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Abstract: We generalize an approach to studying the quantum state tomography (QST) of open
systems in terms of the dynamical map in Kraus representation within the framework of dynamic
generation of informationally complete positive operator-valued measures. As applications, we
use the generalized approach to theoretically study the QST of qubit systems in the presence of
nonequilibrium environments which exhibit nonstationary and non-Markovian random telegraph
noise statistical properties. We derive the time-dependent measurement operators for the quantum
state reconstruction of the single qubit and two-qubit systems in terms of the polarization operator
basis. It is shown that the behavior of the time-dependent measurement operators is closely associated
with the dynamical map of the qubit systems.
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1. Introduction

With the rapid development of quantum technologies, we can observe and con-
trol quantum systems and realize quantum information tasks at the scale of atoms and
molecules in experiments. Quantum tomography is a fundamental approach that has
been widely used to reconstruct the information of a physical system by analyzing the
experimental measured data, which has potential applications in quantum state engineer-
ing, coherent manipulation and quantum control [1–3]. Three main types of quantum
tomography are distinguished. Quantum process tomography can describe the evolution
based on the dynamical map [4–7]. Quantum measurement tomography can obtain the
characteristics of the actual operators governing the measurements [8–10]. Quantum state
tomography (QST) can accurately reconstruct the representation of the state of the system
based on the data measured from the experiments [11–21]. An important issue in QST is
optimality, which refers to the maximization of the amount of information extracted from a
single measurement. There are some standard approaches to realizing the optimality of
QST: the maximum likelihood estimation (MLE) and the method of least squares [22,23],
which have been widely used to study a variety of physical problems [24–26].

In most realistic situations, due to the inevitable influence of the environment, a
quantum system is always regarded as open, and its quantum features gradually disappear
during dynamical evolution. The study of quantum dynamics of open systems plays a
fundamental role in quantum mechanical community and has drawn incrasing attention
in physical research such as quantum computing, quantum metrology and quantum
information science [27–47]. Quantum measurements of the dynamical properties of open
quantum systems can help us to understand the environment’s effects on the systems and
the origins of the loss of coherence and quantum-classical transition in more depth [48–52].
Different from the closed systems with pure states under unitary evolution, the state of an
open quantum system is generally mixed, and its dynamical evolution is no longer unified.
By paying special attention to the proposals related to continuous measurements in the
time domain, Czerwinski generalized the QST approach to the case of mixed quantum

Photonics 2023, 10, 134. https://doi.org/10.3390/photonics10020134 https://www.mdpi.com/journal/photonics

https://doi.org/10.3390/photonics10020134
https://doi.org/10.3390/photonics10020134
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/photonics
https://www.mdpi.com
https://orcid.org/0000-0001-6655-5736
https://doi.org/10.3390/photonics10020134
https://www.mdpi.com/journal/photonics
https://www.mdpi.com/article/10.3390/photonics10020134?type=check_update&version=1


Photonics 2023, 10, 134 2 of 14

states subject to random unitary maps within the framework of the dynamic generation of
informationally complete, positive, operator-valued measures (IC-POVMs) (see, e.g., [53–
56] and the review paper [57]).

In this paper, we further generalize the QST approach to the case of an open quantum
system under non-unitary evolution, the state of which is governed by a dynamical map in
the Kraus representation by means of IC-POVMs generated in the time domain. We use the
generalized theory to study the QST of qubit systems in nonequilibrium environments, with
the environmental noise exhibiting nonstationary random telegraph noise (RTN) statistical
properties. We derive the time-dependent measurement operators in terms of the polar-
ization operator basis of the single qubit and two-qubit systems, respectively. It is shown
that the time-dependent measurement operators for the quantum state reconstruction are
closely related to the dynamical map of the qubit systems.

This paper is organized as follows. In Section 2 we introduce the theoretical frame-
work of QST in terms of the dynamic IC-POVMs generated by a dynamical map in the
time domain. In Section 3, we study the QST of qubit systems coupled to nonequilibrium
environments, which exhibit non-stationary and non-Markovian RTN statistical properties.
In Section 4, we display the time-evolution of single qubit measurement operators using
the trajectory representation on the Bloch sphere and discuss the environmental nonequi-
librium effects on the time-dependent measurement operators. In Section 5, we provide the
conclusions of the present study.

2. Theoretical Framework
QST in Terms of Dynamic Generation of IC-POVMs

QST aims to reconstruct the state of a quantum system described by, e.g., wave
functions, state vectors and density matrices. In the following, we mainly focus on the state
reconstruction in the density matrix representation. The state space S of a d-dimensional
quantum system in density matrix representation consists of a set of Hermitian, positive
and unit trace operators in Hilbert spaceH [58]

S = {ρ(t) | ρ(t) = ρ†(t), ρ(t) ≥ 0, Trρ(t) = 1}. (1)

Based on the postulates of quantum mechanics, quantum measurements are described by
a set of measurement operators {Mj} acting on the state space of the measured system,
where the index n is associated with the experimental outcome of the measurement [59].
In accordance with Born’s rule and by means of the Positive Operator-Valued Measure
(POVM) formalism, for the initial quantum state ρ(0) immediately before the measurement,
the probability that outcome n occurs is written as

pj(0) = Tr[Mjρ(0)], (2)

where the probabilities pj(0) are sum up to one; namely, ∑j pj(0) = 1 and the POVM
elements 0 ≤ Mj ≤ Id satisfy the completeness condition ∑j Mj = Id with Id being the d× d
identify operator. The set {Mj} is referred to as a POVM related to the measurement. How-
ever, due to measurement errors, the experimental data associated with the expectations
of the POVM elements may have negative eigenvalues, namely, nonphysical measured
probabilities. A physical quantum state can be reconstructed from the negative measured
probabilities using the MLE approach.

Appropriate measurements play a crucial role in QST because they can provide
some information about an unknown quantum system. QST aims to estimate the state
of the quantum system by analyzing the experimental measured data. Based on the
outcome probabilities in Equation (2), we can obtain information about the quantum
system immediately before measurement. To reconstruct any state, the set of operators
{Mj} must span the quantum state space S , namely, the informational completeness. If
the measurements are given in terms of IC-POVMs, we can obtain complete quantum
information for the reconstruction of state ρ(t). For a quantum state of dimension d, a
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single IC-POVM must provide d2 linearly independent relations. Thus, an IC-POVM
has at least d2 elements of measurement and the minimal one has exactly d2 operators.
There might be an infinite number of sets of measurement operators to reconstruct a given
quantum state within the QST framework. However, for some general cases, we may
not have enough measurement operators to form an complete set for the tomographic
reconstruction of the quantum state. In the following, we dynamically generalize the QST
approach using an incomplete set of POVM in the time domain.

We consider an identically prepared quantum system evolving from an initial state
ρ(0) in terms of a dynamical map in the Kraus representation

ρ(t) = Λ(t)[ρ(0)] = ∑
µ

Kµ(t)ρ(0)K†
µ(t), (3)

where Λ(t) denotes a complete trace-preserving map and the Kraus operators satisfy the
completeness condition ∑µ K†

µ(t)Kµ(t) = Id. We also consider an incomplete set of POVM
M = {M1, M2, · · · , Mr} composed of r different operators, which can be measured at
distinct time instants. By applying the dynamical map in Equation (3) to the measured
results, we can obtain the time evolution of the probability related to the jth operator from
the incomplete setM

pj(t) = Tr[Mjρ(t)] = Tr
[

Mj ∑
µ

Kµ(t)ρ(0)K†
µ(t)

]
= Tr[Mj(t)ρ(0)], (4)

where Mj(t) = ∑µ K†
µ(t)MjKµ(t) is the time-dependent operator. Due to the completeness

condition ∑µ K†
µ(t)Kµ(t) = Id and the fact that Mj ≥ 0, the time-dependent operator Mn(t)

is positive and semi-defined, which means that Mj(t) satisfies the generalized measurement.
Thus, if the number of the Kraus operators is k, we can select a discrete number of time
instants {t1, t2, · · · , tk} and obtain the time-dependent measured probabilities

pj(t1) = Tr[Mj(t1)ρ(0)],

pj(t2) = Tr[Mj(t2)ρ(0)],
...

pj(tk) = Tr[Mj(tk)ρ(0)],

(5)

which can be associated with the set of the time-dependent measurement operatorsMt =
{M1(t1), · · · , M1(tk), M2(t1), · · · , M2(tk), · · · , Mr(t1), · · · , Mr(tk)}. In the context of state
reconstruction, it is not necessary to consider a case with more measurement operators
than k [56].

To realize the tomographic reconstruction of the initial state ρ(0) in terms of the
outcome and measured probabilities in Equations (2) and (5), the incomplete setM, to-
gether with the time-dependent setMt of the measurement operators, must satisfy the
completeness condition

r

∑
j=1

Mj +
r

∑
j=1

k

∑
l=1

Mj(tl) = Id. (6)

That is, the union of setsM andMt of the measurement operators forms an informationally
complete set of POVM. Here, we have generalized the QST to the case governed by a
dynamical map in the Kraus representation by means of IC-POVMs in the time domain. It
is worth nothing that some elements of the union set of the measurement operators may be
redundant. Generally, a standard IC-POVM for the reconstruction of a quantum state of
dimension d has at least d2 measurement operators. Thus, to realize QST of the information
of the system, we can either choose enough measurement operators to form an IC-POVM
that spans the entire Hilbert space of the quantum system or generalize an overcomplete
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set of measurement operators in the time domain, starting from an incomplete set of POVM
less than d2.

3. QST of Qubit Systems Coupled to Nonequilibrium Environments

Recently, much attention has been paid to studying the environmental nonequilibrium
effects on quantum features, due to their significant role in the dynamical evolution of open
quantum systems. In these processes, the environmental initial states, induced by the inter-
action with the quantum systems, cannot reach the stationary state in time [60–63], which
corresponds to the idea that the environmental noise occurs in nonstationary statistics. The
nonstationary and non-Markovian RTN has been widely used to study relevant issues
regarding the dynamics of open quantum systems in nonequilibrium environments [64–
71]. In the following, we theoretically studied the quantum state tomography of qubit
systems in nonequilibrium environments exhibiting nonstationary and non-Markovian
RTN statistical properties in terms of the generalized IC-POVMs.

3.1. QST of a Single Qubit System in Nonequilibrium Environments

As an application, we first considered the case of a single qubit system with the states
|1〉 and |0〉, coupled to a nonequilibrium fluctuating environment. Within the framework
of spectral diffusion established by Kubo and Anderson, the environmental influences
give rise to the stochastic fluctuations in the frequency of single qubit system, of which
the environmental noise is subject to a generalized RTN process exhibiting nonstationary
and non-Markovian properties [64,65]. The open two-state system we considered could
be chosen as a single-photon system consisting of the polarization states, e.g., horizontal
|H〉 = |0〉 and vertical |V〉 = |1〉 and undergoes a pure decoherence process during
dynamical evolution [65,72]

d
dt

ρS(t) = i
s(t)

2
[σz, ρS(t)] +

γ(t)
2

[σzρS(t)σz − ρS(t)], (7)

where σz = |H〉〈H| − |V〉〈V| denotes the Pauli matrix in the single-photon polarization
basis BS = {|H〉, |V〉}, and the time-dependent frequency shift s(t) and decoherence rate
γ(t) are, respectively, defined as

s(t) = −Im
[

dF(t)/dt
F(t)

]
, γ(t) = −Re

[
dF(t)/dt

F(t)

]
. (8)

Here, F(t) =
〈

exp
[
i
∫ t

0 dt′ξ(t′)
]〉

is the decoherence function, with 〈· · · 〉 being the average
over the environmental noise ξ(t) [65].

The pure decoherence only influences the coherence between the polarization compo-
nents of the single-photon system. By taking an average of the environmental noise, the
reduced density matrix of the single-photon system can be written in the Kraus operators
representation as [71,73]

ρS(t) =
2

∑
µ=1

KSµ(t)ρS(0)K†
Sµ(t), (9)

where the Kraus operators of the single-photon system satisfies

KS1(t) =
(

1 0
0 F(t)

)
, KS2(t) =

(
0 0
0
√

1− |F(t)|2

)
. (10)
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The diagonal elements of the reduced density matrix of the single-photon system are
time-independent ρHH(t) = ρHH(0) and ρVV(t) = 1− ρHH(t), whereas the off-diagonal
elements evolve over time

ρHV(t) = ρ∗VH(t) = ρHV(0)F(t). (11)

As in the standard RTN, the amplitude of the generalized RTN randomly jumps with
the switching rate λ between the values ±ν. The environmental nonstationary property
arises from the initial distribution P(ξ0, 0) = 1

2 (1− a)δξ0,−ν +
1
2 (1 + a)δξ0,ν with the initial

nonstationary parameter −1 ≤ a ≤ 1 [64,65]. The environmental non-Markovian property
is described by a generalized master equation for the conditional probability related to an
exponential memory kernel K(t− t′) = κe−κ(t−t′) with the decay rate κ [74,75]. Correspond-
ingly, the statistical characteristics associated with the first- and second-order moments of
the environmental noise ξ(t) can be expressed as

〈ξ(t)〉 = aνP(t), 〈ξ(t)ξ(t′)〉 = ν2P(t− t′). (12)

where P(t− t′) = L −1[e−st′ P̃(s)] is the auxiliary probability function, with L −1 denoting
the inverse Laplace transform and P̃(s) = 1/[s + 2λK̃(s)]. Based on the Bayes’ theorem,
the higher-order moments of the environmental noise can be factorized as products related
to the second-order moments

〈ξ(t1)ξ(t2) · · · ξ(tn)〉 = 〈ξ(t1)ξ(t2)〉〈ξ(t3)ξ(t4)〉 · · · 〈ξ(tn)〉, (13)

for the order of the time instants t1 > · · · > tn (n ≥ 3).
According to the statistical characteristics of the environmental noise, and in terms

of the Dyson expansion for the decoherence function, we can obtain a closed third-order
differential equation for the decoherence function [64]

d3

dt3 F(t) + κ
d2

dt2 F(t) + (2κλ + ν2)
d
dt

F(t) + κν2F(t) = 0, (14)

with the initial conditions F(0) = 1, (d/dt)F(0) = iaν and (d2/dt2)F(0) = −ν2. Cor-
respondingly, the decoherence function F(t) for the single qubit system can be exactly
expressed as

F(t) = L −1[F (p)], F (p) =
p2 + κp + 2κλ + iaν(p + κ)

p3 + κp2 + (2κλ + ν2)p + κν2 . (15)

As the statistical properties of the generalized RTN extracted from the standard RTN are
non-Markovian, nonstationary and time-homogeneous, the environmental nonequilibrium
effects arising from the nonstationary parameter are only associated with the odd-order
moments of the environmental noise [64,65]. Thus, this only influences the imaginary
component of the decoherence function, as in Equation (15). It has been shown that the
nonequilibrium effects of the environment can suppress decoherence of the quantum system
and decrease non-Markovianity in the dynamical evolution of a single qubit system [64,65].

In terms of the computational basis P = {|H〉, |V〉, |D〉, |A〉, |L〉, |R〉}, a typical POVM
can be expressed with six polarization states: horizontal |H〉 = |0〉, vertical |V〉 = |1〉,
diagonal |D〉 = (|H〉+ V〉)/

√
2, antidiagonal |A〉 = (|H〉 − |V〉)/

√
2, left-circular |L〉 =

(|H〉 − i|V〉)/
√

2 and right-circular |R〉 = (|H〉+ i|V〉)/
√

2 [12,56,76]. The six polarization
states can be divided into three elements of a set of orthogonal bases associated with
mutually unbiased bases in a two-dimensional Hilbert space (see Appendix A). Based on
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the set of orthogonal bases, we can obtain an overcomplete set of measurement operators.
From the Born rule for the probability of the single-photon system

pS(t) = Tr[MSρS(t)] = Tr
[

MS ∑
µ

KSµ(t)ρS(0)K†
Sµ(t)

]
= Tr[MS(t)ρS(0)], (16)

we can obtain the time-dependent measurement operator of the single-photon system
MS(t) = ∑µ K†

Sµ(t)MSKSµ(t). For the given measurement operator MS
j = |j〉〈j|(j =

H, V, D, A, L, R), we can obtain the time-dependent operator of measurement

MS
j (t) =

2

∑
µ=1

K†
Sµ(t)MS

j KSµ(t) =

(
M11

j M12
j F(t)

M21
j F∗(t) M22

j

)
. (17)

The time-evolution of the measurement operator MS
j (t) of the single-photon system closely

depends on the decoherence effect quantified by the decoherence function F(t), and the
initial measurement operator MS

j . Equation (17) correspond to six time-dependent mea-
surement operators with the following expressions:

MS
H(t) =

2

∑
µ=1

K†
Sµ(t)MS

HKSµ(t) = MS
H =

(
1 0
0 0

)
,

MS
V(t) =

2

∑
µ=1

K†
Sµ(t)MS

VKSµ(t) = MS
V =

(
0 0
0 1

)
,

MS
D(t) =

2

∑
µ=1

K†
Sµ(t)MS

DKSµ(t) =
1
2

(
1 F(t)

F∗(t) 1

)
,

MS
A(t) =

2

∑
µ=1

K†
Sµ(t)MS

AKSµ(t) =
1
2

(
1 −F(t)

−F∗(t) 1

)
,

MS
L(t) =

2

∑
µ=1

K†
Sµ(t)MS

LKSµ(t) =
1
2

(
1 iF(t)

−iF∗(t) 1

)
,

MS
R(t) =

2

∑
µ=1

K†
Sµ(t)MS

RKSµ(t) =
1
2

(
1 −iF(t)

iF∗(t) 1

)
.

(18)

The two measurement operators MS
H(t) and MS

V(t) do not evolve over time, whereas the
other four measurement operators MS

D(t), MS
A(t), MS

L(t) and MS
R(t) are closely associated

with the decoherence function F(t).

3.2. QST of a Two-Qubit System in Nonequilibrium Environments

As another application, we can consider the case of a two-qubit system T consisting
of two noninteracting identical single qubits A and B, which are independently coupled
to its local nonequilibrium environment, respectively. The initial state of the system can
be written as a product state between the two single qubits. This physical model can
be considered as a two-photon system, of which each photon interacts with its pure
decoherence environment and loses coherence between its polarization components.

As there are no initial interactions between the two single qubits A and B, the dynamics
of the two-photon system can be constructed from that of a single-photon system in the
Kraus operators’ representation [77,78]. By taking an average of the environmental noise,
the reduced density matrix of the two-photon system can be expressed, in terms of the
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standard product basis BT = {|1〉 = |HH〉, |2〉 = |HV〉, |3〉 = |VH〉, |4〉 = |VV〉} in the
Kraus operators representation, as [71]

ρT(t) =
4

∑
µ=1

KTµ(t)ρT(0)K†
Tµ(t), (19)

where the two-photon Kraus operators KTµ(t) = KSν(t)⊗KSυ(t) (ν, υ = 1, 2) are the tensor
products of the single-photon Kraus operators

KT1(t) =
(

1 0
0 F(t)

)
⊗
(

1 0
0 F(t)

)
,

KT2(t) =
(

1 0
0 F(t)

)
⊗
(

1 0
0
√

1− |F(t)|2

)
,

KT3(t) =
(

0 0
0
√

1− |F(t)|2

)
⊗
(

1 0
0 F(t)

)
,

KT4(t) =
(

0 0
0
√

1− |F(t)|2

)
⊗
(

0 0
0
√

1− |F(t)|2

)
.

(20)

Correspondingly, the diagonal elements do not evolve over time ρ11(t) = ρ11(0), ρ22(t) =
ρ22(0), ρ33(t) = ρ33(0) and ρ44(t) = 1− [ρ11(0) + ρ22(0) + ρ33(0)] whereas the off-diagonal
elements are time-dependent

ρ21(t) = ρ∗12(t) = ρ21(0)F(t),

ρ31(t) = ρ∗13(t) = ρ31(0)F(t),

ρ32(t) = ρ∗23(t) = ρ32(0)|F(t)|2,

ρ41(t) = ρ∗14(t) = ρ41(0)F2(t),

ρ42(t) = ρ∗24(t) = ρ42(0)F(t),

ρ43(t) = ρ∗34(t) = ρ43(0)F(t).

(21)

Based on the Born rule for the probability of the two-photon system

pT(t) = Tr[MTρT(t)] = Tr
[

MT ∑
µ

KTµ(t)ρT(0)K†
Tµ(t)

]
= Tr[MT(t)ρT(0)], (22)

we can obtain the time-dependent measurement operator of the two-photon system
MT(t) = ∑µ K†

Tµ(t)MTKTµ(t). In terms of the six polarization bases for the single-photon
system P = {|H〉, |V〉, |D〉, |A〉, |L〉, |R〉}, we can obtain an overcomplete set of 36 time-
dependent measurement operators for the two-photon system

MT
kl(t) =

4

∑
µ=1

K†
Tµ(t)MT

klKTµ(t) =
2

∑
µ=1

K†
Sµ(t)MS

k KSµ(t)⊗
2

∑
µ=1

K†
Sµ(t)MS

l KSµ(t), (23)

where MT
kl = MS

k ⊗MS
l = |k〉〈k| ⊗ |l〉〈l|(k, l = H, V, D, A, L, R) denote the initial measure-

ment operators of the two-photon system. The two-qubit measurement operators are the
tensor products of single-photon ones due to the fact that the two single-photon systems are
independent of each other. In the matrix representation, the time-dependent measurement
operator in Equation (23) can be expressed as

MT
kl(t) =


M11

kl M12
kl F(t) M13

kl F(t) M14
kl F2(t)

M21
kl F∗(t) M22

kl M23
kl |F(t)|

2 M24
kl F(t)

M31
kl F∗(t) M32

kl |F(t)|
2 M33

kl M34
kl F(t)

M41
kl F∗2(t) M42

kl F∗(t) M43
kl F∗(t) M44

kl

. (24)
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Similarly to the case of a single qubit, the measurement operators for the two-qubit sys-
tem in Equation (24) are also closely related to the decoherence function F(t) and the
initial measurement operators MT

kl . Based on Equation (24), some typical time-dependent
measurement operators can be expressed as

MT
HH(t) =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

,

MT
HD(t) =

1
2


1 F(t) 0 0

F∗(t) 1 0 0
0 0 0 0
0 0 0 0

,

MT
HR(t) =

1
2


1 −iF(t) 0 0

iF∗(t) 1 0 0
0 0 0 0
0 0 0 0

,

MT
DD(t) =

1
4


1 F(t) F(t) F2(t)

F∗(t) 1 |F(t)|2 F(t)
F∗(t) |F(t)|2 1 F(t)
F∗2(t) F∗(t) F∗(t) 1

,

MT
DR(t) =

1
4


1 −iF(t) F(t) −iF2(t)

iF∗(t) 1 i|F(t)|2 F(t)
F∗(t) −i|F(t)|2 1 −iF(t)

iF∗2(t) F∗(t) iF∗(t) 1

,

MT
RR(t) =

1
4


1 −iF(t) −iF(t) −F2(t)

iF∗(t) 1 |F(t)|2 −iF(t)
iF∗(t) |F(t)|2 1 −iF(t)
−F∗2(t) iF∗(t) iF∗(t) 1

.

(25)

In addition to the QST of a two-photon physical system, some useful physical quantities of
the system, such as the concurrence, the negativity, the classical and quantum correlations,
can be also obtained based on the corresponding formulas from the reconstructed quantum
state [20].

4. Results and Discussion

In this section, we show the results of the QST of qubit systems coupled to nonequilib-
rium environments and study the nonequilibrium effects of the environments on the state
reconstruction. To intuitively display the behavior of the time evolution of the measure-
ment operators MS

D(t), MS
A(t), MS

L(t) and MS
R(t), we plot the trajectories of them on the

Bloch sphere by expressing MS(t) = 1/2[I2 +∑j=x,y,z rj(t)σj] with rj(t) = Tr[MS(t)σj]. The
decoherence rate γ(t) and frequency shift s(t) describe the normal and tangential slopes of
the radius r(t) =

√
∑j=x,y,z r2

j (t), respectively, and the rate of change of the radius r(t) is
related to the non-Markovian feature of the dynamical evolution.

As shown in Figure 1, the time evolution of the measurement operators MS
D(t), MS

A(t),
MS

L(t) and MS
R(t) displays monotonic behavior in Markovian dynamics regime, whereas

it shows non-monotonic behavior in the non-Markovian dynamics regime. This results
from the time-dependent measurement operators generated from the dynamical map of
the single-qubit system in terms of the Kraus operators in Equation (10). In addition, the
initial coordinates (rx, ry, rz) for the measurement operators and the directions of rotation
in non-Markovian dynamics regime are different, as, to effectively reconstruct a quantum
state, the measurement operators must satisfy the completeness condition. Furthermore,
the radii for the measurement operators reduce to zero in the long time limit. This is due



Photonics 2023, 10, 134 9 of 14

to the fact that the decoherence effect induced by the environmental noise results in the
vanishing of the off-diagonal elements of the reduced density matrix of the single-qubit
system in the long time limit.

Figure 1. (Color online) Trajectories of the measurement operators (a) MS
D(t), (b) MS

A(t), (c) MS
L(t)

and (d) MS
R(t) on the Bloch sphere. The red lines stand for the Markovian dynamics regime with

ν/λ = 0.8 and κ/λ = 2 and the blue lines represent the non-Markovian dynamics regime with
ν/λ = 3 and κ/λ = 2. The initial nonstationary parameter is chosen as a = 0.5.

As the behavior of the time evolution of the measurement operators MS
D(t), MS

A(t),
MS

L(t) and MS
R(t) is similar, to further display how the environmental nonequilibrium

effects influence the time-evolution of the measurement operators, we plot the measurement
operator MS

A(t) as a simple example in the trajectory representation on the Bloch sphere
for the different values of the initial nonstationary parameter a.

As displayed in Figure 2, the trajectories of the measurement operator MS
A(t) display

monotonic behavior in Markovian dynamics regime, whereas non-monotonic behavior is
shown in the non-Markovian dynamics regime. In addition, as the environment moves
away from equilibrium (the absolute value of the initial nonstationary parameter a departs
from zero), the radius r(t) of the measurement operator on the Bloch sphere in the trajec-
tory representation becomes longer in both the Markovian and non-Markovian dynamics
regimes. This is because the environmental nonequilibrium effects can reduce the dynami-
cal decoherence of the system and can enhance the frequency shift s(t) in the dynamical
evolution of the system. Furthermore, the trajectory of the measurement operator MS

A(t)
shows the symmetry for the initial nonstationary parameter a, taking positive and negative
values in both the Markovian and non-Markovian dynamics regimes. This is because the
direction of rotation of the measurement operator MS

A(t) in the trajectory representation is
closely associated with the symmetrical behavior in the time evolution of the frequency
shift s(t) for positive and negative values of the initial nonstationary parameter a.
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Figure 2. (Color online) Trajectories of the measurement operator MS
A(t) on the Bloch sphere for

for different values of the initial nonstationary parameter a in (a) Markovian dynamics regime with
ν/λ = 0.8 and κ/λ = 2 and (b) non-Markovian dynamics regime with ν/λ = 3 and κ/λ = 2. Blue
lines for a = ±1; red lines for a = ±0.5 and black lines for a = 0 (the solid and dashed lines represent
positive and negative values of a, respectively.)

5. Conclusions

QST aims to reconstruct the state of a quantum system by analyzing the experimental
measured data with appropriate measurements. In this paper, we generalized the QST
approach to a non-unitary evolution of open quantum systems in terms of a dynamical
map, using IC-POVMs generated in the time domain. The generalized QST can reconstruct
a d-dimensional quantum state from an incomplete set of measurement operators less
than d2, which is more efficient than the standard QST approach. As applications, we
used the generalized QST approach to study the QST of qubit systems in nonequilibrium
environments, with the environmental noise exhibiting nonstationary and non-Markovian
RTN statistical properties. In terms of the polarization operator basis, we derived the
time-dependent measurement operators related to the reconstruction of the states of the
single-qubit and two-qubit systems, respectively. The behavior of the trajectories of the
time-dependent measurement operators on the Bloch sphere is closely associated with
the dynamic regimes of the quantum systems. Our results are significant to quantum
information processing and helpful in the further understanding of the QST of open
quantum systems.
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Abbreviations

The following abbreviations are used in this manuscript:
QST quantum state tomography
MLE maximum likelihood estimation
POVM positive operator-valued measure
RTN random telegraph noise

Appendix A. State Representations of a d-Dimensional Quantum System

The quantum state ρd(t) for a system of dimension d (a qudit system) can generally
be expressed in the coherent state representation in terms of the generalized Gell–Mann
matrix basis as [12,79,80]

ρd(t) =
1
d

[
Id +

d2−1

∑
j=1

rj(t)σj

]
, (A1)

where σj are Hermitian, traceless and orthogonal generators of algebra SU(d) and rj(t) =
Tr[ρd(t)σj] are the Bloch vectors. A systematic construction of the generators of algebra
SU(d) with d(d− 1) off-diagonal and (d− 1) diagonal elements can be expressed as

{σj}d2−1
j=1 = {Λs

kl , Λa
kl , Λm}. (A2)

The d(d− 1)/2 symmetric, d(d− 1)/2 antisymmetric and diagonal components are, respec-
tively, given by

Λs
kl = ek,l + el,k, Λa

kl = −i(ek,l − el,k),

Λm =

√
2

m(m + 1)

m

∑
j=1

(
ej,j −me(m+1),(m+1)

)
,

(A3)

where ek,l = |k〉〈l| and el,k = |l〉〈k| are the elementary raising and lowering operators
with 1 ≤ k < l ≤ d, and em,m = |m〉〈m| are the elementary diagonal operators with
1 ≤ m ≤ d− 1. As generators of algebra SU(d) are all traceless, their linear combination
does not correspond to any quantum state. Thus, to define a physical state, we must
combine these generators σj with the identify matrix Id. For a quantum system composed
of n qudit systems, the generalized coherent state representation for the state ρnd(t) of
dimension dn can be written as

ρnd(t) =
1
dn

[
Id ⊗ · · · ⊗ Id +

d2−1

∑
j1,··· ,jn=1

rj1(t) · · · rjn(t)σj1 ⊗ · · · ⊗ σjn

]
, (A4)

where rj1(t) · · · rjn(t) = Tr[ρnd(t)σj1 ⊗ · · · ⊗ σjn ] which span the space of operators by the n
tensor product of the generators SU(d)⊗ · · · ⊗ SU(d).

The density matrix ρd(t) of a d-dimensional qudit system can also be decomposed in
terms of the widely used polarization operator basis as [80]

ρd(t) =
1
d

[
Id +

2s

∑
l=1

l

∑
m=−l

Rlm(t)Σlm

]
, (A5)

where Σlm =
√
(2l + 1)/(2s + 1)∑d

k,l=1 Cs,mk
s,ml ,lm

ek,l are the polarization operators in the

Hilbert–Schmidt space with Cs,mk
s,ml ,lm

being the Clebsch–Gordan coefficients and the indices
satisfying s = (d− 1)/2, l = 0, 1, · · · , 2s, m = −l,−l + 1, · · · , l − 1, l and m1 = s, m2 =
s− 1, · · · , md = −s, and Rlm(t) = Tr[Σ†

lmρd(t)] are the components of decomposition. The
polarization operators (except Σ00 =

√
1/dId) are traceless and non-Hermitian; thus, the

components Rlm(t) are generally complex. Correspondingly, the quantum state of a n-qudit
system can be expanded in terms of the polarization operator basis as follows:
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ρnd(t) =
1
dn

Id ⊗ · · · ⊗ Id +
2s

∑
l1,··· ,ln=1

l1,··· ,ln
∑

m1=−l1,
··· ,

mn=−ln

Rl1m1(t) · · · Rlnmn(t)Σl1ml
⊗ · · · ⊗ Σlnmn

, (A6)

where Rl1m1(t) · · · Rlnmn(t) = Tr[Σ†
l1ml
⊗ · · · ⊗ Σ†

lnmn
ρnd(t)] are the components of polariza-

tion decomposition of the n-qudit system.
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