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Abstract- In this article the properties of attainable sets of control systems with integral
constraints on control are studied. The admissible control functions are chosen from the
ball centered at the origin and of radius 4, in L,, p>1. It is proved that the attainable
sets of the system at the fixed instant of time are left side lower semlcontmuous and
mght side upper semicontinuous with respect to p .

Keywords- Control System, Attainable Set, Integral Constraint

-

y 1. INTRODUCTION

P

The numerodus publications have been devoted to investigation of various properties
of attainable sets of control systems (see, e.g. [1-8] and references therein). The
properties of control systems with integral constraints on control have been studied in
(see, e.g. [5-8] and references therein). In this article the control systems, which are
non-linear with respect to the phase state vector, are considered. The admissible control

functions are chosen from the ball centered at the origin and of radius u, in L,,p>1.

It is proved that the attainable sets of the system are left side lower semicontinuous and
right side upper semicontinuous with respect to p.
Consider a control system whose behavior is described by a differential equation
x= f(t,x)+ B(t, x)u, x(t,)=x, (1.1)

where x€ R" is the n-dimensional phase vector of the system, u is the r -dimensional
control vector, t€[f,,0] (1, <8<oo), f(t,x) 15 n- dlmensmnai vector function and
B(t,x) is (nxr) -dimensional matrix function.

It is assumed that the realizations u(?), ¢ € [¢,,6] of the control u are restricted by
the constraint .

ﬂlu(f)"pdf = /«ta , p >1 | | (1.2)

iy

where o >0, ||denotes the Euclidean norm. It is assumed that the following

conditions are satisfied.
A. The functions: f(¢,x) and B{z,x) are continuous on (¢,x) and locally Lipschitz

with respect to x i.e., for any bounded subset D clt,,6]xR" there exist Lipschitz
constants L, = L, (D) =0, (i =12} such that
|i <pf-xf, |

< inlx* -xg
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forany {£,x"),(t,x.)e D.
B. There exist constants ¥; >0 and ¥, >0 such that
enl<snah.  [Be.o]<y, -+
for every (z,x)€ [1,,0]xR".

Every function u()e L,11,,61, (1< p <o) satisfying the inequality (1.2) is said to
be an adrmsmble control functlon The set of all u(-) admissible control functlons is
denoted by the symbol U,

Let u, (Ve U »- Lhe absolutely continuous function x.(#):{z,,6]— R", which
satisfies the equation X.(¢) = f (t,x,ﬁ(t))«%B(t,x*(t))u*(tj a.e. in [t,,0] and the initial
condition x,ﬂ(to)zjcﬂ is said to be solution of the system (1.1) generated by the
admissible control function u,(-). By X {1, %,) we denote the set of all solutions of .
the system (1.1) generated by all admissible control functions u(-)e U ,- We set

X, (i1, %) = (D) € R" - x()€ X, (14, %,)]
Z,(ty %) = {6, X0 € 11, 61X R” : ()€ X, (1, %)}

X, to,xo) is called the attainable set of the system (1.1) with constraints (1.2) at
the instant of time 7. It means that the set X o (Bi15,%y) consists of all xe R”, at which
the solutions of the system (1.1), which are generated by all possible controls u(he U,
arrive at the instant of time 7€ [7,,8]. The set Z o5, %¢) 1s called the integral funnel of

the system (1.1) with constraints (1.2).
Tt is known (see, [6]) that the attainable sets X , {1y, %) are compact for every

t€ [t,,0] and there éxists a cylinder

D={e.x) e, 01xR" : | < r} | (1.3)
such that Z ,(ZysXy) C D forany pe (1,00). Here r > 0 is a constant depending on Xg
H, and y, and ¥, defined in condition B. From now on D will denote the cylinder (1.3).

2. SEMICONTINUITY OF ATTAINABLE SETS

Suppose H > 0. The symbol U, denotes the set of all admissible control functions
u()e U, satisfying the geometric constraint [lu(t)f < H for every 1€ [1,,6] that is
U =luOe U, u@| < H foralle [1,,61)
By X (14,%,) we denote the set of all solutions of the system (1.1) generated by
all possible control functions u(-)e U f . We set
X (114, %) = {x(t)e R" 1x()€ X7 (Io,xo)}

We denote by
o(E,F)=inf{r>0:Ec F+rB, FCE+rB}
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the Hausdorff distance between the sets E, F c:“ R” whcre B is unit ball in R”

Following proposition has proved in [6}
Proposmen 2.1. The mequahty

a(X (t ro,xo) Xhr (t to,xo)) < HK ]

holds for al; 'ZE [t(jv } Hcre- KZZKI/J(‘;?(}'*'Q‘?H); ¢, = Li(g—;0)+L2ﬂ0(9__to) 4

Coroliary 2.1. Let p >1 Then for any £>O there exist 2‘(8)6 ©,p. ~1),

H, >0 such that for all H p H the mequahty
cx(X (z re,xg) X (r to,xo)) £
holds for all pe (1+Z’(8),2p ) and te [to, ].

Proposition 2.2. Let: p* >1, H >ty , H >4, and H, > H, . Then for every
g€ (0, 14,) there exists &, = 5 (E)e (O pe - 1) such that for any pe (p, ~8,,p.) the
inclusion '

XM, zo,xo) c X”2 (it X,) +E KB
holds for all 7€ [ie,ﬁ} . Here K, =0 is constant.

Proof. We set

pe

P, = max<1, (2.1)

1+log, —*
PR _
It is obvious that p, € [l, p,). Let €€ (0,x,) be a fixed number. One can to show
that there exists k(&) > 0 such that

Pa - p

miﬁ—[ﬂj . 1—(—5—] "<l 2.2)
H, Hy Ky H,
for every pe (p. —h{g), p.). Now we set

8,(€) = min{h(e), p. — p,} . (2.3)

Let x()€ X ¥ (z),x,) be an arbitrary solution of system (1.1). Then there exists
u(Hel f' such that

x(t) = x, + r_[f(z', x(T) + Bz, x()u(r)dt

holds for all 7€ [2,,6].
Let us choose an arbitrary p e (p, —J,(€), p.) and define control function
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uo(t) = u(t)”u(r)” » ,uo , 1€ [2,,6] (2.4)
By virtue of (2.1) and (2.3) one can to prove that u,(-)e U, | For the solution
x.(Y€ X" (1, %,) which is generated by m()eU",

X,(8) = x, + j F (7, x.(D) + Bz, x. (D), (2)d T

Iy

holds for all. re [2,,€1. By the condition A, the solutions x() and x,(") satisfy the

inequality

[x@®) - x, (;)][< j(L + Ly @) - x.(2)dr + &, ﬂlu(r) w(o)dz (2.5)

forevery te [z, 67] where K, = max "B(r x)|. By (2.4) we have

a9

- jﬂu(r) —u(7)dr = ;mu(z')" f— ( ”_Lf[_if)_”J_;,m

For £e (0, 14,) we denote

4 =frep,n:0<u@)<e), B = et e <u)<m,).
Then we obtain

f””f( ol [ ot <0)HJ - Juof [ !u(r)ll}

o (2.6)
+ mu(r)ul “(-v«-——uu(r)“J " laz
8 Hy
It 1s not difficult to verify that |
nu(f)uz_(MJ "o
Ay

forall ze A/. Thus,

j][u(r)u ( ””(T)HJ dr<e@-1,). @.7)

My

Since & <|u(v)| < H, forevery 7e Bf, then

(o) ()

e D

)
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for every 7€ Bf. Since pe (p. —9,(€), p.}, then it follows from (2.2) and (2.3) that -

1_[llu(r)ll]“?' L £
ﬂo H%

is satisfied for all Te BY. Thus we obtain that

Ll {liu;r)ll) .

0

holds for all 7€ B and consequently, the inequality

e

ﬂpwjﬁ{%ﬂ} P dr < &(f-1,) (2.8)

5 0

is verified. By virtue of (2.6)-(2.8) we have that
ju @) (“ ue )”} dr <266 -1,)

is verified for every t € [¢,,47. It follows from here and (2.5) that

() - x. (0| < j (L + L oP|x(e) — x.(D)de + 2K, 66 ~ 1,)

holds for every 1€ [t,,6]. Using Gronwall lemma and Hoider ineguality (see e.g. [9])
we obtain that
|5 — x. () < 2K, &(8 — 1, )1 + cle(* )
m
is true for every t€[t,,6] where ¢ =L (0~1,)+ Lo, (0-1,) *» Since
pe (p.—d,(€),p.) is arbitrary chosen, setting K, = 2K, (8 —£,)(1+ce™) we obtain

the proposition.
By the virtue of proposition 2.1 and proposition 2.2 we obtain following theorem
Theorem 2.1. Let p. > 1. Then for every & > 0 there exists & = 4 (¢) > 0 such that

forany pe (p. -3, p.) the inclusion
X, ity x0) © X (18, %)) + €B
holds for all r€ [1,,6].
Proof. By corollary 2.1 we have that for any & >0 there exist 7(¢)€ (0, p. ~1),
H. > u, such that for all H = H., the inclusions

X, (5 %) © X 2 1 to,x0)+3B 2.9
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X C X, (z;:O,x0)+§B | @10
holds for all pe (1+7(¢),2p.) and 1€ {t,,6]. | o

Let H,>H.,>p,, H,>H. > u, and H, > H,, Then by prOposm(m 2.2 for every‘ o

g€ (0, 4,) there exists 9, = 4, (¢) >0 such that for any pe (p. - é‘*,p*) :

XHE(I f@,xo)(.: X "(l‘ to,x9)+§B : (211) S

holds for all 1€{1,,0]. Let §(¢)=min{d, (8) . —1-7(e}} It follows from (2.9)—: |
‘(21I)thatforevery pe (p.~8(&),p.) o

Wy x) C XD (@ rﬁ,xe)+3BC“X (t;t(},x(})+%€3(:Xp(r;to,x0)+{;‘B.' 

~ holds for any t € [¢,,6]. This completes the proof. .

It follows from theorem 2.1 that the set valued map p — Xp(t;r(,x(}) , PE (1,00) 18
left side lower semicontinuous with respect to p .

Proposition 23. Let p.>1, H >pn,, H,>pu, and H, > H,. Then for every
£€ (0,4,) there exists &8, =9, (&)e (0,p.) such that for any pe (p.,p. +3,) the
inclusion :

' X B (tyty,x)) © X (6524, %,) + K.€B
holds for all ¢« [2,,8]. Here K, 20 is defined in proposition 2.2.

Proof. Proof is similar to proof of pi'opositioﬁ 2.2, Let

P, = min{me, gl{h“log,,,2 %}} ' (2.12)
TH,

It is possible to verify that p, € (p.,2p.]. Let €€ (0, 4,) be a fixed number. It is

possible to verify that that there exists A.(&) > 0 such that
P bope

_£ o (f&] - {mﬂ} Tl 213
H, Hy Ay H, _ _
forevery p€ (p., p. +h.(€)) . Now we set :
8,(8) =min (k. (&), p, — p.}. - 2.14)

Let us choose arbitrary pe (p., p. +0,(€)) and let x()e X fi (t,,x,) be any

solut;on of system (1.1). Then there exist u(}e U %2 such that
: x(f) = X, + Jf(r,x(f)) + B(7, x{(T)u(7)dT

holds for all ¢ € [¢,,6]. We define a control function
pe=p

u(z)mu(:){[u(r)n Uy 1€ [1,6) (2.15)
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By (2.12) and (2.14), it is not difficult to show that u.()e U fj . For the solution
x.()€ X 1 (t,x,) which is generated by w,(yeU’,

X (£) = x, + j £(7, %.(0) + Bz, %, () (D)dT

holds for all 7€ [z,,6]. By the condition A, the solutions x(-) and x.(?) satisfy the
mequahty

lx(e) - x. ()] < j(L +L Hu(z‘)u)ux(z‘) x*(f){[a"!:JrK jﬂu(z-) u(r)dr (2.16)

for every t € {t,,6] where K. = max|B{t,x)i. By (2.15) we have
0 U (rxeD

flu(e) ~w.@)dz = flucof 1-(%@% " lar @17

For €€ (0, 4,) we denote
4 =fre,n:0<u@|<el, B ={rels,n:e<u@)|< H,}.  (218)

Taking into consideration (2.13) and (2.14), one can similarly to proof of
proposition 2.2 to prove that: the inequalities

Jucol [““( )“] ldr<e©-1,). ﬂ% @l (IMIIJ dr<8@-1y).

hold. Tt follows from here (2.16)-(2.18) that

() ~ x, ()] < j(L +Lﬂu(r)[|)|§x(z~) x, (r)udr+2K e@—1,)

holds for every t€ [£,.0]. Usmg Gronwaii lemma and Holder inequality (see e.g. [91)
we obtain that -
() = %, ()] S 2K,8(8 = 1) + c,e™)

is valid for every tefr,,d] where ¢ =L (0—t)+ Lyto(0-1y) 2 Since
pe (p., p. +0,(&)) is arbitrary chosen, setting K. =2K,(0—1,)(1+ c,e") we obtain
the proposition. ‘ |

By the virtue of proposition 2.1 and proposition 2.3 similarly to theorem 2.1 the
following theorem is obtained.

Theorem 2.2. Let p. > . Then for every & >0 there exists S =8 (£)>0 such that
forany pe (p.,p. +90) the inclusion

' X, (1319, %) © X, (120, %) + EB

‘holds for all 7€ [z7,.6].
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It follows from theorem 2.2 that the set valued map p - X, (551gx,), pe (Leo), is
right side upper semicontinuous with respect to p .

- 3. CONCLUSON

The obtained results can be used in numerical computations of the attainable sets of
nonlinear control systems with integral constraints on control,
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