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Abstract- The general off mass-shell one-loop amplitude for the fermion triangle
diagrams is calculated, in theories with y5 couplings for spin-1 particles. Properties of

the Bose symmetry and Ward identities for the couplings of neutral particles are
investigated. The VVA and AAA triangle diagrams are obtained from our general
form. All resulting amplitudes are consistent with Ward identities. The amplitude for
the coupling of three identical spin-1 particles is given. This amplitude obeys Bose
symmetry and Ward identities for anomaly free theory.
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1. INTRODUCTION

It is well known that dimensional regularization method [1] preserves gauge
invariance. It is also known that the extension of Y5 to n-dimensions is ambiguous and

contraversial in literature (see for a review Ref. [2] and Refs within). For triangle
diagrams with one or more factors of Y., the problems of ys in dimensional

regularization were investigated in several subsequent attempts [3,4,5,6]. It was checked
that totally anticommuting v is consistent with Ward identities for diagrams with an

even numbers of ys's and for diagrams with mixed loops containing both boson and
fermion propagators. For diagrams with one or three y5 matrices, the Adler-Bell-Jackiw

anomalies [7] appear in the axial vector Ward identities and vanish after summation
over internal fermions, if the theory is anomaly free (see, e.g. [8]).
In this paper we adopt the modified version of anticommuting Ys in n-

dimensions given in Ref. [2] (see Appendix below). We calculate the most general
amplitude for the fermion triangle diagram which produces contributions to the

couplings of spin-1 particles at the one loop approximation. Our general diagram TTHP
contains all possible graphs with one or more. v5's factors. All resulting amplitudes

obtained from TT*P satisfy vector Ward identities. For the axial vector Ward identities
the ABJ anomaly part appears. We finally obtain the general amplitude of fermion

triangle diagram for neutral spin-1 particles coupling ﬂgvp {p,r), which satisfies Bose
symmetry for two vertices' Ww<> v . For three identical neutral spin-1 particles coupling

we have to symmetrize H%Vp to get the proper Bose symmetry in each pair of vertices
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(Le>v,pe>p, Ve>p). The final resulting amplitude THY (p,r) obeys Bose symmetry
required and satisfies axial vector Ward identities for anomaly free theories. The
15 (p,r) and [ (p,r) can be used to obtain the Zyy, ZZy and ZZZ couplings, in

the electroweak theory.
The paper is organized as follows: In the next section the general form

I1*#(p,r) is calculated. In section 3 we introduce the three point Green's functions,

VVA and AAA diagrams, produced from I (p,r). In section 4 we show that Ward

identities are satisfied for all investigated diagrams. In section 5, the general amplitude
for the fermion triangle diagram of neutral spin-1 particles, which satisfies Bose
symmetry and Ward identities, is given.

2- THE MOST GENERAL FORM FOR THE FERMION TRIANGLE
DIAGRAMS

We calculate the general amplitude, off mass-shell, for the fermion triangle diagram
fig.1 which gives the necessary contribution to the coupling between any three spin-1
particles at one loop order.

iyt L+ §3y5)

(J/f:s‘z‘ily"‘(l + Byys) Fjj“s’flly"‘(l + B1¥s)
pg px“

Fig.1: The most general fermion triangle diagram H“’Up(p, r) for the coupling of spin-1 particles at one
loop approximation,

In Fig.l the wvertices are denoted generally by 1Ay (1+B1Y5),

1A,y? (1+ByYs ), and iAzy” (1+Bgys). The constants A;,B;,i=1,2,3 are general

coupling constants, which can be defined depending on the kind of the spin-1 particle
which couples with the fermion vertex. Inside the loop there are three different fermions

of masses m,m;,m, . Therefore the general IT*°P(p,r) fig.1 gives us four different
kinds of diagrams (see fig.2). So, we have VVV diagram, VAA diagrams fig. 2a.b,
which give zero contribution to IT"? (p,r) because of cancellation between each other,
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VVA diagrams fig.2c and AAA diagram fig.2d which give non-zero contribution to
the TI"? (p,r) see the formula (2.2).

v

Y
TR (p,r)=i” A AL A, i
Y
a) VVV diagrams
v v'ys
TP (p,r)=i’ AjA,A; < BB, vPys -+ B,B; 1Py +
THys '
vys
+BB, P
Y“Ys

b) VAA diagrams

v v
Y s
TP (p,r)=1® AjALA, BZD vPys + Bib vPys+Bsy yP
yH Y”Ys

¢) VVA diagrams

W

Y5
TP (p.1)=1" (A1A,A5)(BB,B;3) vPys
s
d) AAA diagrams

Fig.2: All kinds of diagrams exist in the general diagram Fig.1.

All graphs in fig.2 occur, for example, in the electroweak theory in the couplings
between Z-boson, W-boson and photon. . The diagrams fig.2c,d give non-zero
contribution to ZZ7Z, ZZy and Zyy vertex functions.
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Using Feynman parameterization and taking into account the t'Hooft-Veltman
definition of the 5 in n-dimension [1] or the modified version of the anticommuting v5

[2], we find (p,r and g are the momenta of any spin-1 particles as shown in Fig.1):

TP =6 |

d"k 1

- Tr AlYM’ (1+BIY5 )",\—‘"—:‘—-——"——-‘——Azyp (I+B2'Y5)
(zn) k—p-m, +ie
1

1
~ — Ag7" (1+Bays )z }
k—t-m, +i€ k- m+ie

H!

—léj.dk

(2n)"

1 1
AP (1+B,y5 )= } 2.1)

1 ‘
Tr [Aﬂ“ (1+Bys5 )=———Azy" (1+BaYs)
k—m+ie

- k+t-m, +ie kK+p—m, +ig
From (2.1) after some rather lengthly but straightforward manipulations we obtain
1M (p, 1)as:

[ ()=, G+ + £, G- ]Pocfﬁ e 4 [fy (r4p)Y +1,(r-p)" ]Parg ghobe

+[fs(r+p)y +HgE—p) | €M

(2.2)
where,
faxjay =
fi=mdx |dy , 1=1234.,
0 0 D3(X:y)
flz}dxjsdy n[ Al +ainDy(x y)]-k b 1=35,6.
o b Dy(x,y) Dy(x,y)

w=4y(x-1), wo=4y(1+x-2y),
wi=4x-D(x-y), wy=4x-y){x-2y-1),
ws=2r" (x-««»y)[(w)z+y(2—x)]+2p2 y[1-y@2-x)]+4r-p [yx-2)(x-y)],
Wg =2r* Iy(}v“4}{2 —:~5xy——2y2)+x(x2 —1)J+2p2 y[li-xy—Zy2 ]
+4r-p y(x2-3xy+2y2),
as=2(2-3x), ag=06(2y-x), bs=2(§ +&)(x-1)+2&,x,
be=2[€; (x=2y-D+E, (x-2y)+&;5 (x -2y +1)],

wm—% AjALA5 (B +B,+B3 +BB,B; ),

81

1
& =“8“““§“A1A2A3 (By—B,—B;+B,ByBs) mm,,
T
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i
&, :‘é;t‘{A1A2A3 (B,~B3—B;+B;B,B; ) m;mj,

1
& *"é;j"AzAz% (B3—B;-By+B;B,B; ) mm,,

and
) 2 2 2

Dy(x,y)=p’y (1=y)+1? (x=y)(I=x+y)+2rpy(y-x J+ m* (x-1)-m{ y
+1n% (y—-x)+ie
In (2.2) Schouten's identity {11] was used as:

X}Xe.vpﬁ"f __XV erUT _XPEVFJ.GT MXGEVPH’C . XTEVF}GfJ, :O , (2.3)
which is valid for any four-vector X" . The formula (2.1) can produce the amplitude
which contributes to the coupling of any three spin-1 particles (neutral or charged, e.g.

in electroweak theory we can get ZZZ,--- or WW™Z,---, ... etc) at the one loop
approximation. -

In the present work, we study the fermion triangle diagrams which contribute to
the couplings of the neutral spin-1 particles, using the most general form (2.2).

3- THE THREE POINT GREEN FUNCTIONS VVA AND AAA -DIAGRAMS:

The IPI Green functions {2] in Fig. 2c,d are essential to check the general form
[T"P(p,r). From (2.2) we obtain the VVA and AAA Green functions as:
3.1 The T};P (p,r)- diagram
From our general form (2.2) putting B;=B;=0and m=m;=m,~m;we obtain
TP (p,r), Fig. 3, as

Uvo _iel TS O pt] vpfio [I \ 2T v] peBo
T4 (p,r)-[fl r+pH+15(r—p)* |potp€ +if3(c+p)’ +f4(r-p)’ JpapE

+ [l )y +EL (- p)g €Yo

(3.1)
where,
1 x W
fI ‘: 2% dX dy "'”"""""""""'1""""_ 3 l = 1,2,3541
1 I j })3 (X, y)

1 x
N

£} = x[dx[dy {Wﬁua%, 1=5,6

0 0 D3(X’Y)
wy = yx-1,wy= y(I+x-2y),wy= (x-D{x-y),
wy = x(x=1-3y)+y(1+2y),
ws =12 (=) | (=12 + y =0 [t py[1-y @) 25 py (-2 (x=y)—m? (x-2)
Wg =p? ly(1—4x2+5xy——2y2)+x(x2—1) J+ p2 y[1+y(x—2y)]
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+2r- py(x=y)(x=2y)~mi (x~2y)
a5 = (2-3x)InD3(x,), 25 =3 2y—x)1nDy(x,y),
and

1
X :m AAA B,

Dy(x, ) =p*y(l=y)+7* (x=y)(l=x+y)+2rp ¥ (y —x)+ m?.
,}/V
Ti\;;p(if’,r)zi?) (AjALALB, )X 7Py
?/#

Fig.3: diagram obtained from (2.2) which is consistent with Ward identities.

Using a similar procedure as in Ref [5] (see also Ref. [2]) one gets

d==-pd,~mpd,, d=-p’d ~1pd,, (3.2)
where
d=fi+fl d=fl~f. dy=fi +fs. d=f{ - f .d=f +fi.
d, :f; “f41 3.3)
Then

! 7 - Ir 5~
S5 == 5[ pldi+ridy+r p(d; *dz)]’ fs :5[ rd, - pd, ] 3.4)

Similarty, Putting B, = By =0and m=my =m, = m;into (2.2) we get TH? (p, 1), Fig. 4,

v

¥
TP (p,r)=1° (A;A,A3B) ) yP

H
YYs
Fig.4: diagram obtained from (2.2) which is consistent with Ward identities.
And so, Putting B; =B, =0 and m=m; =m, =m; into (2.2) we get T;f;;g(p,r) (see
Fig. 5)
v

Y Ys
TS (p.r)=1" (AjALA3B;) y?
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Fig. 5: VVA diagram which is consistent with Ward identities.

3.2 The T (p,r)- diagram |

To get the diagram with three Y Fig. 6, we take only the terms in (2.2) which
contracted with i* ( AjA, A5 )( BB, By ), then we get
T80 (p,1)=[F r+ ) + T =) oo 1y € 4By e p)Y 4 Ty e p)” Jpg rp 0P

er“[?5 (r+plg “*"’f\:ﬁ(f””p)on ]poc g ghver
(3.5)
where,
f1 BBBfl,}. 1,2,3,4
and
3 I x 1
fs= B,B; £ +4yB By m? [dx[dy —(x-1),
G O DS XaY)

1 x
fo= BB3 £ +4% BBy m{ [dx [dy (x-2¥),
0o 0 P&V
7'ys
T (p.r)=1 (A1AA5)(B,B,B; ) Yovs ,
Y5

Fig. 6: AAA diagram which satisfies axial vector Ward identities,

4. WARD IDENTITIES AND THE TRIANGLE FERMION DIAGRAMS

To find the canonical Ward identities for the diagrams Fig. 2c, d, we use the same
procedure as in Ref. [2]. Thus, we get for the 1PI Green functions in Fig. 2-c, d the next
Ward identities:

4a). Green functions for VVA diagrams (Fig, 2¢)

pu T (p,1)=0, 1, THF (p.x)=0 4.1)
ap T (por)=2m T (p.1) 4.2)
r, Tl (2.1)=0. qp Tif (po1)=0 4.3)
Py Ty (p.1)=2m IG5, (p.v) (4.4)
P T (p.1)=0, q, B (p,r)=0 4.5)
-1, o (p.1)=2m T, (p.r) (4.6)

4b). Green functions for AAA diagram (Fig. 2d)
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Pu éé\s’p(p,r) 2y Tsss (p,r) 4.7
—1, THP (p,r)=2m, T%?(p,r) (4.8)
qp THYP (p,1)=2m; THI (p. 1) | 49

Now, we will check the vector and the axial vector Ward identities (4.1) to (4.9) for the
diagrams in Fig. 3 to Fig. 6. From (3.1) we have

P TP (p,r)=[pd, +1-pd, +d |py, 1y PP (4.10)
-5, T (por )= [— v2d; —r-pd,+ a]pa i ghobo (4.11)

We see that from (3.2) the vector Ward identities (4.1) for the diagram, TiP(p,r),

5¢1)
with one ¥ are fulfilled which agrees with Ref, {2, 5]. For the axial vector Ward
identity (4.2) we get

' I x
Qo TP (p,r )= 47 my pg rpe™ ™ [dx [dy ~2yp, 1P
0 0

=2y T (p.r )~ 2% P y™P* 4.12)

D;(x,y)

where T4} (p,r) is given by Appendix (A.6). The second term in (4.12) is the mass

independent part which is known as the ABJ anomaly [7], this term has the ability to
destroy unitarity and renormalizability [12]. But in an anomaly free theory this anomaly
part vanishes and unitarity and renormalizability are restored [12]. )

Similarly, for diagrams TP and Ti;5 the vector Ward identities (4.3) and (4.5) are

satisfied. The axial vector Ward identities (4.4) and (4.6) are satisfied for anomaly free
theories. The axial vector Ward identities are:
1

X
Py TP (p,r)=— 4y m? e 1g € PP [dx [dy =
0 0 3(X.¥)

=200 (1)~ 71 P Tp €%, (4.13)

—X1Pap g voho

+X2 Pe, rﬁﬁupm

~1, THO (p,1)=+ 4x, mf pg 1597 }dx}f{dy

0 0 3(%,¥)

=2m T, (P, )+ X2 Pa Tp €, (4.14)

where Ty (p,r) and Ts'tﬁi)(p,r) are given by Appendix (A. 7} and (A.8) respectively.
For the diagram in Fig. 6, using (3.7) we get

(2x~1)

1 x
Tﬁ;}’p (p.1)=—4%BB; m? p,, rﬁe”"m .fdx Idy 5
0o o D3y
=2m; T (p,r )~ 2% B,B3 po p™P™, | (4.15)

—~2,B;B3 py ;petP*
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2x-2y-1
P TSP (p.r)=4xBB; m; pursevggaj dx Jd @x-2y-1)
D3(x,y)
0 0
=2m; T2 (p,r), | @16
1 x
—1, T¥ (p,1)=~4%B,B; m{ p,, rge“pﬁajdxjdyu
D3(X»y)
0 0
=2m; Tﬁ? (P, r). @17)

Where THY(p,r), Tof(p,r) and T22(p,r) are given in Appendix (A.9), (A.10), and

(A.11) respectively. The axial vector Ward identities for THi”(p,r) are satisfied for

anomaly free theory. Note that Ward identities (4.7) and (4.8) are fulfilled directly for
(3.7) (no anomaly parts exist, see (4.16) and (4.17)).

5. THE GENERAL AMPLITUDE FOR THE FERMION TRIANGLE DIAGRAM
OF THE NEUTRAL SPIN-1 PARTICLES

The amplitude of a triangle fermion diagram with general vertices, Fig. 1, which gives a
contribution to the coupling of any chargeless spin-1 particles obtained from (2.2) by
taking into account (3.1), (3.5), (3.6), and (3.7) is

15 (p,r)= [Fl(r+p)“ + B (r-pH ]pOC e PP + [F3(r+p)" +Fy(r-p)¥ ]poc PP
+[Fs (4 p)o + By (r—p)g J€M¥

(5.1)
where,

1
R =G dx dy k=126
and
ey =(o1+0,)y(x-1),  cy=(o;+0,)y(I+x-2y), c3=(o,+0,)(x-1)(x~y),

cy=(o,+0, ) [x(x+3y~1)+y(2y+1)]
Cs m(G, +c52)[pzy(l—y)+r2(x—y)(1wx+y)+2r-py(y~x)]~i—201m?(x -1

c6=(0'1+cs3 )pzy (1—y)+(01+c54 )r2 (x—y)(x—y—1)+05(2r-p)y(x»wy) +20'-§mi2 (x—-2y)
with .
Gﬁ“ém}""é"AlAzA?), GlzBleBB, 02=BI+B2+}33, 03WB2+2B3, O 4= B2+2B1,
T
2

6 5= B; =By, DY(x,y)= p’y(1-y)+r* (x~y)(I~x+y)+2r-py(y—x)-m

The general form (5.1) is useful in obtaining the amplitudes for any triangle
graph with one or three v5. This form automatically satisfies Bose symmetry and Ward
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identities required (see the final form (5.6)). As we choose p,r as two independent four
vector momenta, the form [T*"(p,r) possesses the Bose symmetry

I (p.r)=IT* (- r.-p) (5.2)
for two identical chargeless spin-1 particles with momentum p and r. But the

amplitude TTHP (p,r) has no proper Bose symmetry in the other vertices ([l <5 p) and
(Ve p)
I (p,r,q)# 8™ (a,5,p) (5.3)
and
I3 (p.1,q)# 15" (p.~ ¢, 1) (5.4)
To restore Bose symmetry let us define

1
32 (pur) = [T (. T (.- .0)+TIE ™ (050

TV (p, - g, )+ TP (-1~ q.p ) TR (g, - prv) | (5.5)
which by definition has Bose symmetry in each pair of vertices (W <> v,u <> , and
v <> p). This should be the case of the coupling of three identical neutral particles as
ZZZ vertex function. Then we obtain

P (pr) = [El(r+p)“+E2(r—p)“lpa rﬁevpﬁa + [E3(1*+p)‘r +Ey(r-p)" ]ch rﬁe”‘)ﬁ“

+ [ES (r+p)° +Eg(r—p)° ]pa Iy eV L [B. (r4+p)g + Bg(r—)g €M, (5.6)
where
1
=3h j dx f dy G 1212345678

DY (x,y)
7 C, = (x-—l)(x+y),c2 =(x-D(x+y)+2y(1-y),
Cy=(x-1)(2x~-y),
C,= (x.—l)(x~—2y)+(x—y)(x-—2y—1),C5m (x-1)(x~2y),
Ce = (2y~mx)2- .
C7=(p2+r2)y(ymx)+r-p[ x(I-x)+2y(x~y) ]+£—— m? (3x-2),
Cy=p'y @=x-y)+1? [ 2x(x=D+y(y-3x+2)]+r-p(x-1)(2y-x )+

%m?(X“Zy)

with,

h-m-w!mA B(3+B?), hlm—»—%A3B(1«f«Bz}, h, =»-3»§~A3B3.
2n? 21 2n
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We put in (5.1) A;=A,;=A;=A and B;=B,=B;=B for three identical external
particles coupling.

The formula (5.6) satisfies Bose symmetry for all vertices and satisfies Ward identities
as:

P (p.r) = [(El“Ez p*+(B+E; )T'P+E7 +Eg ]Pa e PP
=2m T8 (p,r )+ 2m; TP (p,r )~ A3B[ ; B2+ 1}%{ rpe PP (5.7)
5 TP (p,r) == (By + By )r? +(E3—E4)r-p+E7wE8 I e
WZsts(p,r)-l-Zm T“p(p,r)+ - A3B(;B2+l}par5e”pﬁa (5.8)

%T#VQ(P’Y):[(EVES)P +(Bg+Bs )r’ “ZY'PEG““zE? ]parﬁemﬁa
=2m, T (p,r)+2m T“"(p,r)~ A3B{3B2+1Jp b (5.9)

where TP, TV THP THP T and Tj“"v are given in Appendix by (A.10), (A.7),
(A.11), (A.8), (A9), and (A.6) respectively. Formulae (5.7), (5.8), and (5.9) are the
expected correct results for Ward identities of the diagram I'™P | since this diagram

contains both AAA and VVA diagrams. The ABJ anomaly parts appear which cancel
in anomaly free theory {§].

CONCLUSION

The general amplitude for the fermion triangle diagram which can produce any coupling
between three spin-1 particles is obtained. For neutral spin-1 particles couplings, we get
the general form which gives the VVA and AAA diagrams which are consistent with
Ward identities. Our general form for neutral particles possesses Bose symmetry and
satisfies Ward identities, In the axial vector Ward identities, Adler-Bell-Jackiw
anomalies appear which vanish, however, after summation over internal fermions if the
theory is anomaly free. All resulting amplitudes obey the proper Bose symmetry and
vector Ward identities required. These amplitudes are consistent with the axial vector
Ward identities in the case of anomaly free theory. The general form for neutral spin-1
particles can be used to calculate the Zyy, ZZy, and ZZ7Z amplitudes in the
electroweak theory.

APPENDIX

1- ¥ in n-dimensions
To calculate the fermion triangle diagrams we use the properties of the Dirac matrices
v* in n-dimensions

{Y“#V }=2g“",gﬁ:n,'1‘r1=4 (A1)

and the properties of ¥ in n-dimensions as [2]
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{}YS’IY;L }:O for u’:O:L'”anmis 'Yg =1,TI’Y5=O
Triys vty vy Jo- diehveP

and
Tr {'Ys 'Ya 'Y‘3 }=O, Tr{'yS 'y{xl yaz ,__,Yo‘zi~; }ﬂo

Ty v Py y s fomdif g e 4 g ey ot P
_gBoghvh g Gk oBr _ oBh couvy j

2- The three point Green’s functions VVP and AAP-diagrams

(A.2)
(A3)

(A.4)

(A5)

We calculate separately all necessary Green’s functions (VVP and AAP-diagrams) to
check Ward identities. Then, using the properties of Y5 given in appendix-1 and

Feynman parameterization. The diagrams in fig Al calculated as
1

1 X .

T (p,r)=——=A,A,A;B, m, [dx [d =l

S(I}(p ) 271:2 1432433403 1(,§ _(l; Y D3(X,y)PO:B

‘ 1 1 x ‘ o
o0 {p,1 )=~ —=AA,AB, m. [dx|d v

5(11)(p f) ) 192803 1m;(,£ K({ y D3(x,y)P“rBe

| P 1 fa pfo

T (p,r)=—=AA,A B, m, |dx|d

S(m}(P r) Py 1932303 ml({ xé Y Ds(x,y)ParB@
T (p r):i(A A,A;)(BB,B;)m }dx?dy (2x—1)py VP
555\ 21’52 1203 AR1P223 10 0 D3(X,}’) o 1B

1 x

o 1
'7{‘;;2(p,r)=2_2(;»;1/:;2;\3)(1?,1]32133)mi [dx [dy 5 (2x-2y-1)p, rBeVchz

' Tt 0 0 XY

1 X
- I
T&?(Paf)=“2'“”§“(A;A2A3)(BleB3)mi [ax[dy x )(1“ZY)Pa %Eu@fﬂ
m 0 o 3N
where D (x,y) is the same as in (3.1).
v, Yy
T?&}) sr)mi3 (ABZ Y5 T:ﬁ;) ,r)mi3,(ABl) 'Yp
v+ \ Ts

a) b)

(A.6)

(A7)

(A.8)

(A.9)

(A.10)

(A.11)
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v

Ts b
T?{FI)H) )2i3 (ABB) P, T555 (P )313 A (BIBZBii) Yp_’
yH ¥s
¢) d
T¥s ¥s
T;ﬁ (Psi")ﬁiS A (BIBzB3) 175, T (p,r):i3 A (BIBZBB 3”07’5
¥s YE7s
e) )

Fig. Al: a),b),¢) The VVP diagrams Tﬁf) , T_,‘,’(pm T;t’?,,) yd), e), f) The AAP diagrams T555 ,
T

5550 Tg‘? . All diagrams satisfy Ward identities.
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