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Abstract-In thlS paper, under certain conchtxon the Fredholm Volterra mtegral equatzon

of the first kind is solved. The existence and umqueness of the sohmon is considered.
The Fredholm integral equation of the second. klnd is estabhshed from the work, and its
solution is also obtained. :
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' "~ 1. INTRODUCTION

7 - Singular integral equations arises in many problems of mathematical physics, in
the theory of elasticity, viscoelasticity, hydrodynamics, biological problems, population,
genetics, and others. On the other hand, many authors are interested in studying the
different methods for solving the singular integral equation, (see [1,19,25]).

Over the past thirty years substantial progress has been made in developing
innovative approximate analytical and purely numerical solution to.a large class of
singular integral equation. The solution of these problems can be obtained analytically,
using the theory developed by Muskhelishvili [15,16]. The books edited by Green [2],
Hochstad [7], Popov [5] and Tricomi {4] contained many different methods to solve the
integral equation analytically. The books edited by Golberg [13,14] contain extensive
literature surveys on approximate, analytical and purely numerical techniques. The
interested reader should consult the fine expositions by Atkinson [10], Delves and
Mohammed [12] and Linz [27] for numerical methods solution. Kovalenko [3] obtained
a Fredholm integral equation of the first kind with singular kernel “when the mixed
problems of continuous media with boundary conditions specified on a circle is studied.

In [16] Abdou solved the Fredholm integral equation of the second kind, which is
1nvestigated from the semi-symmetric Hertz problem for two different elastic materials
in three dimensions. The solution of the three dimensional contact problem of two
different elastic material obtained, and the stfucture resolvent is, also, éstablished in the

domiain of contact Q= (x,y):yx2+y2 <a,z=0 in the work of Abdou [15].
Kauthen in his work [9] used a collection method to solve the Fredholm-Volterra
integral equation numerically. In [11] a projection method based on the Fourier theory
is used to obtain an approximate solution for linear Volterra-Fredholm integral equation
of the second kind. Burner, in his work [6], used collection method to obtain,
numerically, the solution of nonlinear Volterra-Fredholm integral equation.

In this work, the Fredholm-Volterra integral equation is considered under certain
conditions, and the solution in series form of a Legendre polynomial is obtained. The
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existence and uniqueness of the solution is taken in mind. The convergence of the series
is discussed.

2. FORMULATION OF THE PROBLEM

Consider an elastic material of strip (G v) of thickness h. Occupying the region
, lies without frlcuon on r;.g1d eIasuc layer surface h(x) describing it.

Cons1der a r1g1d rectangular stamp of width 2a is impressed into the boundary of the
strip y-»h through a function of time F(t), 0<¢<T <<, by a constant force p <o,

whose eccentricity of apphcatlon e. Here v and @ are the Poissor’ E coefﬁment and the
displacement module’ of each material, respectwely

Assume the frictional forces in'the contact area between the stamp and the stnps are o
small that it can be neglected.

It is known [15] that such a problem 1eads us to the followmg boundary value prob}em

Al K[é }fb(é t)d5+AJF(r)¢(xr)dr- [5(t)+ (e e —n(x)]= nf(xt)

-1 /‘LE
e L (2.1)
|2 < L, fé [o,T]_ JAis a_C'c_ms-tant ).1 € [(0,0°)].
1 °7 tanh S(u) zuy o Z“x )
K —— d , =
= ;£_8<> P%J -
- (2.2)

under the coﬁditioné‘: _ , .

S 1 .

p@) = [9pE)HE . M@= f&¢(§,r)dé
=1 . . -1

Here 5(t) is the ngxd d1splacement under the acuon of a vanable force P(t) and oft) are
thethstmgofM(t) 0<t~<T~<oo o : . &

3 THE SINGULAR KERNEL OF THE PROBLEM o

Foxmula 2. 2) can be written in the form (see [5})

K(Y)=-- T w H'lydu_.‘

3.1)
2_. S G-h

~In

tanh I



Fredholm-Volterra Integral Equation in the Contact Problem 159

when 7& ~———>oo, yls sufﬁcwntly small that it satlsﬁes tanh y y we have L

e
= h?léff‘il‘"d [d=h? —i)

.

In |tanh w
) 4?»1

-~ ‘ (3.2)
Substituting from (3.1) and (3.2) in equation (2.1), then we have:

1 .
% {[-1nfe - x| + dJolg.t e + x} F(t) o(x, T )T = nf(x, t) (3.3)

4. METHOD OF SOLUTION

If we divide the interval [0,T], 0 ¢ <T <oo, in the following form

< = i m =
_Q__t0~<t1~<t2....~<tn T, Let tk’ k=L2,....N.,

the second integral of (3:3) with the quadratic formula y; (j=1,2;...k ) gives ]
[F@)¢xoydr= 3 u F)¢(xt )+0rP)  (p2k): R
o i=0 J J J .
where
h, = h,, h.=t, .~t,
IS w e A R LS W |
The characteristic points of (4. 1) with the quadratlc coefficients uj are explamed in [12}
Hence (3.3) becomes IR : . :

%-J‘[-lnlé‘ i+d]¢(é§z YdE + 2 W FC 0 )= fnt) e 42)
R @

U [ e - (o, +alo, @ a +Aj w0 (0=t (0
The formula (4.2) can be adapted in the form
where

ty )"uk Fk
The general solution of (4.3) can be obtained by using the recurrence relation, for
example at k = 0, we have the integral equation

1 o
?»f[wlnléwxl+d]¢0(é>dé:nfeoc) - @

Many different methods are used to solve equation (4.4) Abdou and Hassan [18] used
potential theory method to obtain the function ¢, (x) which is the solution of (4.4) when

the given function takes a Chebychev polynomial form. Also in [17] Abdou and Ezz-
Eldin, solved the integral equation (4.4) when the free function takes a Chebychev
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polynomial form by using Krein’s method. In [16] Abdou obtained and derived many
spectral relations in the form of eigenvalues and eigenfunction of the formula (4.4) the
leader work for the different methods to solve (4.4) can be found in [26] in the form:

11 j1oq2
n?\. Vi—

e T — P+—f ety . (4.5)

where

=29 p_ fgc0a

Letk=1,in (4.3), we hwa:ve

oy &) (x)+ xfl[— tnfg — x| +d]o (©) & + Ay By (0 =nf, (x)

4 (y)
dy

: (4.6)

to solve the integral equation (4.5), we differentiate it with respect to x, to get
d i d
i, (b} _‘X_{ @;(E) F’m'.rcgl(x)
- dx E-x :
where
A
g, (X) f (X)— U-o E @a(x)
4.7y

Assume the solution of (4.7) in the Legendre polynomials form

6,0 = 3.CVP, (0 - o (4.8)
n=0 .

Where C.”are constants and P,(x) are the Legendre polynomials. If ¢,(x)e L,(~11),

the polynomial series of (4.8) is also convergent.
The Legendre polynomials satisfies the orthogonal relation form (see [81)

4.9)
) 0 m#n .
| Pq (x) Py (x)dx = 5
-1 m =1
2n + 1
Differentiating (4.8) with respect to X, we have
’ S~ pl) N
B(x) =D COPO(x).(1-x) "
n=0 o
(4.10)

A}s_o,'the free term g;(x) can be represented in the formn
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g, ()= Zgﬁﬂ%m<1x)y

, (4.11)
Where g are constant terms, which can be determined by usmg the orthogonal relation.

I g(x)e L,(-L}1), the polynomial series (4 11) is also convergent to ‘g(x) in L (~L1).

While P'™(x) is the assoe1ated Legendre polynomlal of the flI'St kind, which satisfies
the orthogonal relation.

(4.12)
I 0. m#Em o
jp;‘(x)P; Gdx={_ 2 @+l
- n+l -k
(see [8] pp. 808)
Hence, the integral term of (4.7) can be written in the form
j¢1(§) dé: ZEC 0. (x)
(4.13)
(See [8] pp. 835) TR
Where
0 (=2 _f (y)
20 x— y
B e o . @14
In view of equation (4.11), the values of gn ) of (4.11) takes the form
g = w””j(wlxpmm
(4.15)

Hence, substituting from equations, (4.10), (4.11) and (4.13) in the integral equation
(4.7), we have

Py i ClQ,(0) = Z (g™ + 1, CP P ()

- _ (4.16)
Multiplying both sides of equation (4.16) by P, (x)dx then 1ntegrat1ng form -1 to 1 and
with the aid of the following integral relation  (see [8 ]pp 807)



162 o ' - A/A El-Bary

; 0 m=m#1)
j V1-x% Q,(x) P (x)dx = =2(m + DL+ (=1)"™] o
" n#xm=#1l)
= (m——nml)(m~n+1)(m+n)(m+n+2)
_ S (4.17)
The formuia . 16) takes the form :
@m+D) 1+(1)“m c .
cDiy [ ] =ng) (418)

”1 m o T o@m-n-D(m- n+1)(m+n)m+n+2) m

The infinite system (4.18) can be represented in the two mﬁmte system of even and odd
case, :

where

M1 %am ™ 2 Paman *20 =" %om ~Pom o @.19)
(for even function) |

M Xom-1 _n;:] b2m+1,2n—1 K1 =00
(for odd function)

where

2(2n+1)[l+(—1)” ‘*"'”J

MR (m-n—-1)(m =n+D(m+n)m+n+2)

bm,m—~1 mbm,md-l

For the convergence of the infinite series (4.19) we must have the inequality (see 8hH.

-=Q

Z'lb <S (m=1)
L e :
Where
(4.20)
. ‘:_2_4 ¥ 2n+1
4 n_?,n(n 2)(n+1)(n+3) . o ) L
when n — o in (4.20), we have S, «% L 42D

Similarly, at k=2, we have an integral equation:
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g 0y 4 [ Lnle- 5 aloy© 08 = w00 -ugfggo0-ufy® -

o (4.22)
Differentiating equation (4:22), we have . i
Let @z(x) = 2 CIl Pn(x) TR B ) - (423)

By followmg the same prevmus method, we get - o BN o
Wi-x2 z C(Z)Q )= z ( (2)+ulc(2) 0y CS)J ‘.(1)_.(3{) (4.'2_4)'

Multlplymg both sides of equauon 4. 24) by P“) dx and mtegratmg through the mterval
[ 1 1], then usmg the relauon (4 16), we obtain '

(2m+1)[1+( 1)‘1““}0(2) o L

M2C(2) -u FC®+ E _

11 “ (m-n- 1)(m nDmEn)min+2) oo

- | TR

whereC( )is glvenby @ 17) s

In generai we get for (m > 1), the foilowmg

© 5l 6 — (2m.+-1)[1+-<-1)“ '.*-”m} oo (k) i
Co ~ Z UEC +2z ~ e k% 0)

--j 133 m - pn=¢ (@nhm- n+1)(m+n)(m+n+2) m o

(4.26)
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