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ON SISTER CELINE’S POLYNOMIALS OF SEVERAL VARIABLES
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Abstract-The aim of the present paper is to define Sister Celine’s polynomials of two
and more variables. We reduce the two variables Sister Celine’s polynomials into many
classical orthogonal polynomials and their product also such as — Jacobi, Gegenbauer,
Legendre, Laguerre, Bessel and some discrete polynomials Baternan, Pasternak, Hahn,
Krawtchouk, Meixner, Poisson-Charlier & others. Many integral representations and
generating function relations are also established.
Keywords - Sister Celine’s polynomials, Sister celine’s polynomials of two and more

variables, orthogonal polynomials, generalized Lauricella function of

several variables.

1. INTRODUCTION
In 1947 Sister M. Celine Fasenmyer [ 7,8 ; see also 5, p.290 ] defined a
polynomials known as Sister Celine’s polynomials generated by
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Not much works has been done on this polynomials and one is unable to find
many references of this polynomials in the mathematical literature. We have extended
this polynomials to several variables in the next section of this note and defined the
Sister Celine’s polynomials of two and in general several variables interms of
generalized Lauricella function of two and more variables defined by H.M. Srivastava
and M.C. Daoust [ 11; see also 13, p.37 ], which is defined as :
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The parameters a's,b's,c' s,d 5 are compiex numbers, the associated
coefficients o's,B's,y's,0's are real & positive and the variables z,,..,z, are
complex.

For the convenience, when their is no ambiguity, we shall use following
abbreviations :
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4 .
The parameter (a; : ¢t ...« {f))l, , abbreviates the p-parameters array

(a,: 0™, (a, ]
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a=(a;:a..a),, b= b, BB,
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The multiple series (1.3) and it’s special when r =2 converge absolutely [ 12 ;
section 5 (p.157-158), section 3,4 (p.153-157); 3 section 3.7 ; 4, section 1.4 ] .
It is worth to mention here that
(i) For the sake of space in subsequent sections we have derived the results of
Sister Celine’s polynomials of two variables instead of several variables.
(11} These results are new and if they are reduced into single variable, the results
will also be believed to be new results,
(iii)  When each of the positive real numbers «'s, 8's,7's,8's is equated to
unity , the generalized Lauricella series (1.3) reduces to a multiple Kampe-
de-Feriet series.

o ') and similarly others.

2. SISTER CELINE’S POLYNOMIALS
In this section, we define Sister Celine’s polynomials of two and r — variables
interms of generalized Lauricella function of two and r — variables respectively. We also
under the heading “Reductions” reduce the Sister Celine’s polynomials of two variables
into some well-known polynomials of two-variables such as Jacobi, Gegenbauer,
Legendre, Hermite, Laguerre, Bessel and others. The Sister Celine’s polynomials of r ~
variables is generalized by
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In (2.1),(2.2), if we take r = 2 and replace n,,n,,A ,A ,,2,,2;5.1,,1,,0,,¢,
respectively by n,m, A, 1, x, v,t,h,c,d ; we get the Sister Celine’s polynomials of two
variables as follows :
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Where A,,..,A, A,u are positive real numbers and ¢,,...,c,,¢,d are complex
numbers. The variables are complex.
Proof of (2.4) : Taking (2.3), expressing involved generalized Lauricella function of
two-variables on RHS in terms of series, collecting the powers of (1-1),(1-h),using
the binomial expansion, the relations { 5,6q.(3) p.23 ,exp. 8 p.32 , Lemma 5 p.22 ] and
finally comparing the coefficients of "4 ,we obtain the required result in view of
relation (1.3) .
Similarly the result (2.2) can easily be established .

Reductions :
(a) In (2.4), replacing o¢'s, B's,y '5,0 "5, A, 4 by unity and ¢ = d =0 with putting the
following, the Sister Celine’s polynomials of two variables reduced into :
(1) m=0, p=q~=0, we obtain the well-known Sister Celine’s polynomials of single
variable (1.1) and (1.2).
(i)
p=La =-nqg=0p = 3,(:,’ =I~i~a+[3+n,c; =%,c; =1g, 23,d: :1+cx,d; = —n,d; =pn+];
Dy = 3,crm1+a ’+ﬁ ’+n,c: =~%n,c: =lq, =3,d:= 1+ ’,d;f = ——m,d:= m+1;
x— }:__.x_‘ ¥ - -y ;
2 2
we obtain Jacobi polynomials of two variables [ 9 ]. :
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py=3%cl =1+ B vmc] =4,¢f =k, =2,d§'=m+1,d§=1+a':X~>1"Tx'y—>%¥" ; we get the

product of two Jacobi polynomials of single variables [ 5 ].
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(iv) Sarne substitutions as in (ii) with
a=f=a=p=v-ta=B=a=f=0a=f=a=f =4 a=f=a'=f =1, we can easily
obtain two variables polynomials — Gegenbauer, Legendre, Chebyshev of first kind and
second kind[9].
(v) p=ha =-ng=0p, =3,c: m1+a+n,c; :é—,c; =19, =2,¢:i7’=:-—n,d;’:n+1;p2 m3,c:=i+ﬁ+m,
c;/ =%,c; =1q, = 2,d:= —m,d: =m+lx— (———:5«),)» - (—%) and
pMO'qz();pl =3,¢c, =1+ +n
c; mw,cg Ly, “-*l,a,’,’=n+1;p2 m3,c:=1+ﬁ+m,c2 =4 c3 =Ly, =1, d =m+l x—e( ),y—->(—~§)

3

we get respectively Bessel polynomials of two variables [ 10 | and product of Bessel
polynomials of single variable [ 5 1.
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g, =3.d, =-m, d”=m+£,d:=1+a "and
p=0g=0p =2, (,E =ic =1;qI x2,d!=n+1,d; =1+,

P, =2, ci = -5,c2 =1q, =2, dl”: m+l, d;' =1+q ; we obtain respectively Laguerre
polynomials of two variables [ 9 ] and product of Laguerre polynomials of single
variable [ 5 } ;
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(vii)
p=La =-mg=0,p = 35;" ,C =1,c; -n+2,q1—2d o nd =n+l, pz-?;c =-§c =1,
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dy =m+1lx— (~ :;) y > (—;;) we get respectively Hermite polynomials of two

variables { 9 | and product of Hermite polynomials of single variables [ 5]
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p, =3.¢) =%,¢) = Loy =2, + g, =4,d] = ~m,dy =m+l,d; =v, +4.d; =b, +1and p =0, =0,

P = 3,c: = %,c; = l,c_; =2y, +nqg, = 3,d,’ = Y +%,d; = h, b l,d; =n+hp, = 3,0?& %,C: = l,c: = 2v, +
gy =3.d, =v, +1.d, =b, +1,d, = n+1; we get respectively generalized Bateman’s
polynomials of two variables and product of generalized Bateman’s polynomials of
single variables [ 3, eq (9), p.286 ] :
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It is obvious that these generalized Bateman’s polynomials reduces to simple

Bateman's polynomial [ 5, eq. (2), p.285 1 by putting v, =v, = 3,5, =b, =0.

(GX) p=la, =-mg=0;p =2,¢,=%,¢s =& 1q, =2,d{ =-ndy =4 ;p, = 2,c] =4,c; =€ g, =2,
dl=-m,d, =4 ;;x=v,,y=v,and

p=0.g=0p =2c =4,¢;=&5q, =Ld| =4 ip, = 2,6/ =3,

o =E&uq,=1,d =4 x=v,y=v,; We obtain respectively Rice’s polynomials of two
variables and product of Rice’s polynomials of single variables [ 5, eq(1), p.2871:
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(b) Now, Here we shall discuss few discrete polynomials - Hahn, Krawtchouk, Mixner,
Poisson — Charlier, and Pasternak’s polynomials. First we define these polynomials for

7—>e0 7’

two variables then show that their limiting cases with the use for relation =1

is Celine’s polynomials of two variables
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It reduces to Hahn polynomials of Single variable { 6, p.541 ], when y=0 i.e.
. " (~nl4a+f+n—x
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It reduces to Krawtchouk polynomials of single variables [ 6, p.54 1, when y = 0.
K,,(x;p,n}aF,(“f‘mx;%) ,
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Meixner Polynomials
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It reduces to Meixner polynomials of single variable [ 6; p.542 1, when y=0
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lim M s

”
C,¢" =3 o0

=(B),B) S, T { 1J . ”’( 1) @b iy b (2.19)
- {Mn 1) (f’l"f"li) (ﬁ,i);{-—m,l),(m-i-i,l),(ﬁ ’91}
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Poisson-Charlier Polynomials
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It reduces to Poisson-Charlier Polynomials of single variables [ 6, p.342 ], wheny =0
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315
It reduces to Pasternak’s polynomials of single variable [ 5 ]. when z'+1+ 4 =0.
7+1+ 4
F'”A (Z):gFg mmntl, 2 A,
LI+A

. i 1

lim 2 L (-n:LY): -,1]; =1 A1, (2.21)
A2 ‘e Firtes=f, 2 \2 22

= (=1L (~mh)
It is worth to note here that Pasternak’s polynomial is a generalization of Bateman’s
polynomial F (5 [ S,eq (1), P.289 ]. or we can say when A=0 the Pasternak’s
polynomials reduces to Bateman’s polynomials F (7).

3. INTEGRAL REPRESENTION
Here, we shall establish few integral representations of Sister Celine’s
polynomials of two variables defined by equation (2.4) of proceeding section with
A=p=1c=d=0.0ne the these, integral representations (3.1) is used in next section
in obtaining the generating functions.

f a:c(,(1+n+/lf,l);c”,(l+m+ﬁ»1,1)_xy
2 bd ;d” vy
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G 0
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A A 7 - Hy B ity
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L) = P X - 0B (R ) (- y)*
f‘""‘( ) BU+A 1+u B(HAE,H;,LQ}J: ;f,{ (42— 2 R+ 92 = 5)
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- (a: e’ o
p ’ xt,yt it dh (3.6)
‘f"""[b (tta+ i d’ 0 BrmD,d” % }
(=™ singn sinfr TE+a+n) DA+ B+m T v som
W¥i= 5" r+f
FARER) Py o3 mJ; ;[ exp(s + h)
Q+a+nD e 0+ B+mb, e’
xf,z.,..[i_( " );,_{ pm )dc”. mxt,~yt]d! dh | (3.7

provided all the above results exist. The result (3.6) and (3.7) are contour integrals and
(3.7) is Schlafli’s type contour integral.

Taking RHS of (3.1), expressing Celine’s polynomials of two variables interms of
series, the definition (2.4) with A= p=1c=4 =0, changing the order of summation and
integration (which obviously justificable} and evaluating the inner integrals with the
help of a known relation [ 2; eq (5), p.1 ]. Finally once again using the definition (2.4),
we get the required result (3.1).

Similarly the results (3.2) to (3.5) can easily be established .

Proceeding as above and using relations [2;eq(4) p.14 , eq(2) p.13], we obtain the results
(3.6) & (3.7).

Reductions : :

We reduce some results from above relations ,which are all new results.

() In(3.2), putting A ;=-n~1, A =-m—4, 0 = ,=1
In(3.4)taking r =5, =r, =5, =Lr, =5, =n, =5, =LA =A== p,=Ls =5, =04 =it ,=1,
4x=2,4y=2,,8 =5, =0, =l =4 ,=A,=14x=z74y=2,; we get the following
integral representations of Celine’s polynomials of two-variables :

Fonteyy= Y2 ] T (zh)‘*e”'“"ﬁ,_,,{a:c " ;xt,yr)dtdh, (3.8)
g9 0

n b1} d (L )a”

: [o [, o A= T sy

M) BA 1)

o Aip VAt N A A, (AR,
* f,, a'c’( 2 ’1}[ 2 A e 2 ol 2 4 Padxr(l-1),4vh(1 - h) | didh , (3.9)
bid (A LD(u D sd (A (e 50) ;

(3N (3
f”_m(x,y)ﬂﬁ f; fﬂ_{“'c'[g’l}‘ ’(2’1];@(1-:),4%(1-@} didh (3.10)

brd’ (Ld" (LD

f (x,y)= 50

Vel b A AL (A LD,
J25) = (A A photghast f 1 @3E A o tz,h | didh (3.11)
Funtar) = A [ f’"’"(b:d,(/l.,i) Wl 5 e

: 2, @205, (2,0; 3.12
f‘u.m(zh 32):I; J‘o ‘f"m{z:;’ ((1 E;.;” ((1 I;.ZII’Zzh) drdh ? ( )
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(i1) In(3.1),taking
p=la =-mg=0;p, =3¢ =Le, =Le, =l+a+my =2d, =-nd, =n+Lp, =3¢ =40 =1

e =1+ B =mg, =2d, =~md, =1+m andp=q=0p, =3,c,=Y%,c, =Lc,=1+a+mg =Ld =1+n
Pr=de = M=o =1+ Brmg, = Ld =1+n

the Celine’s polynomials involved, we get the following relations :

f (=11 U+ n b, G0 @D+ B+ mD, G100 .
— = (=n1),(n+ 1,1 —m D), (m+ 1,1} : Y

L+ m {0+X{0+)
) -1 Gt g Bm ot BY Ol xr 4+ v dtd 3.13
dsinom sin fir T(+a+n) T+ F+m I n {(—#) expl =1~ h) (L xr + i) i, )

oo

f m.(l+a+zzl)( 1)(11} 1+ 3 +m)), -—i)(]}) ey
= L) Wm+ L1 .

(0+) {G+)
4 - J' I (.q!)m“*(__h)p“” EX]}{—!— Rk 'i')CI)N(].‘F yh)”’dtdh , (3.14)

:césincxft sin B Tl+a+n) T+ B +m)
(i)  In(3.7),putting
p=la =-mqg=0,p, =2,c; =4,¢, =lq, =3,d] =—n,d; =n+Ld; =1+a+n;
po=20 =%c; =g, =3,d =-md; —m+1d”=%+ﬁ+m and p=g=0p, =2,¢c/ =4.¢/=1q,=2,
d=n+ld;=l+a+nmp, =2,c/ =4,c; =Lq, =2,d/=m+1,d; =1+ B+m in the Celine’s
polynomials involved, we can obtain another new results

4, GENERATING FUNCTIONS
In this section, we shall establish some single and double generating function
relation of Celine’s polynomials interms of exponential & binomial expansion, Celine’s
polynomials, Also few generating function are proved with the help of integral (3.1)
established earlier in section 3, interms of Jacobi; Laguerre polynomials and Bessel
functions. Further we reduce generating function interms of discrete polynomials such
as Hahn, Krawtchouk and Meixner and trigonometric function.

i £ -
-5 2 Xt 2
(I-2y0y * I- BXPY
‘ L+ i—2yt} ]: 1+1/1w2yt:l lD[1~|-4i1w~2ytj

:{2 _zmjj_f (~n:11): [ z] (L1 (@ 5 ,1 (DB +n+ll; x Y il
i — (=D, +1h ;(~—n,}),(n+l,1) 22 .
J x 1" 14*-}i ﬁex 2z

PR 2 2+ yt

¥ Ly (oo DA @ G, 0=+ B x y 42)

n=0) nl " m:(—f’l,i},(ﬂ+1,1) ;(“‘n,i),(f’i‘l“l,l) ? 2, 2 ’

Ky iy a: C’s(i + ki,l);C”,(l + k;:, vl); - 1 X y
Z E (=A)" (—pt) f.....[b:d,’(m . ;"“"’]”(1+;L)f"""[1+a’1+;¢)' (4.3)
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(4.4)
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o (n),, (), a:c\ (BT (B, + 10
,%') 2:0 rii ! f""'[b:d' d” Y
Lo tY' Y
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2 2 e L ST AT ey
RS AR bod id”
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Sl

Taking LHS of (4.1), using binomial ,exponential expansion, a known relation
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[ 5, exp (10}, p.70 ] and finally expressing the inner series in terms of Celine’s
polynomials of two variable (2.4) with 1= y=1,¢=d =0, we get the required result (4.1).
Similarly the result (4.2) can be established without using the above relation .

Taking LHS of(4.3), in view of definition (2.4) with -, .=4-0, and using on the
_Pd+k+r) (1+r), r!
T OTA+k) R
now using binomial expansion on inner series and finally once again using the
definition (2.4) with A= u=1c=d =0 the result (4.3) is obtained.

In (3.1) replacing A 4, respectively by (a, +r, —n),(cr, +1 —m) and multiplying both the
sides by :

2o (), (Lo + B vn), (40 ,+ B otn),

2 2

A=) el AN

factors the relation , (1 + k),

¥

on RHS, changing the order of summation & integration and using the definition of
Jacobi polynomials of two variables defined by the author [ 9;eq(2),p.62 1, we obtained
the desired result (4.4).

In(4.4),pultinge, =a, =, =, =v~tio, =, =, =f,=0a, =0, =, =, =-1;

o=c,=B,=0,=-Lf,we respectively can get the result involving polynomials
Gegnbauer, Legendre,Chebyshev I & I kind { 9;eq(28),(30),(33),p.68-69].

Similarly the result (4.5) to (4.9) can be obtained.
In result (4.6), putting n=m=1%, we get the result (4.14) involving product of
trigonometric functions.
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