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Abstract-The paper concerns with the investigation of a class of nonlinear singular
integral equations with Carleman shift. Existence results are given by application of
Schauder’s fixed-point theorem to this type of equations in gereralized Holder space.
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INTRODUCTION
Many authors (see for instance, [1,2,5,6,11,15,16,17]) have studied nonlinear
singular integral equations (NSIE). The theory of singular integral equations (SIE) with
shift has been developed in the works of [3,7,8,9,14] and others. The Noether theory of
such equations is developed for a closed and open contour. Detailed exposition of the
subject and its history can be found in monographs {10,12].
Now, we consider the following NSIE with shift:

()= aleJule) + bl u(ee(r) + C("‘) ()df+ Q _ue) 4o

LT 7 —aft) (0.1)
1Ky 2o =, ;_(’_T_%(E)) dved, I{G(i(_)aa,(f)(r)) ir

where L is a simple smooth closed Lyapunov contour, (x(r) is the Carleman’s shift of
L, the coefficients a(t),b(z),c(r) and d(t) satisfy Holder’s condition on L, u(t) is the
unknown function, A, and A, are numerical parameters and the homeomorphism
¢:L — L is the shift changing orientation and satisfying Carleman condition:
alalt))=a,(t)=t telL,
whose derivative o (t)# 0 satisfies the usual Holder condition:
o) -t )< Ak -6l e, 1€ L,

where € (0,1) and A, is a constant.

If the right hand side of equation (0.1) doesn’t depend on u(t), then we obtain

the well-known linear singular integral equation that already considered in [12].
Existence results for equation (0.1) with the shift preserving orientation in a generalized
Holder space H,(w). have been established in [14]. In this paper we shall prove the

existence of the solutions of equation (0.1), in the case of Carleman shift changing the
orientation in the space H, ().

This paper consists of four sections. In section 1, we shall introduce basic
assumptions and notations, which are necessary for our work. In section 2, we study the
invariance of the generalized Holder space for the singular integral operator with shift.
In section 3, we study the Nother property for singular integral functional operator
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(510) in case of an orientation changing Carleman shift. Finally, we prove the existence
of the solutions of equation (0.1) in the space H, ().

L.BASIC ASSUMPTIONS AND NOTATIONS
Let us introduce some definitions, which will be used in this paper.

Definition 1.1 [5,14]. Let o(3) be a function defined on (0,1 ], where [ is the length of
the curve L, such that it satisfies the following conditions:
[§] m(ﬁ) is a modulus of continuity,

fm-(»~)ds I, <eo,

2)sup

350 a)( )

3)8513913(0( )I—st J, <oo,

Definition 1.2 [14]. We. denote by (L) the space of all continuous functions u{t)
defined on L with the norm

]u L = max u(t} .
b) Let the generalized Holder space H,(w) be defined as follows

H (w)u{ua c(L):H()=s LW }

where, ye H, (©)- the norm is defined by:
Iu(tl)mu(tzn )

wll, —1,]

Definition 1.3 [14]. Let R and Kk be positive numbers and the function e(r) satisfies
definition 1.1. We say that the function u(t) in H,(0), t€ L, belongs to the class
HE () i

R

cl(L)

1) |u(t){SR, te L,
2) ul)-ul, Y <Ko (|t ~4,])-

We denote to the nonlinear singular integral operators in the right hand side of equation
(0.1) by the notations
(ApX)=A J f_(i;l‘})) g, (Agur)=a, 1 2@ 4o
L

Hence by definition of shift operator W and singular integral operator § the NSIE with
shift (0.1) can be wri‘ten in the following operator form

Tu =au+bWu+cSu+dWSu+Qru=Apu+WAgu, (1.1)
where ( )
1 . ulr
Wult )= i}, Sult )= ——l—ridr,
ul)=ulol)),  Sult)=—[—=de
and

(@ru)t)= I{KT (t,7)u(r)dz,
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and assume that k. (¢,7) takes the form:
Ko (,7)= Br(t7), o0<y<l
(~2)
* such that the function By(t,r) and its derivatives are continuous functions defined on
LxL.

2.THE INVARIANCE OF THE GENERALIZED HOLDER SPACE FOR THE
LINEAR SINGULAR OPERATOR
In this section we introduce the following auxiliary results.
Lemma 2.1 [14]. The shift operator W maps H** (o) into # f’K{E . E°+§)(a)).
Lemma 2.2 [14]. Let u() be a function in H**(w), then (Su)¢) belongs to the class
H¥*(w), where g,k are some positive constants.
Lemma 2.3 [13]. The operator Q.:H,(w)-> H,(w) With weakly singular kernel
K, (¢,7) is compact operator.
Theorem 2.1 [14]. Let alz)b(t),¢(t),d(¢) be continuously differentiable functions on the

contour L, and conditions of Lemmas 2.1, 2.2 and 2.3 are satisfied. Then the operator
T =al +bW +¢S +dWS + Qr»
maps H, (@) into itself,
Now, we study the nonlinear singular operators A and A, where the
functions F and G satisfy the following conditions:
|F .70 )~ Fly 7,0, ) S Apw” (1 1))+ Broo(e, —7,])+ Crluy —uy] (2.1)

|Gy, 7y,u1 )~ Gty 72,05 ) S Ag” (8, o))+ Boodliry — o))+ Cluy =1y 2.2)
where Ap,Ag,Bp,Bg.Cr and C; are positive constants, co,cu* satisfy definition 1.1
such that :
o (@)Mn(}4)<cw@), &>0. (2.3)
Theorem 2.2. Suppose that the functions F¢,7,u{z))and G(,r,u(r))satisfy the
conditions (2.1)- (2.3) respectively. Then for every ye i f-K (@) we have

1) (A pu)e)e HE5r (w) 2) (Agu)r)e HE Ko oy ,
where the constants R, R,,K and K, dependon R, K, A, A,-

Proof. Putting, .
glt.t)=Flru@), £E1)=G(7.u))

hence, the conditions (2.1) and (2.2) can be rewritten as follows
|8t 71 ) 8(t2, 72 ) < 4,07 (1, — 1))+ Byl - 7,)) (2.4)
|f(70)- £t ) < A0 (1 - 1))+ Bo(r, —7,)) (2.5)
where, A, =Ap, Ay =Ag> B, =B +KCp» B; =Bg + KCg-
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Now, putting
f)= I———g—ﬁd = max ]g(t 7)), Mf—-(max |F@,7)]

(t.0)6 Ll
Firstly, from the mequahty (2.4) and (2.5), we estimate:

7o)< 208 e
s

Id’c <
LTt

<m'Bl,o0)+rM,
where
| |de|<m"dr,

m~ is a positive constant {4].

Secondly, we estimate i )~ fi, 1 as follows:

Suppose |, —1,| < 0,, fix an arbitrary number n, 1<n<a,/|t, —1,|. Draw a circle of
radius o = nft, ~1,| centered at the point ¢, This circle intersects L at two points €, and

g,. The part of L lying within this circle is denoted by €€, .

SV Ay 2{t. ) - gltnty) gy, 1)~ gleg.tn) — dr
‘f(tl) f(le—imrmtl d’”«?("‘1,31)‘{11‘r n f = dr 8(32&2){?_[2.

Therefore, we get

2y F 8, 7) ~ gl 1)) g(t3,7) = 8l12.1) g1, 0) — glty,7)
|F) Fley )< e.fsz i dr| + Efb = dr| + L\;Ez - dl +
(t, =2, Xg (s, 0) — 8(t5,1) _ dv .
e nlen) et mston))

=Il +12 +I3+I4 +15.
Now, we estimate each term of the right hand side of the above inequality:
I < i.' lg(t),7) - gl
E€y ET - tii

tll[d |<2m" B, J’ ()dr_M ! wﬂtﬁsz

where

M, =2m" By (n+1)-
Similarly, we have

I, <M, 1,0 ~1,])

<4, | QTHWHm A (0" (¢, 1)) < #s00(y

where
ﬁ:ﬁ =m*A 5 3
oz -1,})
S Bl — 1| \g%mﬁ—l‘d’fl i 47,01 ~ 1)
where,
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2
Rzé:(n"?"l) mmBg_
13

Also
d | - -
Is <|glty 1)~ gt)] | i SMS[AgC(m%) '+B, L’qtz -}
g, T4
where,
A}5=7E"‘§“M1p .M1= dz .
. L, Tl

Thus,

|j“"(tl)~~~f(rz]sl(ﬂ"/ii T 7R ¢ S v +H5(AgE(ln%)" +Bg)}uﬂti ~1,))
where fq i »i=1-15 are positive constants.
Setting

Mz = {(ﬁi“*“MZ)[w + M3+ Myly *’ﬁ{A&’E(‘n%)ﬂl + By ]} ’
Rp = Mi|(m*BngmU) M g) ’

and

Then, we have

(ApuXye HE % ().
Analogously,

(Agu)te H=" ().
Thus, the theorem is proved.

3.NOETHER PROPERTY FOR SIO WITH SHIFT
In this section, we study the criterion of Noetherity and index formula for
singular integral functional operator with a shift changing the orientation.
Lemma 3.1. Let the coefficients a(z),b{t),c(t} and d{t) belong to (L), and the shift
(84 (t) change the orientation of a closed contour L. Then the operator
T =a(t)l +b{tW +c(6)S +dEWS + Qr 1 H, (w)— H, (»)
is Noetherian if the following two reduced operators 7; and T, of the operator Tare

Noetherian,
=8 +b0W? +2()s +d(ew?s, (3.1
T, =a(o O +b (W2 + &, ()S +d (W3S, (3.2)
where
a(t)= —alt)alle )+ cle)elore))
b ()= b p(e(e)) - d () eele) (3.3)
&(t)= alt)ele(t)) - ale(t))c(e),

d (1) =ble)d(ecle))- blede))ale).

Proof. We introduce the associated operators of the operator T as follows:
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= —afa( )} + bW + clor))S + d (s WS,
T, = —alo_ (¢ + (W + clo_ (£))S + d(eWS.

From [9,10], taking into account that
a(t)s = Sa)l, $*=1I and WS =—SW

and

we obtain the relation
T = (- alt)alo(t) + clt)elode D) + 60 )oler)) - ale)a (et W +
+(ale)e(oe)) - aloe e )s + (ble)alorle)) - blede))a e )W s

Consequently,
LT =T,;- 3.4)

Wu(u(t))=u(Wv(r)),
where u(t)v(r)e H,(w), which leads to the following relation
s = (- alf)alor () + ole)elo, (DN + 0l plale))- d)alede )W * +
+ (aloe (0)ele) = ale)eloy (S + Ble)aledle)) - blede Dale)w s,

TT, =T,. (3.5)
Since the operators 7; and T, are supposed to be Noetherian, then due to Atkinson’s

theorem [10], we get the initial operator T is also Noetherian.Thus Lemma 3.1 is
proved.
Now, we introduce the following notation:

x(t)=(alt)- clt)falet))+ c(alt)))
y(t)= )+ d)fblole)) - dle))) 3.6)
% ()= (a(t) + c(t)aladt) - (o))

()= (b(e)- d@))oldr))+ d(orle)))

Hence, the reduced operators take the form:
Tl“(“xi(f)l"'%(f)w )P ( 01+ yew? )P
( x (o )+ 3, W ? )P ( @y )+ yleWw )P

Where p, = }ﬁ(] + S) are complementary projection operators.

Using the equality

hence

Theorem 3.1 Let a(t),b(t),c(t) and d(t) belong to ¢(L) and c¢) be a Carleman shift
changes the orientation of a closed contour L. Then the operator

T =alt)l +bEW +c(e)S +d(EWS + Qp 1 H, (@)~ H, (0)
with W2 = is Noetherian if and only if

Ar)=(alt)- c(t)falat)) + clale))- (b()+d(t))(b( (1)-dle(e)))#0

is fulfilled. The index of the Noetherian operator T is determined by the formula
, 1
indl' = 5 (arg A(t))L
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4. EXISTENCE OF THE SOLUTIONS OF NSIE WITH SHIFT IN THE
SPACE H , ().

In this section, we investigate the existence theorem of the solution of NSIE
with shift (0.1) in the generalized Holder space g, (w)-

It is well-known (see [4]) that for the operator

T = a(t) + bW +c(t)S +d( WS + Qr >
there exists a regular operator of the form
T = ale{e ) - bleW — clale))s - e ws
which maps ¥ () into H ;7" (o) where R ;, K are some positive constants.
Now, we have
TT = Al + S + Qpz»

where
i = alt)alo(e)) - bleplede)) - el )elo))+ e er)),
i = —al(t)e(ale)) + clt)ala(e)) - b))+ arplalr)),
O mé}Qi +0,T,

and

= (cle)s +a(eWws)(sclo ()~ clale))s) .
Q, = (- dEWS - c(t)S)(Sd (W + d(Ws),
05 = (clt)+ d()w )(Sala(e)) - ale(1))s),
0, = (- c(t)—d W) (b WS + Sb(t W ).
Hence, we can rewrite the equation (1.1) in the form: :
r'ﬁu+ﬁSu+Qﬁu=AFfu +WAGTu. (4.1)
Lemma 4.1 [10,13]. The operator SW +WS is an operator with weakly singular kernel.
Lemma 4.2 [10,13]. When the function g(¢) is continuous, t€ L, then the operator

as$ - Sal is compact,
Hence, From Lemma 4.1 and 4.2 we deduce that the operators @, (i=1-4) are

compact operators. Consequently, according to Lemma 2.3 the operator @ .xis

compact.
Therefore, our aim is to find the solution of equation (4.1). Puiting

A= a0)=()-7@) Ay 0)=All)=a()+ (),

and assume that A (t)#0, A,(r)= 0 onL, hence

A0
e =i oy

Let. Xz 20 then by Vekua-Carleman’s method, [4], the equation (4.1) can be reduced

to Fredholm’s integral equation for this aim we consider the sectionally holomorphic
function
u(©) ;.
= 4.2)
(Z) 2 lz' -z (
where
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ult) =@ ()~ (t) @.3)
and
I u('r) -
o | el T = P D {z). 4.4
m‘[r-mt ¢ )+ @76) 4
where, the dominant equation of equation (4. 1) has been written as follows
s+ Su = A pTu + WA gTu. (4.5)

From the theory of smgular integral equations, [4,13], the solution of equation (4.5) can

be given as follows
u(e)= A\ e Tu)e)+ WA o T )o))-

_AZE) (A (A pTufe)+ acTule)

i L Z(zhz -1)

+AQZEP, ()=h().

where
Z()=X* ()Ael) = X e(fz I)ﬁf)
E(Z)z“‘"‘“‘fjln TT :TZV(T) T, V(t)'“ ~( )+ (I)
and

mt(e)-mt(t)=1.

Consequently, the solution of the equation (4.1) has the form:
u(t)+ [Nz (0 ule e =R () (4.6)
L

with kernel

Nz, t)=m)K 7 (t.7)- (,)f()f K (0,7)

= . dr
L Z(Tl )(’L'l - t) !
which is weakly singular kernel ( see,[14]), where

K x(t,1)= By (17) {0<y<1)

T
(c-1)
Lemma 4.3 [4]. The homogeneous Fredholm integral equation
ult)+ [N el =0 (47)
has no eigen functions if and only 1f

where a(ﬁ ) is the number of linearly independent solutions of the equation 77u =0.

Remark 4.1. From Lemma 4.3, we deduce that the solution of equation (4.6) is
equivalent to the following NSIE with shift:

Du(t)=ult)=h(t)~ [R# @7 (r)dr (4.9)
L
where the function Rz (;,f) is the resolvent of the kernel Npz (t,7)- Since, the functional

properties of the resolvent are the same as those of the kernel. Thus, according to
Lemma 2.3 the operaior
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(MuXt)= iRﬁ (t,7elr )T
is compact on H, (o).
From compactness of the operator Mu for every u{t)e H* (@), we have
My, oy STl () S R+ KT (4.10)
where 7, is the norm of the linear operator » . Putting

Du(t)= ﬁ%(t)[(./\ F’fukt)—t— (WAGqut)]—
_R0Z0), (A 5T Yo )+ WA o T )
mi L Z(e-1)
Al (A p T Y )+ WA o T Yo )
@) (b Tukr,)+ WA Tule,
miooL Z{r, X7y -7)
+#@)Z([E)Py, 1)

dt+R(OZ()P, ()~

miRﬁ {t,7 )d'l“l +td7

(4.11)
Hence, with aid of Leinmas 2.1,2.2 and Theorem 2.2 we have the following lemma

Lemma 4.4 [14]. Let ['(t) be a function in H %7 (). Then £(t)=(DI)¢) is a function
in the class H* ().
Let us endow the class of H!*(w) with the metric of the space of continuous

functions defined by:
u, ()=, (e} = o, — (4.12)

Py, (u;s U, ): pc(r,}(uv u, )mn;i%x
Notice that the class H* (@) is made into a closed, convex and compact metric space.
Lemma 4.5 [14]. Let all assumptions of Theorem 2.1, Lemmas 2.3, 2.4, and inequalities
(2.1)- (2.3) are satisfied. Then the operator D which maps from H ¥ () into itself is
continuous.
Proof. If ,epltX(p), then pepT*T(y), where )= (fu) te L, hence from
assumptions of the lemma it follows that (Du)t)e H ;}K (), te L-

.
£

Now, we prove the continuity of the operator D. Since §is continuous in the metric
(4.12), hence

£, Gt.u(@))= Fe,7,u(c))~ Fr,r,ult))

g|Su

s

u,
Putting

where

£i70 )= file Ty S 24,0% (- 1)

|Gz )= fil7,u, )< 2¢ 4 qul (T)"uz(fn
For y, u, € H, (w) and every fixed positive number U in the interval (0,1), the following
inequality holds (see [5])

|Gz, u, @) £ 70, () S 2470c) (a)* (z —t!))l_v by =y, (4.13)
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we have, for a” e (0,1) such that w*(,.)/ % is almost increasing for every re(0,) .
Consequently,

#

o ()< er® ' (4.14)
Where ¢, is a positive constant. By the relation (4.14), we get

j{ *q; ttll “v |z [<j£—)—” ' dr = m clvjra o g g M Ex 1 e (413
7 o' (l-v
Then, we get

(Aru)(,:) ,’Ll Md A’lf (T T “(’5))

Therefore for every 4, u, e H L(CU) the followmg mequahty hoids

R R e

[

o e Fletne)

d’f “WMIE‘{"IZ,

where
|f1 (6,7 )- f1(I»T»u2)|d’r[ <

71 )

<]

L - o 0 e -1, " ldr
Sl el ;[ “ |¢i'3;}1 e (4.16)

. l&"(l
<ALy P e

=1p (A )[PH,(w)(“isuz )]U ,

I =miA||S| |F e, 7.m)~ Flo,o,u, ) <
<allS], e sl - usf, =
=lLph )rOHL(cu)(ul iy )

4.17)

and
1-v v 1-v_* l (1 U)
llF 521;1,1|Af Cvatc i m;
L =|ir]S], -
Hence, we have '

Pu; (A pug, A gty )<L (A )(rOHL (ot ))v + ey )pHL (o415 )-
Similarly,

Py, (AG%AG% )<l (A )(JOH L (3,45 ) )U Ly L (oay 105 )
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Furthermore, the following estimate holds
[P, Tl
where
T, =ld, +el. +lelbsl. +0l.Isl.
It is obvious that the linear operator W is continuous in the metric (4.12) in H o).
Finally we obtain
01y (D, Dy < -+ M, i, +{ Y21 sl /e J¢

v (llF (A1)+IEG(}‘Q))ﬁv(pHL (ut»uz))J + }
+{p )+ lZG(}'Z))f‘;pHL (410142 -

This inequality shows that the operator D maps continuously H*(w) into itself. Thus
the lemma is proved.

From the above results, we introduce the following theorem

Theorem 4.2. Let the assumptions of Theorem 2.1, Lemmas 2.3, 4.4 and the
inequalities (2.1)-(2.3) are satisfied. Then the equation (0.1) has at least one solution in
the generalized Holder space H, (©).

Proof. From Lemmas 2.1-2.3,4.3,4.5 and Shouder’s fixed-point theorem, it follows that
the equation (4.9) and hence the equation (4.1) has at least a solution ye H f-K (). If

r'(t)={Tu)e), t€ L tien I(¢) is a solution of the equation (0.1) and belongs to the class
H KT (). Thus the theorem is proved.

REFERENCES
. Amer S. M., On The Approximate Solution of Nonlinear Singular Integral
Equations with Positive Index; Infernat. J. Math.& Math. Sci. 19 (2), 389-396,
(1996).

Amer S. M. and A. S. Nagdy; On The Modified Newton’s Approximation
method for The Solution of Nonlinear Singular Integral Equations; Hokkaido
Mathematical Journal, 29, 59-72, 2000.

. Amer S. M.; On Solution of Nonlinear Singular Integral Equations with Shift in
Generalized Holder Space; Chaos, Solitons and fractals 12, 1323-1334, 2001.

. Gakhov F. D.; Boundary Value Problems; English Edition Pergamon Press Ltd,
1966.

Guseinov, A. L, and Mukhtarov, Kh. Sh,, Introduction to the theory of
Nonlinear Singular Integral Equations, Nauka Moscow (in Russian) 1980.

. Junghanns P. and Weber U., On the Solvability of Nonlinear Singular Integral
Equations, ZAA., 12, 683-698, 1993,

Kravchenko V.G., Lebre A.B., Litvinchuk G.S.and Texeira F.S., Fredholm
Theory for a class. of Singular Integral Operators with Carleman Shift and
Unbounded Coefficients, Math. Nach. 172, 199-210, 1995.

Kravchenko V.G., Lebre A.B., Litvinchuk G.S.and Texeira F.S., A
normalization Problem for a class of Singular Integral Operators with Carleman
Shift and Unbounded Coefficients, Integr Equ Opere Th., 21, 342-354, 1995.



236 S. M. Amer and S. Dardery

9. Kravchenko V. G. and Litvinchuk G. S.; Singular Integral Equations with
Carleman Linear Fractional Shift; Complex Variables, 26, 69-78, 1994.

10.  Kravchenko V.G. and Litvinchuk G.S.; Introduction to the Theory of Singular
Integral Operators with Shift, Kluwer Academic Publishers 1994.

11.  Ladopoulos E.G. and Zisis., Nonlinear Singular Integral Approximations in
Banach Spaces , Nonlinear Analysis Theory Methods Applications, 26, (7), 1293-
1299, 1996.

12.  Litvinchuk G. S.; Boundary Value Problems and Singular Integral Equations
with Shift; Nauka, Moscow, (in Russian) 1977.

13. Mikhlin S. G. and Prossdorf S.; Singular Integral Operator; Academy-Verleg,
Berlin, 1986.

14.  Nguyen D. T.; On a class of Nenlinear Singular Integral Equations with Shift on
complex curves; Acta Math. Vietnam, 14, (2), 75-92, 1989.

15.  Pogorzelski W.; Integral Equations and their Applications; Oxford Pergamon
Press and Warszawa, PWN 1966.

16.  Saleh M.H. and Amer S. M.; Approximate Solution of a certain class of
Nonlinear Singular Integral Equations; Collect. Math., 38, 161-175, 1987.

17.  Wolfersdorf L. V.; On the Theory of Nonlinear Singular Integral Equations of
Cauchy type; Math. Meth. In the Appl. Sci.7, 493-517, 19835.



