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Abstract: Shack-Hartmann wavefront sensor plays a key role in adaptive optics (AO) systems, which
detect the aberrant wavefront by an array of micro-lenslets across the aperture pupil. However,
some sub-apertures would be a lack of light induced by the imperfectness of micro-lenslets or pupil
shift away from the optical path. Thus, the wavefront detection would be under-sampled and the
performance of wavefront reconstruction would be severely degraded. It is therefore important to
evaluate the influence of under-sampling on the wavefront reconstruction. In this paper, an AO
system was established by the OOMAO simulation platform. For dynamical turbulence aberrations
or statistic defocus aberrations, three cases including a single sub-aperture, a row of sub-apertures,
and a quadrant sub-apertures lack of light were simulated. Compared with the uncorrected aberrant
wavefront, our results showed that the RMS of the residual wavefront for a typical atmospheric
condition (Fried parameter (rp) ranges from 5 cm to 15 cm) can be reduced by a factor of 5~8, 4~6,
and 2~3 with these three cases of under-sampling, respectively.

Keywords: shack-hartmann wavefront sensor; under-sampling; wavefront reconstruction; adaptive
optics; weak light

1. Introduction

Over the last two decades, exploring the origin and the future of the universe has
become a high scientific priority in astronomical and cosmology areas. In 2020, the institute
of high energy physics provided a new way of using spectroastrometry and GRAVITY at
the Very Large Telescope (VLT) Interferometer of measuring the Hubble constant (Hp) with
high precision (<3%) to test the Hy tension [1]. The astronomical or cosmology case drives
the requirements of the observation by a large aperture ground-based telescope. However,
the image quality obtained by the ground-based telescope was degraded by wavefront
distortion which originated from the atmospheric turbulence over the earth. The wavefront
distortion causes the resolving power of a telescope with several tens of meters in diameter
to be only equivalent to that of a telescope with 10~20 cm in diameter [2,3].

In 1953, Adaptive Optics (AO) system was first proposed by Babcock [4]. In the
system, a wavefront sensor (WFS) was used to measure the wavefront distortion induced by
atmospheric turbulence. Then a wavefront controller calculated an appropriate correction,
which was applied to a deformable mirror (DM) in real-time. Later, the aberrant wavefront
was reverted to the plane wavefront, and a diffraction-limited image can be obtained. The
first step of AO is wavefront sensing, which provides signals to the correctors and affected
the performance of the AO system, playing a vital role in the AO system [5]. Currently,
Shack-Hartmann (S-H) WFS has become the most popular and widely used WFS in AO
systems for astronomical observation [6-8]. It has been used in existing and new-generation
telescopes, such as the AO system for the twin Keck telescopes [9], the multiconjugate
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adaptive optics (MCAO) for the VLT UT3 and Gemini south [10-13], the MCAO system for
the E-ELT (European Extremely Large Telescope) [13].

To sense the wavefront by S-H WES, the aberrant wavefront was sampled by an array
of micro-lenslets across the aperture, producing a pattern of spots in the detector. The
aberrant wavefront can be reconstructed by measuring the magnitude and direction of the
centroid of each spot, which shifts from its ideal position [3]. The sampling points, namely
the number and position of sub-apertures in the micro-lenslets, determine the radial degree
and azimuthal frequency of the Zernike polynomials. For example, the tip and tilt can be
detected by a single sub-aperture, and the defocus or astigmatism can be detected by 2 x 2
micro-lenslets [14]. In the condition of the signal-to-noise ratio (SNR) of each sub-aperture
larger than 10, as the finite sampling points will influence the performance, the sampling
points and sampling frequency are key parameters that influence the performance of the
AOQ system [15].

In 1981, J. Herrmann first discussed that finite sampling caused an interaction between
different modes. The concept of an aberration cross-coupling matrix was introduced to
describe the cross-coupling of aberrations [15]. In the next two decades, several tests for
S-H have been frequently used with different sampling points, such as three, four, or even
more [16]. In 2004, A. Zhang et al. analyzed the sampling error under different sampling
frequencies (by changing the size of the sub-aperture) of WES [17]. In 2008, Christoph
Baranec and Richard Dekany analyzed the wavefront reconstruction error as a function of
pupil sampling of S-H WFS, and optimized the spatial sampling under different values of
1o [18]. In 2014, Geovanni Hernandez-Gomez analyzed the detail of the algorithms that
the aberrations reconstructed with three, four, or five sampling points in a circular of an
S-H WES [16]. C. Correia et al. analyzed the aliasing reconstruction errors induced by
the spatial sampling frequency, and a theoretical anti-aliasing Wiener filter for wavefront
reconstruction in the Fourier domain was presented to overcome this problem [19-21].
In 2017, M. Viegers proposed a spline-based aberration reconstruction method through
moment measurements, which can provide the same accuracy for S-H arrays with reduced
spatial sampling sub-apertures [22]. In 2018, to avoid LGS truncation and for a given
number of pixels, M. Patti et al. increased the FoV of the sub-aperture by under-sampling,
and analyzed the residual aberrations introduced by the effect of under-sampling [23]. In
2020, We Ping et al. compared the wavefront reconstruction error of the slope zeroing and
sub-aperture removal recovery methods for the wavefront under-sampled by S-H WEFS [24].

Most of the previous works focused on the influence of spatial sampling points on
the reconstructed wavefront while assuming that all the sub-apertures were filled with
light, or that the SNR of each sub-aperture was larger than 10. However, in practical
observations, the sodium laser guide star (LGS) and the natural guide star are not bright
enough, or sometimes the detector is not sensitive enough. In this case, the SNR of partial
sub-apertures appears to be too low due to the lack of light. On the other hand, the
SNR can be decreased by significant noise, such as the scattering light leads to the focal
spots disappearing, which can be seen in wavefront measurement for high-resolution
imaging for human eye retinal [25,26], or steady focusing of a coherent laser beam passed
through the scattering medium using AO system [27,28]. Thus, the confusion between
Zernike modes will be severer, and thus the performance of the post-AO system will be
significantly degraded.

In this paper, the analysis was based on the 1.2 m- diameter telescope at Yunnan
observatory, China [29]. The wavefront under-sampling was caused by partial sub-aperture
of S-H WFS, which was a lack of light for a single sub-aperture, a row of sub-apertures,
and quadrant sub-apertures in these three cases. We studied identifying the influences of
under-sampling on the dynamical turbulence aberrations or statistic defocus aberrations
wavefront reconstruction. And hope this work will be of guiding significance to the
installation and adjusting of the telescope.
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2. Methodology Overview
2.1. Principles of Wavefront Reconstruction

Methods for wavefront reconstruction are classified as a zonal method, modal ap-
proach [30], and controlling gradients directly method [31]. Due to the simplification
and promising results, controlling gradients directly has become one of the most popular
methods for wavefront reconstruction. In this manuscript, our analysis was mainly based
on the controlling gradients directly method.

The controlling gradients directly method reconstructed the aberrant wavefront by
the wavefront gradients Gx and Gy in each sub-aperture of S-H WEFS. If the output of
S-H approaches zero, the reconstructive wavefront will be equal to the reference plane
wavefront. In this condition, the phase error can be minimized.

The gradients for each sub-aperture in x and y directions can be expressed as:

G Jp— 277'():Xm1m
xi Af Yln
G J— ijymlm

vi = Af Tl

)

where G,; and G,; are the gradients in the x and y directions for the i-th sub-aperture,
respectively. X, and Yp, are the positions of the m-th pixel in the i-th sub-aperture. I, is
the light intensity of the m-th pixel, A is the wavelength of the LGS, and f is the focal length
of the micro-lenslet.

The relationship between the measured gradients and the control voltages applied to
the deformable mirror can be expressed as:
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where Vj is the control voltage applied at the j-th actuator of the deformable mirror, N is
the total number of the actors, S; is the normalized area of i-th sub-aperture, Rj(x,y) is the
influence function of the j-th actuator, M is the total number of sub-aperture of the S-H WEFS,
R,;(i) and Ry;(i) are the slop influence function of the i-th sub-aperture in x and y directions,
respectively. The equation above can also be rewritten as a matrix form

GC = nyV (4)

where G, is the matrix of gradients measured by Shack-Hartmann WFS. Ryy is the transfer
matrix, which represents the slop response of deformable mirror associated with Shack-
Hartmann WFS, and can be obtained by both experimental measurement or theoretical
calculation. V is the matrix of the voltage applied at the actuators of the deformable mirror.

If G is the measured gradient of the distorted wavefront, according to the least square
|G — G¢|| = min and minimum norm ||V|| = min, the voltage can be expressed as

V =R;,G (5)
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The reconstructed wavefront can be indicated as:
N
¢(x,y) =) ViRi(x,y) (6)
j=1

2.2. Description of Under-Sampling

Three typical cases for the turbulence under-sampling of S-H WFS were shown in
Figure 1. Figure 1a shows the under-sampling caused by one sub-apertures lack of light,
which was induced by obstructing or damage of the sub-microlens. Figure 1b shows the
under-sampling caused by the sub-apertures in the bottom row’s lack of light by pupil
shifting, which was induced by the primary or other mirrors when they were installed or
adjusted. Figure 1c shows the under-sampling caused by a quadrant sub-aperture lack of
light induced by the low sensitivity of the detector.

Figure 1. Three typical situations for the wavefront are under-sampled with the sub-aperture of S-H
WES. (a) a single sub-aperture lack of light, (b) a row of sub-apertures at the bottom lack of light,
(c) a quadrant sub-aperture lack of light.

3. Numerical Simulation

To analyze the reconstruction performance of an AO system with wavefront sens-
ing under-sampling, a model for sodium LGS AO system was established based on the
OOMADO platform, which is a MATLAB toolbox dedicated to AO simulation, it is based
on a small set of classes representing the source, atmosphere, telescope, wavefront sensor,
Deformable Mirror (DM) and an imager of an AO system, now it has been used for E-ELT
and GMT simulation [32]. Additionally, a simulation for the turbulence under-sampled by
multi sub-apertures lack of light was conducted.

The atmospheric turbulence was simulated by a random phase screen, which was
generated by the power spectral density method. The process of the wavefront propagated
in turbulence was based on geometric optics, the distorted phase of the wavefront incident
on the pupil was obtained by linear superposition of each phase screen. The sub-apertures
lack of light was realized by setting the brightness of the spot on the detector to zero.

3.1. Set Up of the Simulation

The simulation was based on the telescope at Yunnan observatory, the main parameters
for the telescope and the S-H WFS were listed in Table 1.

The atmospheric turbulence was described by phase screen with a modal basis. A 5-
layer atmosphere with a 10 cm Fried parameter (middle value of the atmospheric coherence
length) was created as an example. The standard values of each layer were listed in Table 2.
A frame of the phase screen at each altitude was shown in Figure 2.



Photonics 2023, 10, 65

5o0f 14
Table 1. Parameters of the telescope and the AO system.
Parameters Standard Value Description
D 1.06 m Diameter of the pupil
telescope € 0.142 Central obscuration
P 10 5-15 cm (@550 nm) Fried parameter
Aobs 790 nm Imaging wavelength
A 589 nm Wavelength of the LGS
S-H WFS - 9x9 Number of sub-aperture
- 80 x 80 Pixel number of the camera
Wavef - 64 Number of actors
avetront corrector - Fried Configuration of the actors
Table 2. Simulation parameters and their standard nominal values for ry of 10 cm.
Layers Layer 1 Layer 2 Layer 3 Layer 4 Layer 5
Altitude (m) 25 275 425 1250 4000
Wind speed (m/s) 9.4 9.6 9.8 2.78 8.3
Wind direction (°) 0.7 8.3 12.5 32.5 721
Fractional 0.204 0.112 0.225 0.290 0.169

0.0km: 20.4%

4.0km: 16.9%

0.3km: 11.2% 22.6%

-

I I
-2 0 2 4 6

Figure 2. Five phase screens of different layers for the atmosphere with ry of 10 cm. The dashed circle
line illustrates the diameter of the pupil.

3.2. Simulation of the Turbulence Reconstruction with Under-Sampling of the S-H WFES

In this paper, we have simulated the under-sampling of the wavefront at 3 conditions
encountered in our observations: a single sub-aperture numbered 29 was lack of light, as
shown in Figure 4a, a row of sub-apertures numbered 43, 44, 48, 49, 50, 51, and 52 had a
lack of light, as shown in Figure 4b, a quadrant of sub-apertures numbered 33, 34, 35, 39,
40,41, 42, 46,47, 48, 49, 51, 52 had a lack of light, as shown in Figure 4c. As the wavefront
reconstruction was based on the detection of the centroid of each spot per sub-aperture,
and the brightness of the sodium LGS was higher than the noise, the detector noise can
be neglected.

The S-H WEFS was modeled with 52 valid sub-apertures, and a minimum ratio of light
intensity between a partially and fully illuminated lenslet was set to 0.7. The arrangement
of the sub-apertures was shown in Figure 3.
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Figure 4. Three cases of under-sampling with sub-apertures lack of light. (a) a single sub-aperture
numbered 29 lack of light, (b) a row of sub-apertures numbered 43, 44, 50, 51, 52, 48, 49 at the bottom
lack of light, (c) a quadrant sub-aperture numbered 33-35,40-49, 52 lack of light.

For rg is 10 cm, the distorted original wavefront, reconstructed wavefront, and the
corresponding residual wavefront were shown in Figure 5. The RMS of the aberrant
wavefront is 1.0758A. The RMS of the residual wavefront with a sampling of all the sub-
apertures, under-sampling of one sub-aperture, under-sampling of a row of sub-apertures,
and under-sampling of a quadrant sub-apertures are 0.1645A, 0.1679A, 0.2390A and 0.3629A,
respectively. Thus, for a single sub-aperture under-sampling, the negative influence can
be negligible. However, with the increasing number of sub-aperture under-sampling, the
wavefront reconstruction error rapidly increased.

The corrected image for these 3 cases as shown in Figure 5 at the I band was obtained,
as shown in Figure 6. The distorted image without correction was blurred with an SR of
0.2. The SR for the corrected images with no sub-aperture lack of light is 0.73, which is
approximating the diffraction limit. The SR for the corrected image with one sub-aperture
and a row of sub-aperture under-sampling is 0.72 and 0.62 respectively. However, the
corrected image with a quadrant of sub-apertures under-sampling was degraded more
obviously than the former two cases, the SR is nearly 0.4, but it is two times higher than the
images without corrected.
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No light-lack Single subaperture A row of subapertures A quadrant of subapertures
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Figure 5. For r is 10 cm, the aberrant wavefront, reconstructed wavefront, and the residual wavefront.
The residual error increases rapidly with the increasing number of sub-apertures.

Single subaperture A row subapertures A quadrant of subapertures

No light-lack light-lack light-lack light-lack

Figure 6. Effected images of a point target in an I-wave band with different light-lack situations.

At the same time, the evolution of the reconstructed wavefront in 200 frames at
different values of ry was simulated, as shown in Figure 7. The fluctuation of the RMS
at different frames was caused by the randomness of the turbulence, with the increasing
of ry, the smaller the fluctuation was. On the whole, the RMS of the residual wavefront
after correcting was increased with the numbers of the under-sampling sub-apertures but
decreased with the increase of ry. However, the reconstructed wavefront under-sampled
with a single sub-aperture lack of light was nearly the same as that of the completed
corrected. For the weak turbulence (ry is 15 cm), the difference for the three cases with
light-lack is smaller, which means the influence of under-sampling is weaker.

In Figure 8, considering only the turbulence aberrations, the RMS of the residual
wavefront varies with ry was shown. From the curves, we can see that the performance of
the AO system was improved with the increase of ry. At the condition that the aberrant
wavefront is under-sampled by one single sub-aperture at the edge with a lack of light, the
performance is equivalent to that of the sub-apertures that were all full of light. The reason
is that the slop measurement error will be increased, as the sampling light may not be fully
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collected by the sub-aperture at the edge. Additionally, compared with the uncorrected
wavefront, the RMS can be reduced by a factor of 5~8, 4~6, and 2~3 for a single sub-aperture,
a row of sub-apertures and a quadrant sub-apertures under-sampling, respectively.

]'"=l Ocm r0215cm

s | NGO TRCt R
Completely corrected
L5 Single subapertures light-lack

A row of subapertures light-lack

1r A quadrant of subapertures light-lack

150 200 0 50 100 150 200 0 50 100 150 200

Figure 7. Correction results of 200 frames of different situations of under-samplings, for r(, are 5 cm,
10 cm, and 15 c¢m, respectively. The pinkish-red line represents the uncorrected aberrant wavefront
distorted by turbulence. The blue line represents the results that turbulence was corrected with all
the sub-apertures illuminated. The yellow line represents a single sub-aperture lack of light. The
purple line represents a row of sub-apertures lack of light. The green line represents a quadrant of
sub-apertures lack of light.

25

< — = — Uncorrected
= — = — Completely Corrected
g — = — Single subaperture light-lack
o= 2 L = — A row of subaperture light-lack iy
g J | — 2 - A quadrant of subaperture light-lack
R
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- 157 [ - _
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ﬁ - 1 | |_! |_ | |'~‘_“|\|___‘\| F:‘ "T'I T
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Figure 8. For the case of turbulence aberration, RMS of the residual wavefront varies with different
values of ryp under the conditions of uncorrected, completely corrected, single sub-aperture lack of
light, a row of sub-apertures lack of light, and a quadrant of sub-apertures lack of light. Compared
with the uncorrected result, the RMS can be reduced by a factor of 5~8, 4~6, and 2~3 at the condition of
a single sub-aperture lack of light, a row of sub-apertures lack of light, and a quadrant of sub-apertures
lack of light.
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4. Discussion
4.1. Influence of the Under-Sampling on the Defocus Statistical Aberration

The defocus is the most common statistical aberration of the telescope during our
observation, which can be expressed as:

@ =V3(2p" - 1) @)

where p € [0, D], the defocus aberration, was shown in Figure 9. We have discussed the
defocus aberration under-sampled at these three conditions, the results were shown in
Figure 10. We can see that the reconstructed wavefront under-sampled was influenced
by the position of the sub-apertures lack of light. Especially, since the defocus was under-
sampled by a single sub-aperture lack of light, the part of the aberration at the position
of the under-sampled sub-aperture can not be corrected accurately. Moreover, the edge
was corrugated symmetrically. For the wavefront under-sampled with a quadrant of
sub-apertures lack of light, the corrugated was mitigated with the increasing numbers of
sub-apertures.

=107°
1 S

0.54

TR

pixel

100
80

20 40-6£
00 p

0 10 20 30 40 50 60 70 80
pixel

(@) (b)

Figure 9. The statistical defocus aberration at the pupil of the 1.2 m telescope (a,b).

4.2. Influence of Under-Sampling on the Mixed Aberrations

In reality, the aberrations corrected by the AO system were mixed with statistical
defocus aberration and dynamical aberrations induced by turbulence. In this part, for 1 is
10 cm, the mixed aberrations were under-sampled and corrected in these three cases. One
frame of the results was shown in Figure 11. From the figures, we can see that a single sub-
aperture under-sampling has less effect on the residual error. With the increasing number
of under-sampled sub-apertures, the residual error had increased. But compared with the
statistical defocus aberration, the number and position of the sub-apertures lack of light
have less influence, the reason is that compared with the high order Zernike polynomials of
the dynamical aberrations, the statistical defocus aberration is varied monotonically from
the center.

The evolution of the corrected wavefront for the mixed aberrations in 200 frames
had also been simulated, the ry was valued at 5 cm, 10 cm, and 15 cm respectively, and
the RMS of the corrected wavefront was shown in Figure 12. First and foremost, the re-
constructed wavefront with a single sub-aperture under-sampled was nearly the same as
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Reconstructed wavefront Uncorrected wavefront

Residual wavefront

0

No light-lack

20 40

60 80

the reconstructed wavefront which was completely sampled. Compared with the recon-
structed results of single sub-aperture under-sampling for statistical defocus aberration, the
wavefront under-sampling with single sub-aperture has a greater influence on statistical
defocus than dynamic turbulence aberrations. Additionally, with the increase of ry, the
residual error is decreased in these three cases. However, the fluctuation of the curves was
more severe compared with the result in Figure 7, the reason was that the under-sampling
has a greater influence on regularity aberration, like the defocus aberrations. Lastly, the
gain for the RMS of the residual wavefront of mixed aberration is larger than the case of
only dynamical aberrations, like for ry was 15 cm, the difference of the RMS between the
case of uncorrected and the case of a quadrant of sub-apertures light-lack is nearly 0.8,
while for the only dynamical aberrations, the difference is nearly 0.4. That means in the
observation of reality, the wavefront of the science target was distorted with turbulence
and other statistical aberrations in the post-optical path, and the aberrant wavefront was
under-sampled, but the image quality can be improved obviously.

Single subaperture A row of subapertures A quadrant of subapertures
lack of light lack of light lack of light
0

10
20
30
40
50
60
70
80
0
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80
0 —0.4
10
20
30 —0.6

40
50 0.8
60
70

micron

. "

80 ’ :
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0 I
0 20 40 60 80 0 20 40 60 80

Figure 10. The influence of under-sampling on the statistical defocus in these three cases. The first
row is the statistical aberration of defocus, the second row is the reconstructed wavefront under these
three cases and the last row is the residual wavefront after correcting the initial defocus.
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Reconstructed wavefront Uncorrected wavefront

Residual wavefront

RMS/h

No light-lack

Single subaperture
lack of light

20 40 60 8 0 20 40 60 80 0 20 40 60

A row of subapertures
lack of light

80

A quadrant of subapertures

0

20

lack of light

40
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=1.5

Figure 11. The influence of under-sampling on the mixed aberrations in these three cases. The first

row is the initial aberrant wavefront, the second row is the reconstructed wavefront under these three

cases and the last row is the residual wavefront after correcting the initially mixed aberrations.

r,=5cm
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r,=15cm
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e
0 —
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Figure 12. Correction results of 200 frames under different situations of under-sampling, for ry

are 5 cm, 10 cm, and 15 cm, respectively. The pinkish red line represents the uncorrected aberrant

wavefront distorted by the turbulence, the blue line represents the turbulence was corrected with all

the sub-apertures were illuminate, the yellow line represents a single sub-aperture lack of light, the

purple line represents a row of sub-apertures lack of light, the green line represents a quadrant of

sub-apertures lack of light.

The RMS of the corrected wavefront for the mixed aberrations under different atmo-
spheric conditions was analyzed, as shown in Figure 13. Firstly, the RMS is decreased when
1o is increased, and the RMS tends to converge when ry exceeds 9 cm, indicating that for a
certain AO system, the impact of the atmospheric turbulence becomes faded. In addition,
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compared with the uncorrected wavefront, the RMS can be reduced by a factor of 3.5 and
5~8 for a row of sub-apertures under-sampling and a single sub-aperture under-sampling
respectively. But for the aberrant wavefront under-sampled by a quadrant of sub-apertures,
the RMS can be reduced by a factor of 3, which means the turbulence can be partially
corrected effectively.

2.5 T T T T T
- —g— Uncorrected
—&— Completely Corrected
T Single subaperture light-lack
2 —&— A row of subaperture light-lack E
T —&— A quadrant of subaperture light-lack
l

RMS of the residual wavefront/i

ro/cm

Figure 13. For the case of mixed aberration wavefront, RMS of the residual wavefront varies with
different values of ry under the conditions of uncorrected, completely corrected, single sub-aperture
lack of light, a row of sub-apertures lack of light, and a quadrant of sub-apertures lack of light. The
RMS of the three cases with under-sampling can be reduced by a factor of 5~8, 3.5, and 3 compared
with the uncorrected result.

As in our analysis, the focal spots in adjacent sub-apertures may be confused while
the turbulence was so strong, and the dynamical range was not enough, thus some sub-
apertures would lack light. The holographic Shack-Hartmann wavefront sensor based
on the correlation peak displacement detection [33] may become a useful tool, which
modulated the incident aberrant wavefront with an SLM instead of a microlens array,
then discriminable patterns were reconstructed from the micro-hologram array on each
detection area, which can be expanded to adjacent areas with a dynamical range up to
£5A [34]. Thus the sub-apertures lack of light caused by the dynamical range insufficient
can be addressed, and it would be studied in our next step work.

5. Conclusions

The large ground-based telescope was equipped with an AO system to mitigate the
turbulence disturbance, we analyzed the impact of the under-sampling of S-H WFS on
the wavefront reconstruction, the speed of our wavefront reconstruction was 2000 Hz,
and the sensitivity was 10urad. For three typical cases of under-sampling, i.e., a single
sub-aperture lack of light induced by damage of the sub-microlens, a row sub-aperture
lack of light induced by pupil shifting, and a quadrant sub-aperture lack of light induced
by performance degradation of the detector. The differences between the reconstructed
wavefront in these three cases and the reconstructed wavefront completed sampled were
compared. Some conclusions were summarized as follows:

1. For a typical atmospheric condition (rp is 10 cm), the influence of the under-
sampling induced by a single sub-aperture lack of light on the dynamical aberration is
negligible, the reconstructed wavefront is equivalent to that all the sub-apertures were
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used to sample. With the increasing numbers of the sub-aperture under-sampling, the
wavefront reconstruction error was significantly increased. Compared with the uncorrected
wavefront, the RMS can be reduced by a factor of 5~8, 4~6, and 2~3 for a single sub-aperture,
a row sub-apertures, and a quadrant sub-apertures under-sampling, respectively, using our
proposed method.

2. For the most common statistical aberration (defocus) in the telescope optical path,
the reconstructed wavefront was influenced by the position of the sub-apertures lack
of light. The edge of the reconstructed wavefront was corrugated symmetrically when
the aberrant wavefront was under-sampled with a single sub-aperture lack of light. The
difference between the initial wavefront and the reconstructed wavefront is directly propor-
tional to the number of sub-apertures that lack light. The under-sampling of the aberrant
wavefront in these three cases has a greater influence on statistical aberration than the
dynamical turbulence.

3. For the mixed aberrations (turbulence dynamical aberration and defocus aberration),
the RMS for the corrected wavefront in these three cases tend to converge when 1y exceeds
9 cm. Compared with the aberrant wavefront, the RMS can be reduced by a factor of 6, 3.5,
and 3 for a single sub-aperture, a row of sub-apertures, and a quadrant of sub-apertures
under-sampling, respectively.
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