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Abstract: A semi-analytical method for the S-parameter calculations of an N×M multimode interfer-
ence coupler (MMI coupler) is presented. The proposed semi-analytical method is based on the mode
decomposition and utilizes an effective index method to approximate the channel waveguide using an
equivalent slab waveguide whose modes are described by exact analytic expressions. In comparison
to the commonly used beam propagation method (BPM) and finite difference time domain method,
which require significant time and computational resources, the proposed method accelerates the
design process of photonic integrated circuits and basic building blocks such as an MMI coupler.
The simulation results obtained using the developed method and the BPM were compared and
showed very similar outcomes for different topologies of the MMI coupler. The key advantage of the
proposed semi-analytical method over other analytical models is its ability to accurately simulate
MMI couplers with an arbitrary position and number of input and output waveguides. In addition,
this method can be extended using the theory of local coupled modes by taking into account the
reflections from the end face of the MMI box.

Keywords: multimode interference coupler; S-parameters; analytical model

1. Introduction

Photonic integrated circuits (PICs) are composed of many building blocks, such as
straight and bent waveguides, couplers, ring resonators, (de)multiplexers, and others. To
provide the required functionality of the PIC, each integrated optical building block and
the whole optical circuit must be appropriately modeled and designed [1–4]. The scattering
matrix (S-matrix) method is utilized for the simulation of complex photonic integrated
circuits. The S-parameters (the elements of the S-matrix) can be calculated using accurate
and universal methods, such as the finite-difference frequency-domain (FDFD) or finite-
difference time-domain (FDTD) methods, which are based on finite elements (finite-element
frequency domain (FEFD)) or finite-element time domain (FETD)) [5–8]. These methods
allow us to solve the entire range of problems related to the modeling and design of the
basic integrated optical building blocks and S-parameter calculations. However, these
methods require significant time and computational resources, as well as complicated
programming. In addition, the PIC design process involves multiple simulation iterations
to find the optimal parameters of the building blocks [8,9]. This leads to a significant
increase in the simulation time for the PIC design process. To simplify and accelerate
the design process of the integrated optical building blocks, various less computationally
demanding methods have been developed, including semi-analytical modeling methods
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and semi-analytical models of the building blocks [10–13]. Such semi-analytical methods
and models provide the opportunity to quickly find the appropriate parameter ranges of
the building blocks for the specific application. Some of these semi-analytical methods
can be used for the S-parameter calculations and, as a result, the evaluation of the spectral
characteristics of the PIC without long calculations.

One of the most widely used basic building blocks in PICs is the multimode interfer-
ence coupler (MMI coupler). In general, an MMI is composed of N input waveguides, an
MMI box (multimode region), and M output waveguides (Figure 1).

Figure 1. A schematic image of an N ×M MMI coupler.

The input and output waveguides can be tapered, that is, they have a variable width
(shown in Figure 2).

Figure 2. A schematic image of an MMI coupler, 1 × 2.

The advantages of an MMI coupler over other types of optical couplers are as follows:
compactness, the absence of restrictions on the number of input and output waveguides,
and the stability of the optical characteristics despite possible variations in geometric
topology parameters due to manufacturing errors. An MMI can be used as a coupler,
mirror, taper for the arrayed waveguide grating (AWG), or the basis for creating optical
hybrids [14–17].

Commonly, MMI couplers are modeled and their S-parameters are calculated using the
beam propagation method (BPM). The BPM allows for modeling the extended waveguide
structures, considering the radiation scattering at ‘the integrated element–environment’
interfaces (at planes AB, FC, AF, and BC in Figure 2). The BPM can be based on solving
the vector wave equation if the considered waveguide structure is characterized by a high
hybridization degree of the guided modes [18,19]. However, this method ignores the
radiation back reflections, which can be critical for some applications of PICs.

There are BPM realizations that take into account the radiation back reflection in the
waveguide structure, but they require complicated programming [20,21]. The FDTD (FETD)
and FDFD (FEFD) methods are often redundant for modeling the radiation propagation
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in classical MMI couplers; however, they are widely used when the MMI coupler is rep-
resented as a subwavelength grating or in meta-waveguides [22–25]. In addition to the
numerical methods (BPM, FDTD, FDFD, etc.), there are analytical methods for modeling
MMI couplers that are based on various approaches [22,26,27]. The analytical method
presented in [26] allows for modeling only a symmetrical MMI coupler with one central
input waveguide, which limits the applicability of the method to this specific MMI coupler
configuration only. Furthermore, in this method, the mode field distributions in the MMI
box are approximated by a cosine function and do not consider the evanescent field outside
the waveguide region. A model that relies on using the elliptic theta function, describing
the transfer function between the input and output waveguides, was presented in [27]. The
authors approximated the mode field distributions inside the MMI box of the MMI coupler
using a sine function. In this case, the mode field distributions are entirely limited by the
effective width of the MMI box [27]. In addition, the authors made the assumption that the
excitation of the higher-order modes was negligible in the input and output waveguides. A
method based on transfer matrices, discussed in [28], enables the creation of complex inte-
grated optical circuit models but does not consider the influence of the spatial distributions
of the input and output modes.

The purpose of this work is to develop a semi-analytical method for the S-parameter
calculations of an N ×M MMI coupler, with an arbitrary position of the input and output
waveguides and the option to select between the fundamental mode, high-order modes,
or a combination of them as an input field. The proposed method is based on the well-
known property of the orthogonality of all modes in the optical waveguide (in the case of
lossless materials).

The novelty of the proposed method consists of implementing the effective index
method (EIM) to represent a channel optical waveguide as an equivalent optical planar
waveguide, with effective refractive indices of the waveguide and the background. The
proposed method allows for representing the distribution of fundamental and high-order
modes as analytical functions. In turn, the analytical representation of the mode distribution
makes it possible to obtain analytical formulas for calculating the results of the overlap
integrals of the modes of the input and output waveguides with the modes propagating in
the MMI box.

The proposed method does not impose restrictions on the position and number of
the input and output waveguides, but it requires that the modes propagating in the
considered waveguides be strongly polarized along the transverse axes. This requirement
is imposed due to the application of the EIM, which is based on the assumption that the
transverse components of the electromagnetic field are independent. Since the proposed
semi-analytical method considers the mode field distributions over the entire cross-section,
the contribution of the evanescent field at the boundaries of the MMI coupler is taken into
account in the simulation results.

2. Materials and Methods

According to the conjugate Lorentz reciprocal theorem, all modes (guided and radia-
tion) are orthogonal to each other [29]. For guided modes, the orthogonality condition has
the form (1):

(β j − βk)
∫∫ ∞

−∞
(Ej × H∗k + E∗k × Hj)z dA = 0, (1)

where β j and βk are the propagating constants of the jth and kth guiding modes. We assume
that all modes are orthonormal and the permittivity tensor is a real function.

The orthogonality of the guided and radiation modes allows for decomposing an
arbitrary electromagnetic field in terms of forward- and backward-propagating guided
modes, as well as in terms of the total radiation field (2):
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Et(x, y) = ∑
j
(aj + bj)Ej + Erad,

Ht(x, y) = ∑
j
(aj − bj)Hj + Hrad,

(2)

where Et and Ht are the transverse components of the electric and magnetic fields; Erad and
Hrad are the total radiation electric and magnetic fields; and aj and bj are the decomposition
coefficients defined by the integrals (3):

aj =
∫∫ ∞

−∞
(Et × H∗j + E∗j × Ht) dA,

bj =
∫∫ ∞

−∞
(Et × H∗j − E∗j × Ht) dA.

(3)

The coefficients aj and bj characterize the amplitude and phase of each guiding mode,
excited in the waveguide by the field Et. Hence, the total power carried by the field is the
sum of the powers carried by each guided mode and the power carried by the radiation
modes (Equation (4)) [29]:

P = ∑(aja∗j − bjb∗j ) + Prad. (4)

According to the classical method of the analysis of MMI couplers, the backpropagat-
ing modes reflected from the end face (BC plane in Figure 2) are neglected [14]:

Et(x, y) ≈∑
j

ajEj,

Ht(x, y) ≈∑
j

aj Hj.
(5)

Then, the propagation of radiation in the MMI coupler can be represented as follows.
The mode of the input waveguide Einc at the ‘input waveguide–MMI box’ interface (AF
plane in Figure 2) separates into a sum of forward-propagating guided modes of the
MMI box.

Since the modes are orthogonal to each other, there is no power exchange between
them, but they interfere with each other due to different propagation constants. The
resulting field at each point of the MMI box takes the form (6):

U(x, y, z) = ∑
j

ajUj(x, y) exp(−iβ jz), (6)

where Uj is either the electric or magnetic field of the jth waveguide mode.
The resulting field U(x, y, z) at the ‘MMI box–output waveguides’ interface (BC plane

in Figure 2) can be represented as (7):

Uout(x, y, z) = ∑
k

akU(x, y, z), (7)

where the summation is carried out over the guided modes of the output waveguides [14].
In general, a channel optical waveguide supports the propagation of hybrid modes

characterized by six non-zero components of the electromagnetic field. However, quasi-TE
and quasi-TM modes can propagate in the optical waveguide if they are far from the cutoff
(if the light is well confined in the waveguide) and the electric field vector is polarized
along one of the transverse axes of the waveguide [29]. The meaning of this approximation
is that the waveguide modes are isolated from each other and do not mix. Therefore, the x
and y field components can be separated.

The opportunity to separate the x and y field components makes it possible to apply
the EIM to model the characteristics of the optical radiation propagating in the channel
waveguides [30]. The EIM calculation procedure can be summarized as follows:
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1. Firstly, as shown in Figure 3, the 2D channel waveguide (Figure 3, Step 1) should be
replaced with a combination of 1D waveguides (Figure 3 step 2);

2. Then, the effective index of the fundamental mode should be calculated for each
1D waveguide (Figure 3, Step 2). This way, the effective refractive indices of the
background (I and III regions) and waveguide (region II) will be calculated;

3. Next, the waveguide is presented as a planar waveguide with thickness W (Figure 3,
Step 3) using the effective indices calculated in Step 2 (Figure 3, Step 3);

4. Finally, the effective index should be calculated by simulating the planar waveguide
obtained in Step 3.

Figure 3. The effective index method algorithm.

It should be noted that for the calculation of the effective index of the TE mode
propagating in the 2D channel waveguide, firstly, TE mode analysis (Step 2) and then TM
mode analysis (Steps 3–4) should be performed. For the effective index calculation of the
TM mode, the steps should carried out in the following order: TM mode analysis (Step 2)
and then TE mode analysis (Steps 3–4).

In cases where a deep-etched waveguide (h = 0) or planar waveguides (in regions I
and III) do not guide the fundamental mode, nI

e f f 0 and nI I I
e f f 0 are equal to the refractive

indices of nclad.
One of the key advantages of this method is the ability to represent the channel optical

waveguide as an equivalent planar waveguide characterized by the refractive indices in
the form of effective material parameters [30–32]. In this case, the mode field distribution
in the equivalent planar waveguide can be described using the analytical Formula (8a–c):

U(x) = C



cos (
u
2
− φ) exp (

ν

2
+

νx
d
) for x < −d

2
, (8a)

cos (
ux
d

+ φ) for |x| ≤ d
2

, (8b)

cos (
u
2
+ φ) exp (

w
2
− wx

d
) for x >

d
2

, (8c)
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where U(x) is either an electric or magnetic field and C is a normalization factor (9):

C =

√
2
d

(
1 +

cos ( u
2 − φ)2

ν
+

cos (u) cos (2φ)

ν
+

cos ( u
2 + φ)2

w

)− 1
2

, (9)

where u, ν, and w are the attenuation constants described using Equation (10):
ν = k0d

√
N2 − n2

2,

u = k0d
√

n2
1 − N2,

w = k0d
√

N2 − n2
0,

(10)

where k0 is the wavenumber in vacuum, d is the thickness of the planar waveguide, N is
the effective refractive index of the mode, n1 is the refractive index of the waveguide core,
n2 is the refractive index of the substrate, n0 is the refractive index of the cladding, and φ is
the phase addend determined by the order and polarization of the mode (11):

φ =
1
2

 arctan ( u
w )− arctan ( ν

u ) + mπ for TE polarization,

arctan (
n2

1
n2

2

w
u )− arctan ( ν

u ) + mπ for TM polarization,
(11)

where m is the mode order [12]. The mode decomposition coefficients ak and aj for the
modes guided in the planar waveguide can be written as overlap integrals for the orthonor-
mal modes (12):

ajk =
∫∫ ∞

−∞
Uk(x)Uj(x)dx. (12)

The validity of Formula (12) follows from the assumption that the modes in the optical
waveguide can be represented as quasi-TE and quasi-TM modes [29].

Hence, the problem of developing the analytical method to model an MMI coupler is sep-
arated into a number of sub-problems: the analytical calculation of the overlap integral for the
modes propagating in the optical planar waveguide (12), described by Equations (8a–c)–(11);
the derivation of the interference field (7) in the MMI box; and the analytical calculation of
the overlap integrals (12) for the mode in the output waveguide and the interference field
in the MMI box (at the BC plane in Figure 2). There are no restrictions on the number of
modes in the MMI box or the number of input and output waveguides.

3. Results
3.1. Model Building of an N×M MMI Coupler

The mode field distribution in the input or output waveguide is defined as Uwg, and
the mode field distribution in the MMI box is Ummi. Since the mode field distributions Uwg
and Ummi are piecewise-specified functions, the overlap integral (12) can be written as a
sum of integrals, as expressed in (13):

awg,mmi =
∫ − D

2
−∞ UwgUmmidx +

∫ − d
2 +s

− D
2

UwgUmmidx +
∫ d

2 +s
− d

2 +s
UwgUmmidx +

+
∫ D

2
d
2 +s

UwgUmmidx +
∫ −∞

D
2

UwgUmmidx,
(13)

where D is the width of the MMI box, d is the width of the input or output waveguide, and
s is the offset of the center of the input or output waveguide relative to the center of the
MMI box along the end face (planes AF or BC in Figure 2). The first integral in Equation (13)
describes the overlap of the evanescent fields at the ‘input waveguide–MMI box’ interface
(AF plane in Figure 2) of the Uwg and Ummi mode fields defined by Equation (8a). All
constants are moved outside the integral sign, the product of the exponents is represented
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as an exponent of the sum of powers, and the final expression is integrated within the
given limits:

I1 =
∫ − D

2

−∞
UwgUmmidx = A1exp(−

Dνwg + dνmmi

2d
),

A1 = CwgCmmi cos (
uwg

2
− φwg) cos (

ummi
2
− φmmi)·

· exp (
νwg

2
+

νmmi
2
−

νwgs
d

)
dD

Dνwg + dνmmi
.

(14)

In cases where the input or output waveguides are located far from the edge of the MMI
box (far from the AB and FC planes in Figure 2), the contribution of this integral to the total
value of the overlap integral (13) is minimal. However, when the waveguide is located
near the edge of the MMI box (near the AB and FC planes in Figure 2), the contribution
described by Equation (14) cannot be neglected, and the larger the mode order, the larger
its contribution.

The second integral in Equation (13) describes the overlap of the evanescent fields of
the mode guided in the input or output waveguide and the portion of the mode guided
in the MMI box, defined using Equation (8b). To calculate this integral, the method of
integration by parts according to the formula

∫
udv = uv−

∫
vdu should be applied. For

integration by parts, we move all constants outside the integral sign and choose the cosine
as the function f and the exponent as the differential dg:

∫ − d
2 +s

− D
2

UwgUmmidx = A2

∫ − d
2 +s

− D
2

exp (
uwg

2
x) cos (

ummi
D

x + φmmi)dx,

A2

∫ − d
2 +s

− D
2

f (x)dg(x) = A2

(
[ f (x)g(x)]−

D
2

− d
2 +s
−
∫ − d

2 +s

− D
2

g(x)d f (x)

)
,

A2 = CwgCmmi cos (
uwg

2
− φwg) exp (

νwg

2
−

νwg

d
s),

f (x) = cos (
ummi

D
x + φmmi), dg(x) = exp (

νwg

d
x)dx,

d f (x) = −Ummi
D

sin (
ummi

D
x + φmmi)dx, g(x) =

d
νwg

exp (
νwg

d
x).

(15)

Then, we can see that there is the product of the exponent and the sine function on the
right side under the integral sign:

∫ − d
2 +s

− D
2

g(x)d f (x) = −Ummi
D

d
νwg

∫ − d
2 +s

− D
2

exp (
νwg

d
x) sin (

ummi
D

x + φmmi)dx (16)

Now, if we re-apply the integration by parts formula to the integral on the right side,
we obtain the product f g as a product of the sine function and the exponent, and the
original integral, multiplied by a constant, will be under the integral sign:

∫ − d
2 +s

− D
2

g(x)d f (x) = −Ummi
D

d
νwg

(
[ f (x)g(x)]−

d
2 +s
− D

2
+
∫ − d

2 +s

− D
2

g(x)d f (x)

)
,

f (x) = sin (
ummi

D
x + φmmi), dg(x) = exp (

νwg

d
x)dx,

d f (x) =
Ummi

D
cos (

ummi
D

x + φmmi)dx, g(x) =
d

νwg
exp (

νwg

d
x).

(17)

Then, we may carry the integral from the right side to the left, simplify the expression, and
as a result, obtain the value of the original integral:
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I2 =
∫ − d

2 +s
− D

2
UwgUmmidx = A2

[
exp (η(s− d

2 )

η2+ξ2 {η cos (ξ[s− d
2 ] + φmmi)+

+ξ sin (ξ[s− d
2 ] + φmmi)} −

exp (η( d
2 ))

η2+ξ2 {η cos (− ξD
2 + φmmi)+

+η sin (− ξD
2 + φmmi)}

] (18)

A2 = CwgCmmi cos
(uwg

2
− φwg

)
exp

(νwg

2
−

νwgs
d

)
, (19)

where η = νwg/d and ξ = ummi/D. The third integral in (13) describes the overlap of the
mode guided in the core of the input or output waveguide and the mode guided in the
MMI box, defined using Equation (8b). Its integrand is the product of cosine functions,
which can be represented as cos (α) cos (β) = 1

2 [cos (α + β) + cos (α− β)].

I3 =
∫ d

2 +s

− d
2 +s

UwgUmmidx = CwgCmmi

∫ d
2 +s

− d
2 +s

cos
(uwg

d
(x− s) + φwg

)
cos

(ummi
D

x + φmmi

)
dx,

I3 =
CwgCmmi

2
(I31 + I32),

I31 =
∫ d

2 +s

− d
2 +s

cos
(uwg

d
(x− s) + φwg +

ummi
D

x + φmmi

)
dx,

I32 =
∫ d

2 +s

− d
2 +s

cos
(uwg

d
(x− s) + φwg −

ummi
D

x− φmmi

)
dx.

(20)

After rearranging the terms into I31 and I32, the integrals can be obtained:

I31 =

[
dD

DUwg + dUmmi
sin
(

DUwg + dUmmi

dD
x−

uwg

d
s + φwg + φmmi

)] d
2 +s

− d
2 +s

,

I32 =

[
dD

DUwg − dUmmi
sin
(

DUwg − dUmmi

dD
x−

uwg

d
s + φwg − φmmi

)] d
2 +s

− d
2 +s

,

(21)

Now, we can combine the sum of the sine functions into I31 and I32 and represent
them as the product of the cosine and sine functions according to sin(α) + cos(β) =
2[sin((α + β)/2)] cos((α− β)/2)]. As a result, the following equation is obtained:

I3 =
∫ d

2 +s
− d

2 s
UwgUmmidx = ∑2

n=1 CmmiCwg

(
dD

(−1)ndummi+Duwg

)
·

· sin
(
(−1)ndummi+Duwg

2D

)
cos

(
(−1)nφwg + φmmi +

ummi
D s

)
,

(22)

The fourth integral is calculated similarly to the second one in (13):

I4 =
∫ D

2
d
2 +s

UwgUmmidx = A4

[
exp (−ζ(s+ d

2 )

ζ2+ξ2 {ζ cos (ξ[s + d
2 ] + φmmi)−

−ξ sin (ξ[s + d
2 ] + φmmi)}+

exp (−ζ D
2 )

ζ2+ξ2 {ξ sin ( ξD
2 + φmmi)−

−ζ cos ( ξD
2 + φmmi)}

]
,

(23)

A4 = CwgCmmi cos
(uwg

2
+ φwg

)
exp

(wwg

2
−

wwgs
d

)
, (24)
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where ζ = wwg/d. The fifth integral is calculated similarly to the first one:

I5 =
∫ ∞

D
2

UwgUmmidx = A5exp(−
Dwwg + dwmmi

2d
),

A5 = CwgCmmi cos (
uwg

2
+ φwg) cos (

ummi
2

+ φmmi)·

· exp (
wwg

2
+

wmmi
2

+
wwgs

d
)

dD
Dwwg + dwmmi

.

(25)

The propagation of radiation over the MMI box is described by Equation (6). Therefore,
modes reach the output end face of the MMI box with a phase shift (determined by the
length of the MMI box and the propagation constant), and their phase and amplitude are
weighted by the value of the overlap integral awg,mmi. To calculate the overlap integral
between the modes propagating in the output waveguides and the field in the MMI box,
the overlap integrals between each mode propagating in the MMI box and the modes prop-
agating in the output waveguides should be calculated. Then, the forward S-parameters
can be obtained as:

Sij = ∑
mmi

awg_out,mmi(awg_in exp(−jβmmiLmmi)), (26)

where summation occurs over all modes in the MMI box. awgin,mmi is the overlap integral
of the mode in the input waveguide and the mode in the MMI box, awgout,mmi is the overlap
integral of the mode in the output waveguide and the mode in the MMI box, βmmi is the
propagation constant of the mode in the MMI box, and Lmmi is the length of the MMI box.
The parameters Sij link the input port j and output port i of the MMI coupler. It should
be noted that the ports i and j can represent modes of different orders and polarizations.
In addition, the forward S-parameters do not consider phase differences in the input and
output tapers according to the developed analytical method (phase shift of optical radiation
in the input and output tapered waveguides is the same). Otherwise, the propagation of
radiation within the tapers should be modeled separately.

The proposed method allows for the simulation of MMI couplers for both TE and
TM polarizations. The effective indices must be calculated using the EIM for the chosen
polarization. In the analytical Equations (18)–(25), the polarization defines the parameters
φmmi and φwg according to Equation (11).

3.2. The Validation of the Proposed Semi-Analytical Method

The developed method for MMI coupler modeling and S-parameter calculations is
entirely analytical, whereas the calculation of the effective indices by the EIM is semi-
analytical; it enables the computation of the distribution of the electromagnetic field over
the topology. No assumptions were made about the configuration of the MMI coupler or
the position of the input and output waveguides in the deriving model equations, as well
as about the distribution of the mode fields in the MMI box (except the assumptions made
by the EIM).

For the validation of the developed analytical method, the obtained results were
compared with the simulation results found using the numerical two-dimensional BPM.

The MMI coupler can be modeled using the BPM with high accuracy since this pho-
tonic building block is an extended structure, where the electromagnetic field substantially
propagates along the z-axis of the MMI coupler with minimal back reflections, which is
ensured by the input and output tapered waveguides. Several variations of a 1 × 2 MMI
coupler based on an X-cut of thin-film lithium niobate (TFLN) were simulated. It was
assumed that the waveguide used silicon oxide as the substrate, the thickness of the lithium
niobate (LN) waveguide layer was 600 nm, and air was used as cladding. The model-
ing was performed using the following refractive indices of the waveguide: nLN = 2.20,
nair = 1.00, and nSiO2 = 1.45 at a wavelength of 1.55 µm. Shallow-etched waveguides with



Photonics 2023, 10, 1260 10 of 15

an etching depth of 300 nm and a sidewall slope angle of 70◦ degrees were considered.
Previously, it was shown in [33,34] that the EIM can be applied for simulating waveguides
of the described configuration. The transfer coefficient of optical power from the input
waveguide to the output waveguides was chosen as the main quantitative parameter
characterizing the correctness of the developed semi-analytical method. This coefficient
was calculated as the square of the modulus of the forward S-parameter. In addition, the
similarity of the interference patterns in the MMI box obtained using the semi-analytical
method and the BPM was evaluated. Using the EIM, the three-dimensional MMI coupler
modeling problem was represented as an equivalent two-dimensional one through the
introduction of the effective refractive indices of the waveguide and backgrounds, which
were 1.95707 and 1.85367, respectively. Both values were obtained for the TE polarization
of the electromagnetic field propagating in an MMI box with a width of 14 µm. The value
of the effective refractive index of the background was determined using the methods
proposed in [33,35,36] to reduce the approximation error of the three-dimensional structure
by applying the EIM in two dimensions.

The discretization parameters that ensured the convergence of the 2D BPM results
were determined through gradual mesh densification, continuing until the change in the
overlap integrals in the output waveguides did not exceed 0.001 with each densification
iteration. For a computational window with a length of 240 µm and width of 24 µm, the
discretization steps were 0.01 µm along the x-axis and 0.1 µm along the z-axis for the BPM
calculations. As boundary conditions, a perfectly matched layer with a thickness of 1 µm
and a reflectivity of 10−6 was used for the BPM.

A 1 × 2 MMI coupler with tapered input and output waveguides was simulated using
both the BPM and the proposed analytical method. This simulation was carried out to
check the values of the transfer coefficients obtained through the analytical method. The
topology parameters of the 1 × 2 MMI coupler were as follows: the length of the MMI box,
corresponding to a 50% to 50% division, was 136 µm; the width of the MMI box was 14 µm;
the width of the tapers was 3 µm; the width of the input and output waveguides was 1 µm;
the length of the tapers was 25 µm; and the distance between the centers of the output
tapers was 3.68 µm.

Both the BPM and the proposed semi-analytical method showed similar simulation
results: the 1 × 2 MMI coupler with the above-described topology parameters was char-
acterized by minimal scattering and back-reflection losses, and the values of the transfer
coefficients were 0.497. The field intensity distributions over the topology of the 1 × 2 MMI
coupler obtained using the BPM and the semi-analytical method also appeared similar
(Figure 4):

(a) The proposed semi-analytical method (b) The BPM

Figure 4. The field intensity distributions over the MMI box of the 1 × 2 MMI coupler with the
tapered waveguides.

Another crucial parameter for MMI couplers is the spectral dependence of the S-
parameters. For the considered 1× 2 MMI coupler, the S-parameters were calculated using
the proposed model and the BPM for wavelengths ranging from 1.5 to 1.6 µm (Figure 5). To
properly evaluate the forward S-parameters, the EIM was applied to the optical waveguides
propagating the radiation of each considered wavelength.
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Figure 5. The spectral dependence of the transfer coefficients

The accuracy of the representation of the mode field distribution over the MMI box is
determined by the number of decomposition terms in Equation (5). When the proposed
semi-analytical method was built, it was assumed that the guided modes should be taken
into account and that the radiation modes could be ignored. To validate this assumption,
the 1 × 2 MMI coupler without tapers was modeled.

In this case, the results obtained using the BPM showed the appearance of radiation
modes at the output end face of the MMI box, and the values of the transfer coefficients
were 0.453 in each output waveguide. Using the semi-analytical method, similar values of
the transfer coefficients were obtained: 0.446 in each output waveguide. The field intensity
distributions over the MMI box of the 1× 2 MMI coupler without tapers obtained using the
BPM and the semi-analytical method are shown in Figure 6. The radiation modes arising
from the radiation propagation over the MMI box are demonstrated in the field intensity
distribution obtained using the BPM.

(a) The proposed semi-analytical method (b) The BPM

Figure 6. The field intensity distributions over the MMI box of the 1 × 2 MMI coupler without tapers.

As can be seen from the above results, the power fraction of the radiation modes
turned out to be small: the transfer coefficients obtained using the BPM decreased by 0.044
(from 0.497 to 0.453) when the design of the MMI was made without tapers. Further, to
increase the optical losses in the structure, the length of the MMI box was increased by
27 µm (to 163 µm). In this configuration, the resulting field reached the end of the MMI box
in a mismatched form without pronounced interference maxima, so most of the power was
converted into radiation modes. The field intensity distributions over the 163 µm length
MMI box are shown in Figure 7.
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(a) The proposed semi-analytical method (b) The BPM

Figure 7. The field intensity distributions over the 163 µm length MMI box of the 1 × 2 MMI coupler.

The transfer coefficients for the MMI coupler with a 163 µm length MMI box obtained
using the BPM and the semi-analytical method were 0.160 and 0.162, respectively. Therefore,
it can be concluded that the decomposition of the resulting field into guided modes only
provided a sufficiently accurate result for calculating the overlap integrals between the
resulting field in the MMI box and the mode fields in the output waveguides.

However, it should be noted that in the case of the 163 µm length MMI box, radia-
tion modes occurred at the output of the MMI box, which may have affected the modes
propagating in the output waveguides and the values of the S-parameters.

The simulation results obtained using the developed semi-analytical method were
independent of the position of the input and output waveguides. This was determined
by the capability to accurately calculate the overlap integrals between the modes for an
arbitrary configuration (quantity and position) of the input and output waveguides and
the absence of restrictions on their positions in the final formulas of the presented semi-
analytical method.

However, the accuracy of the S-parameter calculations may decrease in cases where
the waveguides are notably displaced relative to the optimal positions that ensure a 50% to
50% division between the output waveguides and the absence of radiation modes in the
mode decomposition described by Equation (5).

To verify the independence of the calculation results from the position of the waveg-
uides in the 1 × 2 MMI coupler, the input tapered waveguide was shifted from the lower
edge of the MMI box (point F in Figure 2) to the upper one (point A in Figure 2) with a step
of 1 µm, and the transfer coefficient was calculated for each position. As can be seen in
Figure 8, the difference in the values of the transfer coefficients obtained using the BPM and
the developed semi-analytical method is insignificant in the absence of radiation modes.
Calculations were carried out for the 138 µm length MMI box.

Figure 8. The dependence of the transfer coefficients from the offset of the input waveguide.
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Further, a 3× 3 MMI coupler was simulated to demonstrate that the proposed method
could be used for more complex MMI couplers (Figure 9). The effective refractive indices
of the waveguide and the background were 1.95707 and 1.85367, respectively. The input
optical radiation had a wavelength of 1.55 µm and was TE-polarized. The length of the
MMI box was 600 µm and the width was 18 µm. The length and width of the tapers were
50 µm and 4.3 µm, respectively.

(a) The central waveguide is illuminated. (b) The right waveguide is illuminated.

Figure 9. The field intensity distributions over the 600 µm length MMI box of the 3× 3 MMI coupler.

4. Conclusions

A semi-analytical method for the forward S-parameter calculations of an N ×M MMI
coupler is proposed in this paper. This semi-analytical method allows for simulating the
propagation of the optical radiation and obtaining the field intensity distribution over the
MMI box, as well as calculating the overlap integrals between the guided modes in the
MMI box and the input and output waveguides. The proposed semi-analytical method
does not impose restrictions on the number of input and output modes or the location of
the input and output waveguides. Since the developed semi-analytical method is built in
terms of overlap integrals, it can be used to construct the scattering or transfer matrices
of MMI couplers, which can be used to carry out circuit modeling. Also, the proposed
semi-analytical method can be used to simulate the MMI tapers in AWG analytical models.
The developed semi-analytical method is based on the EIM, assuming that the radiation
in the waveguide is strongly polarized along the transverse axes, allowing the guided
modes to be approximated by quasi-TE and quasi-TM modes. For some high-index-
contrast waveguides based on silicon-on-insulator, this condition is not commonly satisfied,
since in the general case, the modes guided in such channel waveguides are hybrid and
the direction of electric field oscillation does not commonly coincide with the transverse
axes. Mode hybridity is increased when the propagating modes are close to the cutoff,
the slope angle of the waveguide sidewalls is less than 90◦, or the waveguide material
(cladding, core, or substrate) is anisotropic. However, when the modes are far from the
cutoff and the waveguide is characterized by a large width-to-height ratio, the EIM works
highly accurately. In practice, both the input and output waveguides, as well as the MMI
box, are wide enough to ensure high accuracy of the EIM. Thus, the developed semi-
analytical method has an accuracy comparable to the BPM. It allows simulation of the MMI
coupler with any number and position of the input and output waveguides, and it can
be used as part of circuit simulation, which can significantly increase the speed of PIC
development. The developed method can be extended, for example, by adding radiation
modes to the mode decomposition (5) to represent the field distribution more accurately.
This can be useful in cases where the input and output waveguides do not have adiabatic
tapers, i.e., their topology (width) changes rapidly, resulting in the generation of radiation
modes. The mode conversion in the output waveguides can be evaluated using coupled
local-mode theory. Also, the developed semi-analytical method can be extended with
back-propagating modes.
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