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Abstract: Compared with the on-axis vortex beam and the off-axis single vortex beam, the off-axis 
double vortex beam has more control degrees of freedom and brings rich physical properties. In this 
work, we investigate theoretically and experimentally the generation, topological charge (TC), and 
orbital angular momentum (OAM) of off-axis double vortex beams. It is demonstrated that the tilted 
lens method can detect not only the magnitudes and signs of two TCs of the off-axis double vortex 
beam but also the spatial distribution of the TCs. Moreover, the average OAM value of the off-axis 
double vortex beam decreases nonlinearly as the off-axis distance increases, although its TC is 
independent of the off-axis distance of phase singularities. The results indicate that the average 
OAM of the off-axis double vortex beam can be easily controlled by changing the relative position 
of two-phase singularities, thereby realizing the applications of multi-degrees of freedom particle 
manipulation, optical communication, and material processing. 

Keywords: vortex beam; off-axis double vortex beam; topological charge; orbital angular 
momentum; tilted lens method 
 

1. Introduction 
A vortex beam refers to the optical vortex with the phase term of exp(imϕ), where m 

is the azimuthal index and ϕ is the azimuthal angle in the cylindrical coordinate system 
[1]. This kind of light beam with phase singularity and spiral wavefront has received 
extensive attention since Allen et al. [2] confirmed the vortex beam carrying orbital 
angular momentum (OAM). In the past 30 years, many types of vortex beams, such as 
integer order vortex beams [2], fractional order vortex beams [3], grafted vortex beams 
[4], and perfect vortex beams [5], have been generated by using spiral phase plates [6], 
fork gratings [7], spatial light modulators (SLMs) [8], and digital micro-mirror devices [9]. 
At the same time, researchers have widely investigated the physical properties of vortex 
beams [10] and developed their technological applications in particle micromanipulation 
[3,11], optical communication [12], quantum communication [13], high-resolution 
microscopy [14], material processing [15], and optical measurements [16]. 

It is usually focused on the on-axis vortex beam whose phase singularity coincides 
with the center of the beam. This conventional vortex beam has an axis-symmetric annular 
intensity distribution. However, when a spiral phase plate [6] or fork grating [7] is used 
to create vortex beams, due to the existence of alignment errors, the phase singularity of 
vortex beams has a certain off-axis distance from the optical axis, generating off-axis 
vortex beams. This off-axis vortex beam breaks the axial symmetry of the light field, 
resulting in many novel physical properties and applications [17–24]. For example, 
Kovalev et al. [18] reported that by trapping and moving the microspheres at the focus of 
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an asymmetric Laguerre–Gaussian laser beam, the velocity of microspheres increases with 
increasing the asymmetry parameter at the fixed topological charge (TC). Zhao et al. [19] 
studied the tightly focused Gaussian beam with an off-axis vortex and found that the off-
axis vortex induces a rotation of the intensity pattern, the transverse focal shift, and the 
asymmetric distribution of the phase singularities. Kovalev et al. [20] demonstrated that 
the OAM decreases with the increase of the off-axis distance of the asymmetric Gaussian 
optical vortex. Alam et al. [21] generated and controlled the OAM spectrum of the 
asymmetric vortex beams in a nonlinear frequency conversion process. Kovalev et al. [23] 
investigated the OAM and TC of a Gaussian beam with several embedded phase 
singularities uniformly arranged on a circle. As mentioned above, compared with the on-
axis vortex beam, the off-axis vortex beam has more control degrees of freedom and brings 
the rich physical properties.  

There are two important parameters to describe the physical properties of the vortex 
beam, namely, TC and average OAM. The TC and the average OAM quantitatively 
characterize the strength of phase singularity and the OAM carried by the vortex beam, 
respectively. In the past decades, many methods have been proposed to measure the TC 
of an unknown vortex beam, such as using a triangular aperture [25], an annular ellipse 
aperture [26], a tilted convex lens [27], a twisting phase [28], a focal hyperbolic lens [29], a 
single plate [30], and a cylindrical lens [31]. It is noteworthy that the existing TC detection 
methods are generally used for the characterization of single-phase singularities and 
rarely involve the TC detection of multi-phase singularities in the vortex beam. At the 
same time, researchers have developed a variety of OAM measurement methods, 
including the vortex beam interfering with the Gaussian reference beam [32], the camera 
measuring the focal field intensity distribution of the vortex beam after passing through 
the cylindrical lens [33–35], and the geometric phase transformation from spiral to linear 
using an SLM [36]. It is well documented that the average OAM value of the on-axis vortex 
beam is equal to the TC. However, in the asymmetric light fields (e.g., off-axis single 
vortex beam), the average OAM is no longer equal to the TC [20,23,37]. As such, many 
recent efforts have focused on the TC and OAM of off-axis vortex beams. Although the 
physical properties of off-axis single vortex beams have been extensively studied, the 
investigation on off-axis multi-vortex beams is relatively less [38]; the dependence of off-
axis distance on its TC and OAM, in particular, needs further study. 

In this work, we design and generate off-axis double vortex beams with different off-
axis distances and different azimuthal indices, detect their TCs theoretically and 
experimentally using the tilted lens method, and measure their average OAM using the 
cylindrical lens method. It is shown that the average OAM value of the off-axis double 
vortex beam decreases nonlinearly as the off-axis distance increases, although its TC is 
independent of the off-axis distance of phase singularities. The results indicate that the 
average OAM of the off-axis double vortex beam can be easily controlled by changing the 
relative position of two phase singularities, thereby realizing the applications of multi-
degrees of freedom particle manipulation, optical communication, and material 
processing. 

2. Generation of Off-Axis Double Vortex Beams 
2.1. Mathematical Description 

Let us consider an on-axis vortex beam whose phase singularity is located at the 
geometric center of the beam (i.e., the coordinate origin (x0, y0) = (0, 0)). In the Cartesian 
coordinate system, the linearly polarized on-axis vortex beam at the plane of z = 0 can be 
simply expressed as [2,17] 

2 2
| |

I 0 2( , ) exp ( ) ,mx yE x y E x iy
w

 += − ⋅ ± 
   

(1)
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where E0 is an amplitude constant, m is the azimuthal index, and w is the waist radius of 
the fundamental Gaussian beam. When m is positive, the sign of y is positive, and vice 
versa. As shown in Figure 1a, the intensity distribution of the on-axis vortex beam 
maintains cylindrical symmetry. 

 

Figure 1. (a–f) The intensity and phase distributions of the on-axis vortex, off-axis single vortex, and 
off-axis double vortex beams. The parameters describing the vortex beams are marked in the figures. 

When the on-axis vortex beam is shifted by x1 along the x-axis and y1 along the y-axis, 
as shown in Figure 1b, an off-axis single vortex beam will be obtained. It is noteworthy 
that the amplitude distribution of the off-axis single vortex beam presents a cylindrical 
symmetry breaking, and its phase singularity located at (x1, y1) deviates from the 
geometric center (0, 0) (see Figure 1e). The electric field of the linearly polarized off-axis 
single vortex beam can be described as [17] 

2 2
| |

II 0 1 12( , ) exp ( ) .mx yE x y E x iy x iy
w

 += − ⋅ ± − 
 


 

(2)

Especially when the phase singularity approaches the geometric center of the beam, 
Equation (2) degenerates into Equation (1). 

Based on the off-axis single vortex beam, the off-axis double vortex beam can be 
regarded as the superposition of two off-axis single vortex beams [17]. Accordingly, the 
complex amplitude of the linearly polarized off-axis double vortex beam can be written 
as 

1 2

2 2
| | | |

III 0 1 1 2 22( , ) exp ( ) ( ) .m mx yE x y E x iy x iy x iy x iy
w

 += − ⋅ ± − ⋅ ± − 
 

 
 

(3)

Here, m1 and m2 are the azimuthal indices of off-axis double vortexes with two phase 
singularities located at (x1, y1) and (x2, y2), respectively. 

As shown in Figure 1, there is an adjustable parameter m in the on-axis vortex beam, 
three adjustable parameters m, x1, and y1 in the off-axis single vortex beam, and six 
adjustable parameters m1, m2, x1, y1, x2, and y2 in the off-axis double vortex beam. Clearly, 
by adjusting the two pairs of independent variables (i.e., the azimuthal index mj, the 
positions located at two phase singularities (xj, yj) where j = 1, 2) of the off-axis double 
vortex beam, one will exploit its rich physical properties. Note that the presented off-axis 
double vortex beam has two main differences from the on-axis double vortex beam: (i) 
off-axis and on-axis double vortex beams have six and two adjustable parameters, 
respectively; (ii) on-axis double vortex beams cannot carry a pair of phase singularities 
with opposite TC signs, while off-axis double vortex beams can. 
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2.2. Experimental Arrangement 
To study the above-mentioned vortex beams, we carry out the experiments. As 

shown in Figure 2, the experimental setup consists of three parts: the generation of the 
vortex beams, TC detection, and OAM measurement. 

 
Figure 2. Schematic experimental setup. The setup consists of three parts: (a) the generation of the 
vortex beams, (b) TC detection, and (c) OAM measurement. (d) Exemplary phase masks projected 
on the SLM for generating (I) on-axis vortex, (II) off-axis single vortex, and (III) off-axis double 
vortex beams. 

The first part shown in Figure 2a is the generation unit of vortex beams, which 
includes a laser source, a λ/2 wave plate, and an SLM. The laser source is a continuous-
wave laser beam with a Gaussian spatial profile at the wavelength of λ = 1064 nm. The 
collimated laser beam comes into a λ/2 wave plate. By adjusting the fast axis orientation 
of the λ/2 wave plate, the linear polarization direction of the beam is matched with the 
polarization response of the SLM. Then, the laser beam is modified by the phase mask 
displayed in the reflective phase-only SLM (HOLOEYE, PLUTO) to obtain the desired 
linearly polarized vortex beam. For example, Figure 2d shows three typical phase masks 
projected on the SLM, which are used to generate (I) on-axis vortex, (II) off-axis single 
vortex, and (III) off-axis double vortex beams, respectively. The intensity distribution of 
the generated vortex beam is measured by a camera. 

In the second part, as shown in Figure 2b, the generated vortex beam passes through 
a titled convex lens, and its intensity distribution near the focal plane of the tilted lens is 
measured by a camera. By analyzing the number and orientation of intensity stripes, both 
the magnitude and sign of the TC of generated vortex beams can be detected intuitively 
[27]. 

The third part shown in Figure 2c is the OAM measurement unit of vortex beams. 
The generated vortex beam passes through a cylindrical lens. The average OAM of the 
generated vortex beam can be measured quantitatively by analyzing the intensity image 
monitored by the camera at the focal plane of the cylindrical lens [34]. For the asymmetric 
beam carrying the OAM, the experimental setup should be calibrated, and the cylindrical 
lens should be rotated to an appropriate angle [34]. 
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2.3. Results and Discussion 
First, we study the intensity distributions of off-axis single vortex beams with the 

change of off-axis distance and azimuthal index. Figure 3 shows the theoretically 
simulated and experimentally measured intensity patterns of off-axis single vortex beams 
with different values of y1 and m when w = 2.5 mm and x1 = 0. Clearly, the theoretically 
simulated intensity patterns (see Figure 3a) of off-axis single vortex beams are in good 
agreement with the experimentally measured results (see Figure 3b). Compared with the 
axially symmetric on-axis vortex beam (i.e., y1 = 0), the phase singularity of the off-axis 
single vortex beam is not at the geometric center of the beam, and the symmetry of its 
intensity distribution is broken. Moreover, with the increase of the off-axis distance |y1|, 
this symmetry breaking becomes more serious, resulting in the intensity distribution of 
the off-axis single vortex beams changing from a doughnut-shaped pattern to a crescent-
shaped pattern. In addition, as the azimuthal index |m| increases, the phase singularity 
region of the off-axis vortex beam increases. 

 
Figure 3. (a) Theoretically simulated and (b) experimentally measured intensity patterns of off-axis 
single vortex beams with different values of y1 and m when w = 2.5 mm and x1 = 0. 

As illustrated in Figure 1, the off-axis double vortex beam has rich intensity patterns 
because it has more adjustable free parameters than the off-axis single vortex beam, 
including the position of two phase singularities and the magnitude and sign of two 
azimuthal indices. For simplicity, we only consider that two off-axis phase singularities 
are symmetric about the geometric center, and three points are on the same line. The 
distance between two phase singularities is Δ, that is, one phase singularity is located at 
−Δ/2, and the other is at +Δ/2. 

Figure 4 shows the intensity patterns of off-axis double vortex beams with different 
values of Δ and m2 when w = 2.5 mm, x1 = x2 = 0, and m1 = 1. When the parameters are taken 
as Δ = 0.5 w and x1 = x2 = 0, the intensity patterns of off-axis double vortex beams with 
different azimuthal indices m1 and m2 are shown in Figure 5. Obviously, for the off-axis 
double vortex beams shown in Figures 4 and 5, their theoretically simulated intensity 
patterns are basically consistent with the experimentally measured results. The reason for 
the difference is that the centers of two off-axis phases loaded on the imperfect Gaussian 
beam in the experiments are not completely symmetrical about the beam’s geometric 
center. In addition, it is found that two phase singularities of the off-axis double vortex 
beam propagate stably in free space. As shown in Figures 4 and 5, all off-axis double 
vortex beams have mirror symmetric intensity distribution. Especially when |m1| = |m2|, 
the intensity distribution of this off-axis double vortex beam maintains the two-fold 
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rotational symmetry. Furthermore, with the increase of Δ value, the intensity distribution 
of this vortex beam changes from a doughnut-shaped pattern to a bowtie-shaped pattern. 
It is noteworthy that the intensity distribution of the off-axis single and double vortex 
beams (see Figures 3 and 4) is only related to the position of phase singularities and the 
magnitude of azimuthal indices but is independent of the sign of these azimuthal indices. 
Therefore, the sign of the azimuthal index cannot be directly determined from the 
intensity distribution of the off-axis vortex beam. It is very necessary to develop other 
methods to identify the magnitude, sign, and distribution of the azimuthal index of the 
off-axis vortex beam. 

 
Figure 4. (a) Theoretically simulated and (b) experimentally measured intensity patterns of off-axis 
double vortex beams with different values of Δ and m2 when w = 2.5 mm, x1 = x2 = 0, and m1 = 1. 

 
Figure 5. (a) Theoretically simulated and (b) experimentally measured intensity patterns of off-axis 
double vortex beams with different values of m1 and m2 when w = 2.5 mm, x1 = x2 = 0, and Δ = 0.5 w. 

3. TCs of Off-Axis Double Vortex Beams 
3.1. Calculation of the TC 

In general, the TC of a vortex beam is given by [39] 

2

0

1 arg ( , )lim ,
2r

E rTC d
π ϕ ϕ

π ϕ→∞

∂=
∂

 
(4)

where (r, φ) are the polar coordinates. For an x-polarized beam in the Cartesian coordinate 
system, Equation (4) can be rewritten as 
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2

0

1 1 ( , ) ( , )limIm d ,
2 ( , )r

E x y E x yTC y x
E x y x y

π
ϕ

π →∞

  ∂ ∂= − +  ∂ ∂  


 
(5)

where Im[·] represents the imaginary part. 
For an on-axis vortex beam or an off-axis single vortex beam, substituting Equations 

(1) or (2) into Equation (5), one gets [40] 

| | .TC m= ±  (6)

Equation (6) suggests the following two points: (i) the TCs of the on-axis and off-axis 
vortex beams are equal to their azimuthal index; (ii) no matter whether the phase 
singularity is loaded at the center or the edge of the Gaussian beam, the TC of the single 
vortex beam is always m. Therefore, when the phase singularity is shifted in the vortex 
beam, the beam’s TC remains unchanged [23]. 

Substitution of Equation (3) into Equation (5) obtains the TC of the off-axis double 
vortex beam 

1 2| | | | .TC m m= ± ±  (7)

As described by Equation (7), the TC of the off-axis double vortex beam is not only 
related to the magnitude of the azimuthal indices of two phase singularities but also 
related to their signs. Its value is equal to the sum of the azimuthal indices m1 and m2. It 
should be emphasized that if the magnitudes of two azimuthal indices are equal but the 
signs are opposite, this off-axis double vortex beam carries vortices, although the total TC 
is equal to zero. Consequently, the TC is not enough to describe the phase singularity of 
the off-axis double vortex beam, and the spatial distribution of the TC also needs to be 
known. In addition, it is worth noting that the TC of the vortex beam is usually 
independent of the propagation of the beam at different positions [23], which is the basis 
for detecting the TC of the vortex beam using the approaches such as interferometry [41], 
intensity analysis of vortex beams [42], and diffractometry [27]. 

3.2. Electric Field of the Off-Axis Vortex Beam Focused by a Tilted Convex Lens 
In this work, a tilted convex lens is used to detect the TC of vortex beams. As shown 

in Figure 2b, the generated vortex beam is focused by the titled convex lens with a focal 
length of f and an inclination angle of θ after it travels for a distance z0 in free space. 
According to the Huygens–Fresnel integral formula, the electric field at the propagation 
distance z after the lens can be expressed as [27] 

( , )/
1/2

1 2

( , ) ( , ) ,  (for I,II,III)
( )

i x y
l l

iE u v E x y e dxdy l
bb

πφ λ

λ

∞ ∞
−

−∞ −∞

= = 
 

(8)

where 

2 2 2 2
1 2 1 2

1 2 1 2 1 2

( , ) 2 ,a x a y d u d v xu yvx y
b b b b b b

φ
 

= + + + − + 
   

(9)

with 

1 2 0 0sec ,  cos ,  1 / ,  1 / ,  ,  1,2.j j j j j jc c a zc f d z c f b z zd jθ θ= = = − = − = + =  (10)

To obtain the analytical expressions of Equation (8), the binomial expansion of the 
incident electric field El(x,y) is required. Then, the integrations over x and y for an integer 
n ≥ 0 can be accomplished by the integral theorem 

2( ) (2 ) ( ),n x n n
nx e dx i H iα β π α β

∞ − − − −

−∞
=  

(11)
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where Hn(i,β) is the Hermite polynomial of a complex argument. In this way, we obtain 
the analytical expression of the electric field at the propagation distance z after the titled 
lens as 

1 | | | || |
0

I | | 1/2
0 1 2

| | 2 2 21
1 21 | | 1

1 2

( )| |!( , )
!(| | )! 2 ( )

( )( )                exp( ),

m m nm

m
n

m nn
n m n

i i EmE u v
n m n bb

H i vH i u u v

π
λ

μμ ξ ξ
γ γ

− −

=

−
+ − +

±=
−

× − −



 

(12)

1| || | | |
01 1

II 1/2
0 0 1 2

2 2 21
1 21 1

1 2

( )| |!( )( , )
! !(| | )! 2 ( )

( )( )                 exp( ),

n q qm n qm m n

n q
n q

qn
n q

i i Em x iyE u v
q n m n q bb

H i vH i u u v

π
λ

μμ ξ ξ
γ γ

− −− −−

+
= =

+ +

±−=
− −

× − −

 

 (13)

1 1 1 2 2 21 1 1 2 2 2

1 1 2 2

1 2 1 2 1 2

1 2 1 2

| | | || | | | | | | |
1 1 1 2 2 2

III
0 0 0 0 1 1 1 1 1 2 2 2 2 2

1
0

| | !( ) | | !( )( , )
! !(| | )! ! !(| | )!

( ) ( )                 
2 (

m n q m n qm m n m m n

n q n q

n n q q q q

n n q q

m x iy m x iyE u v
q n m n q q n m n q

i i i E
b

π
λ

− − − −− −

= = = =

− − − −

+ + +

− −=
− − − −

± ±×

     

1 2 1 2

1 2 1 2

1 2 2 2
1 21 11/2

1 2 1 2

( ) ( )
exp( ),

)
n n q q
n n q q

H i u H i v
u v

b
μ μ

ξ ξ
γ γ

+ +
+ + + + − −

 (14)

where 
2 ,j j ji a w bβ π λ= +  (15)

,j
j j

i w
b
πμ

λ β
=

 
(16)

2 ,j
j

jb w
β

γ
λ

=
 

(17)

2( )
.j j

j
j j

id w
b

π β π
ξ

λ β
+

=
 

(18)

Equations (12)–(14), which are the basic theoretical results of the present work, give 
the electric fields of three types of vortex beams at a given position through the tilted 
convex lens. Clearly, El(u,v) is an elliptical Gaussian beam modulated by Hermite 
polynomials. Therefore, at a certain position behind the lens, the intensity spots and their 
orientation give the magnitude and sign of the TC of the vortex beams, respectively [27]. 
Note that the obtained electric field EI(u,v) for the on-axis vortex beam is consistent with 
the one reported previously [27]. 

3.3. Detection of the TC 
To verify the theory with experiments, the focusing intensity patterns of the off-axis 

vortex beams given in Figures 3–5 after passing through the titled convex lens are shown 
in Figures 6–8, respectively. The numerical simulations shown in Figures 6–8 are obtained 
by Equations (12)–(14) with the optimal experimental parameters λ = 1064 nm, w = 2.5 
mm, θ = π/9, f = 30 cm, z0 = 50 cm, and z = 32 cm. The intensity patterns near the focal plane 
of the tilted convex lens shown in Figures 6–8 are measured by the experimental setup 
shown in Figure 2b. It is obvious that the theoretical simulations are consistent with the 
experimental measurements. 
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Figure 6. (a) Theoretically simulated and (b) experimentally measured intensity patterns of off-axis 
single vortex beams with different values of y1 and m focused by a tilted convex lens, when λ = 1064 
nm, w = 2.5 mm, f = 30 cm, z0 = 50 cm, z = 28 cm, θ = 21°, and x1 = 0. 

 
Figure 7. (a) Theoretically simulated and (b) experimentally measured intensity patterns of off-axis 
double vortex beams with different values of Δ and m2 focused by a tilted convex lens when λ = 
1064 nm, w = 2.5 mm, f = 30 cm, z0 = 50 cm, z = 28 cm, θ = 21°, x1 = x2 = 0, and m1 = 1. 
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Figure 8. (a) Theoretically simulated and (b) experimentally measured intensity patterns of off-axis 
double vortex beams with different values of m1 and m2 focused by a tilted convex lens when λ = 
1064 nm, w = 2.5 mm, f = 30 cm, z0 = 50 cm, z = 28 cm, θ = 21°, x1 = x2 = 0, and Δ = 0.5 w. 

As shown in Figure 6, near the focus of the tilted convex lens, the intensity 
distribution of the off-axis single vortex beam presents a bright and dark striped shape, 
and the magnitude of the TC of the beam is equal to the number of bright stripes minus 
one. The direction of the stripes is related to the TC’s sign, and the corresponding stripes 
of vortex beams with different TC signs are inclined in opposite directions. When the 
phase singularity is located at the geometric center of the beam, the intensity distribution 
detected near the focus of the tilted lens is shown in the third line of Figure 6. Since the 
on-axis vortex beam is center symmetric, the intensity distribution of the inclined stripe is 
also uniform. In this case, the TC of on-axis vortex beams can be accurately measured by 
counting the number of inclined dark stripes. When the vortex is off-axis, as shown in 
Figure 6, the intensity of the inclined stripes will no longer be uniform, and the offset of 
the phase singularity results in the offset of intensity near the focal field of the tilted lens. 
Although the stripes are no longer uniform, the TC of an off-axis single vortex beam is 
still equal to the number of bright stripes minus one, which is the same as that of an on-
axis vortex beam [27]. That is to say, the TC of off-axis single vortex beams is still equal to 
that of on-axis vortex beams (see Equation (6)). 

After discussing the off-axis single vortex beam, we focus on the TC detection of the 
off-axis double vortex beam. Figures 7 and 8 show the theoretically simulated and 
experimentally measured intensity patterns of off-axis double vortex beams focused by 
the tilted convex lens. It is easy to find that the signs of two TCs m1 and m2 carried by the 
off-axis double vortex beam will have a significant impact on the intensity distribution 
focused by the tilted lens. If the signs of two TCs are the same, the number of dark inclined 
stripes is equal to the algebraic sum of their respective values. In contrast, if the signs of 
two TCs are opposite, the measured intensity distribution will be separated in space. For 
example, as shown in the first column of Figure 7, the left and right parts of the intensity 
distribution come from the contributions of TCs with negative and positive signs, 
respectively. Especially, in the first row and the second column of Figure 7, the number of 
dark stripes on the left and right sides of the intensity pattern is 1, which means that this 
vortex beam carries two vortices with TCs of −1 and +1, respectively. As shown in Figure 
7, with the increase of the off-axis distance Δ, the intensity at both ends of the bright 
inclined stripes will be weakened, which will reduce the accuracy of the detected TC. The 
main reasons are analyzed as follows: when the off-axis distance Δ increases gradually, 
the intensity distribution of the off-axis double vortex beam changes from the ring type to 
the half-moon type, so the intensity of the bright stripes after the beam passes through the 
tilted lens will also be reduced, but the original phase singularity still exists. In short, we 
demonstrate theoretically and experimentally that the tilted lens method can detect not 
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only the magnitudes and signs of two TCs of the off-axis double vortex beam but also the 
spatial distribution of the TCs. This is because when the signs of two TCs are opposite, the 
inclined stripes of the off-axis double vortex beam passing through the tilted lens are 
separated in space. 

4. OAM of Off-Axis Double Vortex Beams 
4.1. OAM Density and Average OAM 

For an x-polarized electric field E(x, y) in Cartesian coordinates, the longitudinal 
OAM density normalized by the intensity can be expressed as [43] 

2
1 ( , ) ( , )Im ( , ) ( , ) ,

| ( , ) |z
E x y E x yJ xE x y yE x y

E x y y x
∗ ∗ ∂ ∂= − ∂ ∂ 


 

(19)

where E*(x, y) denotes the complex conjugate of the electric field E(x, y). 
For an on-axis vortex beam, substituting Equation (1) into Equation (19), one gets 

I | | .J m= ±
 (20)

It is obvious that the TC of the on-axis vortex beam is identical to the OAM density. 
Substitution of Equation (2) into Equation (19) obtains the OAM density of the off-

axis single vortex beam as 

1 1
II 2 2

1 1

( ) ( )| | .
( ) ( )
x x x y y yJ m
x x y y

− + −= ±
− + −


 

(21)

Clearly, the OAM density of the off-axis single vortex beam depends not only on the 
TC, but also on the distance from the phase singularity to the optical axis. 

In a similar way, by substituting Equation (3) into Equation (19), we get the OAM 
density of the off-axis double vortex beam as 

1 1 2 2
III 1 22 2 2 2

1 1 2 2

( ) ( ) ( ) ( )| | | | .
( ) ( ) ( ) ( )
x x x y y y x x x y y yJ m m
x x y y x x y y

− + − − + −= ± ±
− + − − + −


 

(22)

As described by Equation (22), the OAM density of the off-axis double vortex beam 
is equal to the superposition of the OAM density of two off-axis single vortex beams. 
Alternatively, the OAM density of the off-axis double vortex beam can be regarded as the 
weighted superposition of two TCs related to the spatial positions of the phase 
singularities. 

The OAM carried by the vortex beam can be quantitatively expressed by the 
experimentally measurable quantity, namely, the average OAM [34]. The average OAM 
Lz is defined as the OAM of paraxial beams Jz normalized to power W [44] 

,zz
JL
W

=
 

(23)

with 

* ( , ) ( , )Im ( , ) ,z
S

E x y E x yJ E x y x y dxdy
y x

 ∂ ∂= − ∂ ∂ 
  (24)

* ( , ) ( , ) ,
S

W E x y E x y dxdy=   (25)

where the integral area S is the detection area of the camera in the experiment. 
It is well known that the average OAM of the on-axis vortex beam is Lz = m [44] by 

substituting Equation (1) in Equation (23). If Lz is multiplied by Planck’s constant, the 
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OAM per photon carried by the conventional vortex beam can be obtained. However, for 
the off-axis single and double vortex beams, their average OAM value needs to be 
calculated numerically. Numerical simulation shows that the magnitude of the average 
OAM of the off-axis vortex beam decreases nonlinearly with the increase of off-axis 
distance. When the phase singularity is close to the beam center (i.e., xj→0 and yj→0), the 
average OAM is close to the TC. On the contrary, the average OAM tends to be zero when 
the off-axis distance is large (i.e., xj→∞ and yj→∞). 

4.2. Average OAM Measurement 
Experimentally, the setup shown in Figure 2c is used to measure the average OAM 

of the off-axis vortex beam quantitatively. In our experiment, the focal length of the 
cylindrical lens is f = 150 mm, the laser wavelength is λ = 1064 nm, the waist radius of the 
off-axis vortex beam is w = 2.5 mm, and the angle between the optical axis of the cylindrical 
lens and the x-axis of the vortex beam is approximately 45°. The details for the average 
OAM measurement can be found elsewhere [34]. Quantitatively, the average OAM of the 
generated vortex beam can be measured by [34] 

2

exp 2

| ( , ) |4 ,
| ( , ) |

E x y x ydx dy
L

f E x y dx dy

π
λ

+∞

−∞
+∞

−∞

′ ′ ′
=

′ ′
 
   

(26)

where |E(x’, y)|2 is the intensity distribution at the focal plane of the cylindrical lens. 
The average OAM values of the off-axis vortex beams are obtained from the 

experimentally measured intensity distributions (see the inserts in Figure 9) with the help 
of Equation (26). For example, Figure 9a,b show the measured average OAM values as a 
function of off-axis distance for the off-axis single vortex beam (m = 2 and x1 = 0) and off-
axis double vortex beam (m1 = 1, m2 = 2, and x1 = x2 = 0), respectively. The numerical 
simulations by Equation (23) are also plotted in Figure 9. Apparently, the measured OAM 
values are in good agreement with the theoretical results. It is shown that the average 
OAM value decreases nonlinearly as the off-axis distance (y1 or Δ) increases. This result 
can be understood as follows: the average OAM value of off-axis single Gaussian vortex 
beams is Lz = mexp[−2(r0/w)2], which decreases nonlinearly as the off-axis distance r0 
increases [20,22]. As described in Equation (3), an off-axis double vortex beam is 
equivalent to the superposition of two off-axis single vortex beams. Obviously, OAM 
density (see Equation (22)) and average OAM have similar conclusions. When the phase 
singularity is close to the beam center, the average OAM value is approximately equal to 
the TC. When the off-axis distance Δ is large, the average OAM trends to zero, although 
the TC of the off-axis single and double vortex beams is independent of the off-axis 
distance of the phase singularities. The results show that changing the off-axis distance of 
the off-axis vortex beam can easily manipulate the average OAM of the vortex beam, 
thereby realizing the applications of particle manipulation, optical communication, etc. 
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Figure 9. The average OAM values of (a) off-axis single vortex beams with different values of y1 
when m = 2 and x1 = 0, and (b) off-axis double vortex beams with different values of Δ when m1 = 1, 
m2 = 2, and x1 = x2 = 0. The scatters are the experimental data, while the solid lines are the numerical 
simulations by Equation (23). The inserts are exemplary intensity distributions at the focal plane of 
the cylindrical lens. 

5. Conclusions 
In summary, we have designed and generated the off-axis double vortex beams. It is 

demonstrated that compared with the traditional vortex beam, this type of vortex beam 
has more control degrees of freedom, that is, the position of two phase singularities and 
the magnitude and sign of two azimuthal indices. With the increase of the off-axis 
distance, the intensity distribution of this vortex beam changes from a doughnut-shaped 
pattern to a bowtie-shaped pattern. 

Secondly, we have detected the TC of the off-axis double vortex beam using the tilted 
lens method. It is shown that the TC of the off-axis double vortex beam is not only related 
to the magnitude of the azimuthal indices of two phase singularities but also related to 
their signs. We have presented the electric field of the off-axis vortex beam at a given 
position through the tilted convex lens. We have demonstrated theoretically and 
experimentally that the tilted lens method can detect not only the magnitudes and signs 
of two TCs of the off-axis double vortex beam but also the spatial distribution of the TCs. 
This is because the off-axis double vortex beam carrying two TCs with opposite signs are 
spatially separated into two inclined stripes after being focused by the tilted lens. 

Lastly, we have measured the average OAM of the off-axis vortex beam using the 
cylindrical lens method. It is shown that the average OAM value of the off-axis double 
vortex beam decreases nonlinearly as the off-axis distance increases, although its TC is 
independent of the off-axis distance of phase singularities. The results indicate that the 
average OAM of the off-axis double vortex beam can be easily controlled by changing the 
relative position of two phase singularities, thereby realizing the applications of multi 
degrees of freedom particle manipulation, optical communication (e.g., multiple 
adjustable parameters are beneficial for increasing information capacity), and material 
processing. 
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