with a value of lħ (ħ is the reduced Planck constant), thus revealing the relationship between macroscopic optics and quantum effects. Hence, optical vortices are widely used in optical micromanipulation [3,4,5], large-capacity optical communication [6,7,8], super-resolution imaging [9,10], nanostructures [11], artificial spin ice systems [12], spin measurement of M87 black holes [13], and ptychographic imaging of highly periodic structures [14].



However, high spatial coherence causes adverse factors, such as speckles, wandering, and scintillation, in turbulence media [15]. Gori et al. [16] introduced a vortex structure into a partially coherent beam. Compared with fully coherent fields, partially coherent fields are advantageous in complex media propagation [17,18] and exhibit a higher signal-to-noise ratio. In addition, some partially coherent vortex beams exhibit unique propagation properties, such as self-focusing, self-splitting, and self-remodeling effects [19,20,21], which can result in a lower bit error rate in photon communication. For a partially coherent vortex beam with a Shell model, such as a partially coherent Laguerre–Gaussian (PCLG) vortex beam, the vortex structure, which features a dark core and bright rings, vanishes as the coherence decreases and beam propagates. By regulating parameters such as the coherent width and TC, the light intensity can be modulated into hollow, flat top, and Gaussian distributions. These diverse beam-shaping capabilities have promoted the development of particle-manipulation techniques.



The accurate and rapid detection of the TC is extremely important owing to the close relationship between the application of the vortex beam and the properties of the TC or OAM. TC measurement schemes under fully coherent cases have been widely investigated in recent years [22,23,24], such as the Shack–Hartmann measurement [25], interferometry [26,27,28,29], and ptychography [30]. However, when the spatial coherence decreases, the interference and diffraction of the beam are no longer evident. Therefore, the TC of vortex beams with low coherence must be obtained [31,32,33,34]. Cylindrical lenses have been widely used to determine the TCs of coherent vortex beams [35,36]. For partially coherent vortex beams, Chen et al. [32] proposed a simple method to determine the magnitude and the sign of TCs by measuring the complex degree of coherence of a partially coherent vortex beam after it propagated through two mutually perpendicular cylindrical lenses. Lu et al. [33,34] proposed a method using self-reference holography to measure cross-spectral density (CSD) and obtained the magnitude and the sign of TCs from the number of coherence singularities. However, the quantitative relationships between bright fringes and TCs based on the cylindrical lens method are only valid for cases of extremely low coherence, whereas self-reference holography relies on the appropriate choice of reference point. Subsequently, the introduction of double slits allows one to observe coherence singularities with an on-axis reference point, whereas the double-slit scheme has only been validated in cases of medium coherence (coherence greater than 0.3 times the beam width) [34]. In addition, the light intensity is severely reduced by the double slits, thus resulting in noisy measurements.



In this study, we theoretically and experimentally investigate the evolution properties of the CSD amplitude and phase of a PCLG vortex beam after it propagates through two cylindrical lenses with varying angles. Combining the above with self-referencing holography [33,34], the CSD distribution of a PCLG vortex beam can be measured. The angle adjustability of the cylindrical lenses allows this scheme to be used in situations involving extremely low coherence and extremely high coherence cases. The quantitative relationship between the TC and CSD phase distributions is investigated, which determines the magnitude and the sign of the TC for the PCLG vortex beam.




2. Theory


Herein, the propagation of a PCLG vortex beam through a non-axisymmetric ABCD optical system, that is dual cylindrical lens system, is analyzed. For the convenience of understanding, a schematic diagram is presented in Figure 1. A PCLG vortex beam on the source plane passing through a dual cylindrical lens system (CL1 and CL2), the measurement plane is located on the defocus plane of CL2. The coordinates and symbols used in the following analysis are also marked.



For a monochromatic partially coherent beam, the second-order, two-point correlation of such a field    E   r     , i.e., the CSD is defined as    W     r   1   ,   r   2     =     E   *       r   1     E     r   2          in the space-frequency domain [16].    E   r      is the electric field with random fluctuations and        r   1   ,   r   2        are vector coordinates. Here, the asterisk “*” and the angle brackets 〈 〉 represent the complex conjugate and the ensemble average, respectively. The CSD of the PCLG vortex beam in the source plane can be expressed as [37].


      W   0       r   1   ,   φ   1   ,   r   2   ,   φ   2     =       2   r   1     r   2       ω   0   2         l     L   p   l       2   r   1   2       ω   0   2         L   p   l       2   r   2   2       ω   0   2          × e x p   − i l     φ   1   −   φ   2       e x p   −     r   1   2   +   r   2   2     4   ω   0   2       e x p   −         r   1   −   r   2       2     2   σ   g   2          



(1)




where        r   1   ,   φ   1   ,   r   2   ,   φ   2        are the polar coordinates of        r   1   ,   r   2       .      ω   0      means the waist width on the source plane,      σ   g      denotes the initial coherence width, and      L   p   l      represents the Laguerre polynomial with a radial mode index p and a TC of l. Subsequently, using the generalized Collins’ formula [38], the CSD of the PCLG vortex beam through a non-axisymmetric ABCD optical system composed of two cylindrical lenses can be obtained as follows:
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where        x   1   ,   y   1        and        x   2   ,   y   2        correspond to      r   1      and      r   2     , respectively.        ρ     x   1     ,   ρ     y   1     ,   ρ     x   2     ,   ρ     y   2          are the coordinates after the dual-cylindrical-lens system; and      A   1     ,      B   1     ,      C   1     ,      D   1     ,      A   2     ,      B   2     ,      C   2     , and      D   2      are the components of the transmission matrix of the dual cylindrical lens system. In fact, it can be obtained by multiplying the corresponding transmission matrices from the beginning to the end, i.e., in the order of free space, cylindrical lens, free space, cylindrical lens, and free space. The free space transmission matrix      M   F      and the cylindrical lens matrix      M   C L      can be expressed as:


      M   F   =      1   0   z   0     0   1   0   z     0   0   1   0     0   0   0   1          and     M   C L   =      I   0     Φ   I         



(3)




where 0 in bold denotes a 2 × 2 null matrix and I in bold denotes a 2 × 2 unit matrix. The matrix Φ is expressed as:


   Φ =   1   f        − c o   s   2   θ   s i n θ c o s θ     s i n θ c o s θ   − s i   n   2   θ        



(4)




where θ is the angle between each cylindrical lens and the y-axis, and f is the focal length of the cylindrical lens. In particular, an analytical solution for the vertical placement of a cylindrical lens can be obtained by applying Equation (5) into Equation (2) [32]. A1, B1, C1, D1, A2, B2, C2, and D2 can be calculated as follows:


           A   1     0     B   1     0     0     A   2     0     B   2         C   1     0     D   1     0     0     C   2     0     D   2           =      1 −     l   0   + z     f   1       0   s + z +   z   0   −     z   0       f   1     ( s + z )   0     0   1 −   z     f   2       0   s + z +   z   0   −     z   0       f   2     ( s +   z   0   )     −   1     f   1       0   1 −     z   0       f   1       0     0   0   0   1 −   s +   z   0       f   2             



(5)




where f1 and f2 are the focal lengths of the first and the second cylindrical lens, respectively; z0 denotes the distance between the source plane and the first cylindrical lens; and ‘s’ is the distance between two cylindrical lenses.




3. Simulation Results


Based on Equation (2), the CSD characteristics of a PCLG vortex beam through a non-axisymmetric ABCD optical system composed of two cylindrical lenses were simulated. The radial mode index p was set to 0 in the following analysis. The focal lengths of the cylindrical lenses were f1 = f2 = 200 mm, the propagation distance between the source field and the first cylindrical lens was z0 = 500 mm. Due to the size of the lens holder, the cylindrical lenses cannot be too close, so the distance between two the cylindrical lenses was s = 60 mm. During the focusing/defocusing process, the rotation of the vortex beam is related to the sign of TC, as discussed in [20]. Therefore, the distance from the second cylindrical lens to the detection plane was z = 300 mm. In addition, the beam waist width ω0 = 0.35 mm and the wavelength λ = 532 nm.



Figure 2 shows the theoretical CSD amplitude distributions with varying TCs under different initial coherence widths, i.e.,      σ   g      = 0.035, 0.14, and 0.35 mm, which correspond to extremely low coherence, medium coherence, and high coherence, respectively. The two cylindrical lenses were placed vertically. Here, the amplitude is shown based on an on-axis reference point (       ρ   2 x   ,   ρ   2 y     =   0 , 0     ) and the pattern is in log scale, i.e., log [   1 +   W     ρ   1 x   ,   ρ   1 y   , 0 , 0       ]. The CSD amplitude exhibits anisotropy and presents a stripe distribution at extremely low coherence, i.e.,      σ   g   = 0.1   ω   0     , as shown in Figure 2a–d. For example, the bright stripes are denoted by white arrows in Figure 2b,c. The relationship between the number of bright stripes and TC is N = 2|l| + 1. Furthermore, a comparison between the cases of l = 3 and l = −3 indicates that the sign of the TC can be determined by the orientation of the CSD amplitude.



As the coherence increased, the CSD amplitude no longer exhibited a strip distribution, but singularities (i.e., dark dots) occurred [33]. However, the quantitative relationship between the number of singularities and the TC was not constant for different coherence cases. This is because the singularities exited from the amplitude envelope. Although the CSD phase can be experimentally measured (Section 4), the phase outside the amplitude envelope was noisy and difficult to distinguish. This implies that when the two cylindrical lenses are placed vertically, accurate TC measurements can only be achieved in the case of extremely low coherence. Therefore, the CSD distributions for different cylindrical lenses angles were investigated.



Currently, obtaining a final analytical solution for other included angles is difficult. Thus, in non-vertical cases, the CSD was numerically calculated using the random screen simulation method to avoid onerous integral operations [39]. Figure 3 presents the numerical simulation results of the CSD amplitude of the PCLG vortex beams; the parameters are the same as those used in Figure 2. These results agreed well with the theoretical calculations shown in Figure 2. A comparison of the analytical (Figure 2) and simulation results (Figure 3) for the case of 90° confirmed the accuracy and effectiveness of the random-screen simulation method presented in [39]. The speckle noise outside the central region was caused by the speckle superposition applied in numerical simulation. The positions of the singularities shown in Figure 2 and Figure 3 mirrored each other, except for l = +3 (Figure 3k) and l = −3 (Figure 3l). This error was similarly caused by the speckles applied in the simulation. In particular, for the on-axis reference case, the singularity distribution was easily perturbed.



We further investigated the effect of the cylindrical lenses angle on the CSD distribution. As shown in Figure 4, the CSD phase and amplitude were simulated, with      σ   g   = 0.4   ω   0     , l = ± 2, and different cylindrical lenses angles. When the angle decreased gradually from 90° to 0°, the singularities in the CSD amplitude evolved gradually into stripes. In particular, between 30° and 60°, the relationship between the number of stripes and the TC was N = 2|l| + 1. In contrast to the amplitude, the CSD phase showed a dumbbell-like shape, and the total number of “dumbbell pieces and handles” (marked with arrows) obeyed the relationship N = 2|l| + 1. In particular, when the angle was approximately 30°, the phase relationship was more evident than that in the amplitude pattern, although the amplitude was shown on a log scale. Thus, the magnitude of the TC was easier to distinguish and determine from the CSD phase pattern with an angle of 30°.



Figure 5 shows the numerical simulation results of the CSD amplitude and phase for different TCs and coherence widths when the included angle of two cylindrical lenses was 30°. The number of stripes or rings in the CSD amplitude (Figure 5a–f) did not show a clear relationship with the TC. In comparison, the number of “dumbbell pieces and handles” in the phase pattern indicated a more reliable relationship, i.e., N = 2|l| + 1. For the case of extremely low coherence, i.e.,      σ   g   = 0.1   ω   0     , N can be determined by analyzing the dark rings in the CSD amplitude whose number equal to the TC. Additionally, CSD phase measurements for cylindrical lenses angles of 90° and 30° could be performed to double check the measurement of the TC. In fact, this is the main highlight of this study as the flexible and adjustable angle of the dual cylindrical lens system allows this scheme to be used in both extremely low coherence and extremely high coherence scenarios.




4. Experiment


Verification of effectiveness of the proposed scheme. A self-reference holography method was introduced to measure the CSD amplitude and phase [33,40]. The target plane was the output plane of the dual cylindrical lens system, where the transmission function    A   ρ      was introduced. Here,    A   ρ      is a square window function, which is used to limit the field-of-view. Subsequently, a Fourier lens was used to focus the beam on the recording plane where the intensity can be expressed as [40]:


     I   0     k   =  ∬  W     ρ   1   ,   ρ   2     A     ρ   1       A   *       ρ   2     ×   exp  ⁡    − i 2 π k     ρ   1   −   ρ   2           d   ρ   1   d   ρ   2     



(6)




Here,    ρ    and k represent the coordinates of the reconstructed plane and recorded planes, respectively. Subsequently, a perturbation point, whose size is significantly smaller than    A   ρ     , is introduced at    ρ =   ρ   0     . The previous transmission function    A   ρ      evolves into    A   ρ   + P · δ   ρ −   ρ   0       ,where P is a complex value and    δ   ·      is the Dirac function. After loading the perturbation point, the intensity on the recording plane can be expressed as:


    I   k   =  ∬  W     ρ   1   ,   ρ   2     ×   A     ρ   1     + P δ     ρ   1   −   ρ   0            × [   A   *       ρ   2     + P δ     ρ   2   −   ρ   0       ]   *     exp  ⁡    − i 2 π k     ρ   1   −   ρ   2         d   ρ   1   d   ρ   2      



(7)







The inverse Fourier transform of I (   k   )   −   I   0     (   k   ) yields.


      F   − 1     I   k   −   I   0     k     = P × [ W   −   ρ −   ρ   0     ,   ρ   0     A   −   ρ −   ρ   0         ]   *      +   P   *   ×   W   ρ +   ρ   0   ,   ρ   0     A   ρ +   ρ   0          



(8)







Subsequently, two other different perturbations with values of      P   + / −      are introduced, respectively, to the PCLG vortex beam. Finally, in total three intensities are obtained, i.e.,      I   +     ,      I   −     , and      I   0     . By solving Equation (8) and applying a coordinate shifting, the final expression of the CSD to be measured can be written as:


   W   ρ ,   ρ   0     =   F   − 1         P   −       I   +     k   −   I   0     k     −   P   +       I   −     k   −   I   0     k         P   +   *     P   −   −   P   −   *     P   +         



(9)







4.1. Experimental Setup


The experimental setup for generating and measuring the PCLG vortex beam is shown in Figure 6. A coherent laser beam was emitted from a pumped solid-state laser (λ = 532 nm) and extended using a beam expander. After passing through lens L1 (f = 100 mm), the expanded beam was focused onto a rotating ground-glass disk. Based on the van Cittert–Zernike theorem, a partially coherent beam was generated after the collimated lens L2 (f = 100 mm). The coherence width is related to the size of the light spot on the rotating ground-glass disk. The larger the spot size, the lower the coherence. After the Gaussian amplitude filter and a transmitted space light modulator (SLM, 1024 × 768 pixels with pixel size = 18 µm) loaded with a computer-designed hologram, a linearly polarized PCLG vortex beam was obtained [34]. Subsequently, a circular aperture was used to filter out the useless diffraction orders.



Subsequently, the PCLG vortex beam propagated through two cylindrical lenses (CL1 and CL2), and the beam splitter split the beam into two paths. One path was directed toward the first camera (CCD1), which was used to monitor the intensity distribution, and the other path illuminated a phase-only SLM (SLM2, 3840 × 2160 pixels with pixel size = 3.74 µm), which was used to load the window function and perturbations. The distance from CL2 to SLM2 was the same as that from CL2 to CCD1, that is, z = 300 mm. The perturbation point was significantly smaller than the field-of-view (e.g., 1/10). The perturbation values were set as P+ = exp(2iπ/3), P− = exp(−2iπ/3), and 0 (i.e., no perturbation), and the corresponding intensities, i.e., I+, I−, and I0, respectively, were captured by CCD2 placed at the back focal plane of L3 (f = 300 mm).




4.2. Experimental Results and Discussions


Figure 6 shows the experimental result of the PCLG vortex beam’s CSD amplitude and phase with medium coherence width (σg = 0.4ω0), TC = −2, and different cylindrical lenses angles. When the cylindrical lenses angle was changed, the CSD amplitude and phase differed. Stripes were observed in the amplitude, and their quantity is expressed as N = 2|l| + 1. As predicted from the simulation (Figure 4), dumbbell-like phase patterns were observed, particularly at 30° (Figure 7b,f). The number of “dumbbell pieces and handles” obeyed N = 2|l| + 1. Compared with the amplitude distribution, the TC magnitude can be determined more intuitively from the phase patterns.



Finally, we experimentally measured the CSD amplitude and phase of the PCLG vortex beam with l = +1 and l = +2. The coherence width was σg = 0.4ω0 and the cylindrical lenses angle was 30°. Figure 8 shows that the relationship between the number of stripes and the TC can be expressed as N = 2|l| + 1, which is consistent with simulation results shown in Figure 5. In the phase distribution, the number of ‘dumbbell piece and handle’ in the phase pattern also obeyed N = 2|l| + 1 for different TCs. Quantitative relationships based on the CSD amplitude or phase distributions allow one to determine the magnitude and sign of the TC in the PCLG vortex beam.





5. Discussions


This study provides a general scheme for the TC measurement of a PCLG vortex beam, which includes cases of coherence from extremely low to extremely high. It is suggested that when the coherence and TC are unknown, one can study both the CSD amplitude and phase. If the CSD amplitude exhibits stripes rather than singularities, it indicates a low degree of coherence, and the TC can be determined based on the number of bright stripes. If the CSD amplitude exhibits singularities rather than stripes, it indicates a medium or high degree of coherence. At this time, the number of visible singularities has no evident relationship with TC, while the number of “dumbbell” structure in CSD phase at 30° obeys N = 2|l| + 1.



In addition, this scheme works well for low TC. After propagation, the singularities were concealed in the CSD function. However, as the coherence decreased, the singularities exited from of the envelope of the CSD amplitude and could not be measured (Figure 2l and Figure 3l). For a larger TC, the TC measurements can be realized by measuring the CSD phase on the source plane, where the phase singularities will present a perfect distribution resembling a “pizza”. If the full four-dimensional CSD is measured and the propagation matrix is known, then the source CSD can also be inversely calculated from the CSD of any propagation plane.



Furthermore, we performed the TC measurements without atmospheric perturbations. For turbulent atmospheric cases, measuring the TC accurately for a partially coherent vortex beam is challenging. In addition to the distortion of the OAM mode, one of the main problems with the measurement technique is the introduction of three phase perturbations, which makes the scheme unsuitable for rapidly changing turbulence. This problem can be solved by designing a hologram (loaded onto SLM2) that contains three phase perturbations, thus allowing the CSD phase to be measured in real time.




6. Conclusions


In this study, we theoretically and experimentally analyzed the CSD distributions of a PCLG vortex beam transmitted through two cylindrical lenses at varying angles. When the cylindrical lenses were placed vertically, the orientation of the CSD magnitude can be used to distinguish the TC sign. However, the TC magnitude can only be determined for extremely low-coherence cases using the relationship between the number of CSD stripes and the TC, i.e., N = 2|l| +1. As the coherence increased, the stripes evolved into singularities, the number of which did not correlate with the TC. However, when the cylindrical lens’s angle was changed gradually from 90° to 0°, stripes reappeared in the CSD amplitude for the case of medium and high coherences. Meanwhile, the magnitude of the TC in the PCLG vortex beams can be determined by the number of bright stripes in the amplitude or the dumbbell structure in the phase patterns. The quantitative relationship was N = 2|l| +1. Compared with the findings regarding the CSD amplitude, this conclusion was more evident in the CSD phase patterns. Our findings can facilitate the development of applications in the field of free-space, turbulence-atmosphere optical communication, and information encryption.
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Figure 1. Schematic diagram of a PCLG vortex beam passing through a dual cylindrical lens system. CL1 and CL2, cylindrical lenses. θ is the included angle between the cylindrical lens and y-axis. SLM2, spatial light modulator. CCD2, charge-coupled device. The labels of SLM2 and CCD2 are consistent with those in the diagram of experimental set up. 
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Figure 2. Theoretical simulation results of CSD amplitude of PCLG vortex beams in log scale, i.e., log [1 +      W     ρ     x   1     ,   ρ     y   1     , 0 , 0       ]. CSD amplitude distributions for (a–d) low coherence, (e–h) medium coherence and (i–l) high coherence cases with four different TCs. The arrows mark the positions of stripes in the CSD amplitude. 
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Figure 3. Numerical simulation results for normalized distribution of log [1 +      W     ρ     x   1     ,   ρ     y   1     , 0 , 0       ] of PCLG vortex beams with different TCs and coherence widths. CSD amplitude distributions for (a–d) low coherence, (e–h) medium coherence and (i–l) high coherence cases with four different TCs. The arrows mark the positions of stripes in the CSD amplitude. 
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Figure 4. Numerical simulation results of CSD amplitude and phase distribution for different cylindrical lenses angles. 
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Figure 5. Numerical simulation results of CSD amplitude and phase for different TCs and coherence widths when the included angle of two cylindrical lenses was 30°. CSD amplitude distributions for (a–c) TC equal to +1 and (d–f) TC equal to +2. The arrows mark the positions of stripes or rings in the CSD amplitude. CSD phase distributions for (j–l) TC equal to +1 and (m–o) TC equal to +2. The arrows mark the positions of “dumbbell pieces and handles” in the CSD phase. 
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Figure 6. Schematic illustration of the experimental CSD measurement of a partially coherent Laguerre–Gaussian vortex beam. BE, beam expander; L1–L3, thin lenses; RGGD, rotating ground-glass disk; CA, circular aperture; SLM1, transmissive spatial light modulator; SLM2, reflective phase-only spatial light modulator; RM, reflecting mirror; GAF, Gaussian amplitude filter; BS, beam splitter; CL1, CL2, cylindrical lenses; CCD1, CCD2, charge-coupled devices. 
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Figure 7. Experimental results for the CSD amplitude and phase distribution with medium coherence width (σg = 0.4ω0), TC = −2, and different included angles of cylindrical lenses. CSD amplitude distributions for angle equal to (a) 15°, (b) 30°, (c) 45° and (d) 60°. The arrows mark the positions of the stripes in the CSD amplitude. CSD phase distributions for angle equal to (e) 15°, (f) 30°, (g) 45° and (h) 60°. The arrows mark the positions of the “dumbbell pieces and handles” in the CSD phase. 
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Figure 8. Experimental results for the CSD amplitude and phase distribution with medium coherence width (σg = 0.4ω0) and different TCs. Included angles of cylindrical lenses was 30°. CSD amplitude distributions for TC equal to (a) +1, and (b) +2. The arrows mark the positions of the stripes in the CSD amplitude. CSD phase distributions for TC equal to (c) +1, and (d) +2. The arrows mark the positions of the “dumbbell pieces and handles” in the CSD phase. 
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