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Abstract: We present a spectral characterization of two-photon nonclassical interference on a beam
splitter (BS) between a weak coherent state source and another source, which emits a phase-
randomized weak coherent state, a single-photon state, or a thermal state. Besides spectral character-
istics, the average photon number ratio in a given time interval is also considered in our model. The
two-photon coincidence probability of two outputs of the BS is numerically calculated with spectral
bandwidth ratio and average photon number ratio. Furthermore, the noise of the detection system is
taken into account. This also indicates that two-photon interference is able to significantly improve by
subtracting two-photon contributions from the input state. All these parameters have a close relation
to a real experiment performance and the results may pave new avenues for quantum information

technology when two-photon interference between independent sources is necessary.
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1. Introduction

The interference between two single-photon wavepackets at a beam splitter (BS) is
one of the critical effects in quantum optics. Coincidence events between the two single-
photon counting detectors, which are placed in two output ports of BS, are investigated.
From the view of quantum mechanics, there are no coincidence counts when two identical
single photons feed the BS. The two-photon interference between two indistinguishable
single photons was first observed employing photon pairs generated through spontaneous
parametric down-conversion (SPDC), named the Hong—-Ou-Mandel (HOM) dip [1]. The
HOM dip can be understood as the destructive interference in quantum mechanics between
the two probability amplitudes for single photons emerging in each of the two outputs.
It can also be understood as the entanglement between two output fields, hence the
interference is able to investigate using a second-order correlation function. Up to now, two-
photon interference has also attracted considerable attention because of its involvement
in fundamental quantum physics and potential applications in quantum information
processing [2,3] and quantum key distribution [4-7].

In a quantum networking application, it becomes necessary to connect distant quan-
tum devices on quantum nodes, such as quantum relays and repeaters [8-10]. A local
quantum operation, such as the measurement of two-photon interference, can combine dif-
ferent pairs of entangled quantum bits. This operation allows qubits that never physically
meet to become entangled. From the viewpoint of quantum networking applications, the
two-photon interference between independent sources is the core technology. Until now,
this operation has been performed using various kinds of single photon sources, such as
nonlinear crystals [11,12], quantum dots [13], single atoms [14], or trapped ions [15,16]. In
particular, the operation turned to observe two-photon interference between a single pho-
ton and a weak coherent source since it will significantly simplify the system for quantum
networking [17-19]. Recently, it was demonstrated that two-photon interference effects can
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be observed even between two weak coherent states. Although a HOM dip of 50% is re-
stricted by the existence of the multi-photon probability of the Poisson distribution [20-26],
the limitation can be overcome using a postselection technique in experiments. A HOM dip
of nearly 100% was obtained when only the coincidence events from two single photons
were postselected [27]. It was also employed to demonstrate the violating Bell inequality
using two weak coherent states [28].

In a two-photon interference between a heralded single-photon and a weak coherent
state, it is noticed that the spectral purity of the heralded single-photon source plays an
essential role in measuring interference visibility [29,30]. In recent years, improving the
purity of heralded single-photon sources is extensively studied for the realization of on-chip
photon-pair sources [31]. In principle, the visibility of two-photon interference strongly
relies on the indistinguishability of two photons. Hence, both spectral and temporal
modes for independent sources become important for the performance of two-photon
interference. Furthermore, the producing rate in a given time interval is also an important
parameter when system noise and the multi-photon event for the input field have to be
considered in the experiment. Here, according to the studies of Yuan et al. [32] and
Navarrete et al. [33], we show the spectral characterization of two-photon nonclassical
interference between a weak coherent state source and another source, which emits a phase-
randomized weak coherent state, a single-photon state or a thermal state. A theoretical
model with both spectral distribution and average photon number ratio in a time interval
was derived. Meanwhile, system noise generated from dark noise and other imperfect
correlations is considered. We give the optimum parameters for observing the high-
visibility HOM interference. Compared with the reported two-photon interference between
independent sources, we focus on establishing a model for a real experiment. Hence,
the spectral bandwidth ratio and average photon number ratio are considered in our
manuscript. The numerical simulation results can be directly used to analyze experimental
data. Furthermore, the bound of two-photon interference visibility is extended by isolating
two-photon contributions from the two input states. These numerical results should be
of great significance for practical applications such as molecular spectroscopy [34], laser
ranging [35], and imaging [36] based on single photon interference. This work may throw
some new light on the two-photon interference experiment with independent sources.
Furthermore, this paved the way for the high-photon NOON state generated from two-
photon or multi-photon interference experiments, demonstrating quantum teleportation
and quantum entanglement.

2. Theoretical Model

The scheme for our HOM interference measurement consists of two independent input
light sources, of which one is a weak coherent state with a varying average photon number,
interfering at a BS with another light source with a fixed average photon number. The other
source emits a phase-randomized weak coherent state, a thermal state, or a single-photon
state. In an experiment, both the thermal and single-photon states can be generated from
Type-11 SPDC. Either a signal or idler photon can be used as a thermal state; on the other
hand, the single photon state can be produced using a heralding method. The setup of our
work is shown in Figure 1.
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Figure 1. HOM interference with different independent sources. (WCS: Weak coherent state; TS:
Thermal state; SPS: Single—photon state; dwy (k = A, B): spectral width of the source k; j(k = A, B):
average photon number of source k) (a) Photons with single mode. (b) Photons with spatiotemporal
modes.

2.1. Single-Mode Photons with an Average Photon Number

The coherent state in a single mode is expanded in photon number state representation,
which can be represented as

)
in which |«|? = y is the average photon number in a given time interval. The n photons
probability in that time interval follows a Poisson distribution as P, = u" exp(—pu)/n!.
On the other hand, the photon number distribution of a single-mode thermal state is called
the Bose-Einstein distribution P, = u"/(1+ #)"*1 and depends on the average photon
number of 4. Meanwhile, the probability of measuring one photon is y for a single-photon
state with producing rate of u(¢ < 1) in the given time interval. Hence, when two sources
with small average photon number values of j14, jp are injected into a BS, the probabilities
of finding a pair of photon number states |m, 1) 4p at input modes are written as follows:

np !
],[ yeFA B

P(ma,np|pa, B)coherent = , for two coherent states )

mA!nB.

Pl pgeta
(14 pp)mstlmy!

P(ma,ng|pa, 4B)thermal = ,for coherent state and thermal state ~ (3)

m —
Hyppe A

P for coherent state and single-photon state ~ (4)
A-

P(mA/ 1p |VA/ VB)single photon =
where P(my, ng|pa, up) is the probability of finding the photon number states |4, np)
condition on the input states with average photon number 4 and pg. The measured
coincidence probability at the two outputs is given by

pPrAME = P(14,1p|pa, e)P(1c,1p|14,18) + P(24,08|pa, 1t8)P(1c,1p|24,08)

)
+ P(04,28|pa, 1B)P(1c,1p|04,28) +O(m +n > 2),

P(1¢,1p|my, np) is the coincidence probability conditioned on the existence of m and
n photons in input ports, and the term O is a positive quantity associated with higher-
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order photon terms. Note that, for a coherent state with an average photon number value
smaller than 0.22 photons per time interval, the probability for a higher-order photon
number (more than 2) is less than 1%. We will keep this restriction in our model. The
term P(1¢,1p|14,1p) on the right side of Equation (5) represents the HOM effect and has a
value of zero using quantum mechanics predictions when two indistinguishable photons
are inputted. Nevertheless, the P(1¢, 1p|14,1p) is 0.5 when two distinguishable photons
are inputted. The other two terms P(1¢, 1p|24,05) and P(1¢,1p|04,25) of the right side
represent a two-photon in one port and an empty in the other port. Their values are always
equal to 0.5. The visibility of the two-photon interference can be defined as

Vel Prats (Indistinguishable photons) ©)
N Prats(Distinguishable photons)

When two weak coherent states are inputted. It is easy to obtain

_ 2uaps 2p
Vel = G T 7

using Equations (2), (5), and (6). Here, p = yu4/up is the average photon number ratio
of two input states. It indicates that the two-photon interference relates to the average
photon number ratio and the maximum two-photon interference visibility occurs at p =1
(14 = up), when the high-order terms are ignored. For the interference of coherent state
and thermal state, the interference visibility is obtained:

21 ApB _ 2p

V._ ~ — ,
i) (ma+pp)?+pz 1+(1+p)?

®)

when high-order terms of ji4 and up are ignored. For the case of p = /2, a HOM
interference visibility of around 0.4 can be obtained since the Bose-Einstein distribution
has almost similar values to the Poisson distribution at a smaller average photon number.
Meanwhile, the difference between the two distributions makes the maximum visibility
less than 0.5.

The measured coincidence probability for the interference of the coherent state and
single-photon state is given P'4"* = upP(1c,1p|1a,15) + (44 /2)P(1¢c, 1p|24,0p).
Note that the contribution from the two-photon state of the coherent state includes the
probability of P(1¢,1p|24,1p). And the interference visibility between the coherent state
and single photon state can be written as

_ 2up 2
Ha+2ug  2+p

Ve—s(p) )

This indicates that a visibility of more than 0.5 always occurs when p < 2. This is
different from the interference results between two coherent states and between a coherent
state and a thermal state, in which the interference visibility is less than 0.5. The two photon
probability of a coherent state limits the HOM interference. For the case of a perfect single-
photon state (11 = 1), the interference visibility becomes 2/ (4 + 2) and reaches near 1
when p 4 < 1. For general two-photon interference experiments, system noise plays a very
critical role. So we obtain the modified interference visibility of

/ . 2p
Veelp) = m/ (10)

/ . 2p
cht(p) - (1 +p)2 +1 ‘|")/, (11)
Vo) = 5t (12)

T 220+
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in an experiment, where 7 is the system noise parameter, obtained by the ratio of system
noise coincidence counts to the coincidence counts of the input state. Figure 2a shows the
two-photon interference visibility as a function of the average photon number ratio with
different system noise between two independent sources. As we know, the system noise
induces the right shift of the maximum visibility. Hence, there is an optimum average
photon number ratio to achieve maximum visibility in a real experiment.

(a) 10
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Figure 2. Visibility as a function of the average photon number ratio between two independent
sources with single mode (a) Before isolation two—photon events (b) After isolation two—photon

events.

The above results show that the reduction of interference visibility is caused by the two-
photon contribution of the two input states. Recently, a method was developed to isolate
two-photon coincidence [27]. In that case, the interference visibility can be expressed as

V/l — p ;
() oy (13)

where 7/ is the system noise parameter differing from 1y, obtained by the ratio of system
noise coincidence counts to the coincidence counts of P(1, 1|14, i) of the input state. Since
the coincidence of the high-order photon is isolated, a perfect HOM interference occurs.
The interference visibility is independent of the average photon number when the system
noise is ignored. Otherwise, a visibility of near 1 occurs when p > 7/, which means that
the system noise is small enough. Figure 2b gives the visibility as a function of the average
photon number ratio at different system noise parameters.
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2.2. Photons with Spatiotemporal Modes

To obtain a deeper understanding, let us consider a description of the photons with
spatiotemporal wave packets. For a 50:50 optical BS with spatial modes marked in Figure 1b,
the electric field operators can be attributed to its input as

EL(t) =Ca(t)an, (14)

E; (t) = ¢(t)ag. (15)

where ¢4 (t) and {p(t), composed of an amplitude envelope and a phase, are envelope
wave functions in a time domain and the spatial position has been taken as a subscript.
Then, the output electric field of the BS can be obtained by the operators

BE(r) = é@z(mé;(t»—é(g(tmﬁcg(w@), (16)
Eh() = %(EX() é§<t>>:é(g(tm—@(nag). 17)

To obtain a two-photon coincidence between the two outputs at time t; and t,, the field
operators can be given as EZ (t1) and E7; (). With an input state of | 1;,), the coincidence
probability can be computed with

P(ty, t2) o (in |Ep (f2) Ec (1) EE (1) ED (£2) | Yin)- (18)

Since the analysis is restricted to two photons, the possible input states of two photons
are | i) =| 14,1p) = a}a} | 0,0)ap, | 24,08) = (V2)~'a}ia}y | 04,05), or | 04,25) =
(v2)~lakal | 0,0), and the relative delay between the two input modes of 7 is introduced.
Then, the coincident probabilities become,

P (t, by, T) = % | Ealty — T)Ep(t2) — Ea(ta — T)EB(11) %, (19)
P01, 1,7) = 1 | Ealti~ DEalts — 1) P, 0)
PY2(t,t,7) = 411 | &(t)ER(E2) %, (21)

respectively. In a real experiment, we measured the two-photon coincidence probability
with some finite time resolution, which is much larger than coincidence time, so it is needed
to integrate over all values of t1,f;. Hence, the coincidence probability recorded in the
experiment will be

pmn( / ity / dt, D" (11, b, T), 22)
Hence, the interference visibility can be obtained as
m,n ZZ;’:!C(T — OO)

where, (m,n) € {(1,1),(0,2),(2,0)} indicates the photon number of input state at ports A
and B. This gives a two-photon interference behavior depending on the temporal property.

3. Interference between Different Sources

A standard way to address the issue of spatiotemporal modes is based on the Fourier
transformation, i.e., the decomposition of temporal wave packets into an infinite number
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of single-frequency field modes [37-39]. For the input states, they are represented as a
superposition of all possible frequency modes occupied by a quantum excitation,

1, 1)ap = // dwrdwsa(wr)Pp(w2)dl (wi)dh(w2)[0,0) 4,5, (24)
1 At 2

20045 = 5 [ denpa@n)galen)(@h(@)10,0)s, 25)

0205 = 5 [ deagn(w)g ()@ () 20,00z, el

where the spectral amplitude function of the state ¢ (w) is assumed to be normalized so
that [ dw¢* (w)¢(w) = 1. The spectral amplitude function ¢ (w) and the wave function in
the time domain (i (t) have a relationship of

& (1) = \/;7( [ dwgwye it 7)

3.1. Two Weak Coherent States

Consider two coherent states with Gaussian spectral amplitude function

(w —@p)?

1
Pr(w) = WGXP(— 2007 )/ (k=A,B) (28)

where @y is the central frequency of the field, dw; defines its spectral width, and the
normalization is taken. From Equation (27), the temporal wave function is

Vv Sw?t?
45(4)]( exp (_ Wi
I 2

We now use Equations (19-22) to calculate the coincident probability. The integration
can be evaluated using the Mathematica software. The coincidence probability simplifies to,

S’ Sw?
pU ('r):1 dwpdwp exp( _OWAOYR T2>, (30)

Ck(t) = ) exp(—iayt). (k= A,B) (29)

coinc 2 Sw? + dw? . _(Sw% + dw?
1
2,0 502 .
Pcoinc(T> _Pcoinc(T) - E' (31)

where the two coherent states with the same central frequency (w4 = wp) have been taken.
When @, # @p, a quantum beat signal with a carrier frequency of A = |@4 — @p| in the
interference, will appear. In the following, only the case of the same central frequency is
considered. Considering two coherent sources with an average photon number of y 4 and
up, the coincidence probability can be expressed using Equation (5),

+ 1p)? Swabwp Sw> dw?
plais _ (Ha . . A°YB 2y 32
S T A A -
And the interference visibility is given as,
/ 4 dwpdwp Sw? dw?
V(t,p) = P 5> 5 exp(—%ll). (33)
(1+p)? w5 + bws dw? + dwg

where the system noise is ignored. This clearly indicates that the maximum visibility (T = 0)
occurring at the two have the same spectral width (dw4 = dwp). As is the same with the
average photon number ratio, any unequal spectral width will reduce the interference
visibility. Meanwhile, the full width of half maximum (FWHM) of the HOM dip depends
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on not only the spectral width ratio but also the original spectral width. It is noted that the
spectral width ratio is the ratio of FWHM of the spectral width of the two independent
sources. The system noise also always reduces the interference visibility.

3.2. Weak Coherent State and Thermal State

Usually, the spectral amplitude of a thermal state is the Lorentzian distribution at a
center frequency of wp and a spectral width of dwg,

(w> o 1 5603
Pl) = o (w = @) + (Gwp )

This interferes with a weak coherent state with a Gaussian spectral distribution. Their
amplitude function in the time domain can be obtained using the Fourier transformation of
spectral amplitudes

(34)

S 12
Calt) = ;;A exp(— Wat )exp(—icDAt), (35)
¢p(t) = v/dwsp exp(f(SwB | £ |) exp(—iwgt). (36)

We calculate and simplify the coincident probability using the above-mentioned
method:

2
pcti(T) = 1_ ymows exp<5w3> . [exp(ZéwBT) erfc( ows + (MAT)

2 46w Swy \ﬁ(Sa)A \@
(SCUB 5OJAT> :| 2
+ exp(—20wpT) erfc — , 37
p( 57) <ﬁ(5wA \ﬁ (37)
PO (1) = 1 Pc2(t) = ! (38)
2’ 2
And the interference visibility can be expressed as
' Vrp o dwg Swp |y { ( dwp (5wAT)
V(t,p)= ex - | exp(20wpT) erfc +
2
dwp 5CUAT):|
+ exp(—26wpT erfc( - . 39
p( BT) N 2 (39)

This gives a maximum value of around 0.4 when two states have the average photon
number ratio of /2 and the same spectral width when the system noise is not considered.
This Lorentzian distribution of the thermal light field makes it different from interference
with two Gaussian distributions on the condition of T = 0. It also indicates that the FNHM
of the HOM dip is narrower than that of the interference with two Gaussian spectral
distributions.

3.3. Single-Photon State and Weak Coherent State

Now we consider two-photon interference between a single-photon state and a weak
coherent state. Assuming that they have Gaussian distributions, we directly obtained
two-photon interference visibility using the above method:

25 2

B dw4dws
2 2
dw?y +dwg

/ 4 5(UA5(UB

V(t,p) = 2), 40
) = 352 1 0ud ) 40

xp(
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This indicates that the spectral ratio of the two input states is also an important
parameter. The maximum interference visibility occurs only when the spectral width is
equal and the coherent average photon number is small enough. For a rough estimate, it is
impossible to observe a two-photon interference with visibility of more than 0.5 when the
spectral ratio is more than 3.5.

As mentioned above, it is possible to improve the interference visibility by isolating
the coincidence probability from the two-photon state of the coherent state. In this case, the
interference visibilities for three kinds of input states are given by

" 20 Swadwp Sw?dw?

V, ,0) = ; ——4 B 12, 41
e (T:p) o+ (5(4)124 —|—5sz exp( 5(41124 —I—éw%T ) (41)
" \/Ep (SCUB (SC(JB 2
|% = _— —)] - 26
(T, P) 20+ 7 3w exp( MA) ]+ | exp(20wpT)
ow OwpT ow OwpT 2 #2)
erfc B A ) + exp(—20wpT erfc( B _ 4 ﬂ ,
(Jner ™A Pl erte | n V2
" 2 Swpdw 8w’ bw?
chs(T/p) = P 7 2A Bz eXP(—%TZ)/ (43)
P+ dws +dwy dw?y + dwg

where 7' is system noise. The maximum measured visibility depends on the system noise,
average photon number ratio, and spectral width ratio of the two input states. However,
the FWHM of the HOM dip is sensitive to both the spectral ratio and the spectral width.

4. Numerical Results

To facilitate a deeper understanding of our model, we give a numerical calculation
based on real experimental parameters. Here, pulse trains with a time duration of ps or fs
at a central wavelength of 800 nm are considered. In this case, the linewidth A (dA = );)gf,
where c is the speed of light and Ay is the central wavelength), with a value range of several
nm, can be realized using an optical interference filter. Figure 3 gives the interference results
between two weak coherent states. The normalized two-photon coincidence is plotted
in Figure 3a as a function of relative delay 7 for different linewidth when the two weak
coherent states have the same average photon number with Equation (32). The observed
maximum visibility (at T = 0) is 0.5 when the two input states have the same spectral width,
indicating that it is independent of the absolute spectral width. However, the FWHM of
the HOM dip for a broad spectral width is less than that of the narrower spectral width.
The interference visibilities, as a function of the spectral width ratio of dw4 to dwp, are
shown in Figure 3b,c using Equations (33) and (41). Obviously, the interference visibility
has a different degree of reduction due to the system noise. By isolating the coincidence
of a two-photon state in a coherent state, a visibility of more than 0.5 will be observed, as
shown by the solid curve in Figure 3c (red solid curve, black solid and blue solid curves are
overlapped). For the case of the same average photon number, the maximum interference
visibility occurs on the condition of two weak coherent states with the same spectral width.
Otherwise, the system needs to be optimized by considering some practical experimental
parameters, such as mismatches in the intensities, the states of polarization of the input
signals, and the overall intensity of the input signals. It is also worth mentioning that the
unequal average photon number will decrease the two-photon interference visibility.
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Figure 3. Two-photon interference for two weak coherent states. (a) Two-photon coincidence as a
function of time delay 7; (b,c) Visibility as a function of spectral width ratio, (b) before isolation
two—photon events and (c) after isolation two—photon events.

Figure 4 shows the two-photon interference between a weak coherent state and a
thermal state. In an experiment, it can be realized by interfering laser light with one
beam of Type-II SPDC, when another beam is discarded [40]. The result is similar to the
two-photon interference between two weak coherent states. However, the best interference
visibility of near 0.4 occurs at the average photon number ratio (44 /) of v/2 when the
coherent state and thermal state have the same spectral width, which is shown in Figure 4b.
The Bose-Einstein distribution of photon number leads to a decrease in visibility, compared
with the two-photon interference of two-coherent states. This can be understood from
Equations (8) and (39). Note that the interference shows very little difference between the
Lorentzian and Gaussian distributions of the thermal field for a finite coherence length. By
isolating the coincidence of a two-photon state from the coherent state and thermal state,
an interference visibility of near 1 is able to be obtained as the same as the interference with
two weak coherent states, which is shown in Figure 4c.
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Figure 4. Two-photon interference between a weak coherent and a thermal state. (a) Two-photon
coincidence as a function of time delay T; (b,c) Visibility as a function of spectral width ratio, (b) before
isolation two-photon events and (c) after isolation two—photon events.

Figure 5 gives the interference results between a weak coherent state and a single-
photon state. Clearly, the two-photon interference with the maximum visibility occurs
under the condition of two input states with the same spectral width (Figure 5b). The
unequal spectral width will reduce the interference visibility. It is possible to achieve an
interference visibility of near 1 (Figure 5b) even without isolating the coincidence of the
two-photon state in a coherent state. This can be understood in that the two-photon state
probability is much smaller than the one-photon state probability and can be neglected for
a weak coherent state. In this case, the system noise becomes important for measuring a
high interference visibility (see, also, the red curves in Figure 2a). In Figure 5b, the influence
of system noise and coincidence of a two-photon state in a coherent state is shown. The
system noise is referred to as the producing rate of a single photon. Hence, a visibility
of more than 0.5 is observed when the average photon number of the coherent state is
larger than the system noise. By isolating the two-photon coincidence in the coherent
state (Figure 5c), the spectral width ratio range for observing interference with visibility
of more than 0.5 can be extended. After isolationg the two-photon events in a coherent
state, the interference visibility is more dependent on the variation of the system noise for
the case of coherent light with low average photon numbers. In a practical experiment,
two-photon probability in the coherent state is one of the barriers to improving two-photon
interference visibility. Hence, the improvement in producing rate of a single-photon state, or
extracting the two-photon probability [27,28], is the key to improving interference visibility.
Although experiments on two-photon interference with two single-mode independent
sources [21,23,26] or multi-mode coherent states have been extensively investigated, here,
we focus more on the effect of unequal spectral width and average photon number ratio
on the two-photon interference between the two independents. Meanwhile, the system
noise, which plays a significant role in the low average photon interference is also taken
into account. This makes the present model most closely related to a practical experiment.
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Figure 5. Two-photon interference between a weak coherent and a single-photon state. (a) Two-
photon coincidence as a function of time delay 7; (b,c) Visibility as a function of spectral width ratio,
(b) before isolation two-photon events and (c) after isolation two-photon events.

5. Conclusions

In summary, we present a spectral characterization of two-photon interference between
two independent sources. Both analytical and numerical results are given between a weak
coherent state source and a phase-randomized weak coherent state, a single-photon state, or
a thermal state. Both the spectral ratio and average photon number ratio in a time interval
are considered. Furthermore, we considered the effect of system noise on two-photon
interference from an experimental viewpoint and achieved a significant improvement
in interference visibility by isolating two-photon events from two inputs. The optimum
parameters in an experiment are able to be chosen for observing the high visibility Hong—
Ou-Mandel interference with independent sources.
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Abbreviations
BS beam splitter
SPDC spontaneous parametric down-conversion

HOM Hong—Ou-Mandel

WCS weak coherent state

TS thermal state

SPS single-photon state

FWHM  full width of half maximum
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