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Abstract-In this arucle we use the auxﬂxary princ:lple techmque to prove the existence,
uniqueness theorem of solutions for the general norlinear mixed ~variational- hke,
inequality and spemal cases, whlch can be obtamed from our main result are also
discussed.
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‘L INTRODUCTION :

The theory of 'monotone (nonlinear) operators 1n._general- and the variational
inequality in particular have generalized a tremendous interest amongst mathematicians.
This is because of the wide applicability -of the ‘variational inequality in-nonlinear
elliptic boundary value problems, ' obstacle problems, -complementarity problems,
mathematical programming;. mathematical economics and many others area, papers
which concern differential equation and variational inequality are too many to cite. We
will only cite [1], {6], [7], [12] and [13]. In recent years variational mequahty problem
has been extended and generalized in mainy different directions.

_Varjational-like inequalities introduced by Panda and Sen [11] is. one of the
generahzed form of variational mequaizty problem For further. detail one may see [2,.3,
4, 10, 14, 16, 17,.18] and the. references therein, There is aIready literature a substantial
number of numerical methods for computing the numerical solution of the variational
inequality, and complementanty problems We note’ that the prcgect:on technique and its
variant forms can no longer be applied to suggcst the 1terat1ve type algorithms for
variational-like mequahtles ‘

This fact motivates us to use the auxiliary principle techmque of Giowmskl
Lions and Tremoliers [5] and earlier developed by Noor [8] to prove. the ex1stence of
this umque solutlon of the GNMVLIP.

Let H be a real Hilbert space with norm and i inner product denoted by 1.1 | and {s)s
respectively. Let K < H be a nonempty closed convex subset, and the form
b(.,.):HxH~+H be a non-differentiable and satisfy the following properties:
(i) b(u,v) is linear with respect tou, . .
(i) . . b(u,v) is bounded, that is, there exists. a constant >0, such that -

o Ib(u, v)l<y|!u|l|ivi! forallu, veH. R ¢ W)
(i) b(u,v)-b,w)s blu,v~-w), forailu v, WGH S (1.2) _

We need the following concepts. . .

Deﬁnltlon 1.1 [15] For all u; ,u,eH, the operator N( ) HxH——>H 18 sald to be relaxed
Lipschitz contmuous, Lipschitz contmuous with reSpect to flrst argument, if there exist
constants ¥ > 0, r >0, such that :

(NGx1, ) = N(xz, ) ur —ug ) S = || w-u 12 forallka Aw),i=1.2.
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and '
| INGus, ) =Nz, ) < llu=w |l
In a similar way, we define the LlpSChltZ continuity with respect to second
argument of the operator N(., . ).
An operator A7 H — C(H) is M-Lipschitz continuous, if there exists a constant v
>0 such that for all xi in A(uy) and %z in A(uy), and
[Ixi— %2 [ S MCAQY) , A(w) < U||U1—
where M(.,.} is Hausdorff metric on H.
Definition 1.2 [9]: The operator N(.,.): HxH->H is said to be
(i) strongly monotone, if there exists a constant 6 > 0, such that
o o(v,w,v-uw zollv-u [I? ,forallu, vin H;
(i1} Lipschitz continuous, if there exists a constant ® > 0 such that
Hnw,w <o llv-ull ,forallu,vinH.
Definition 1.3 [9] : Let the operator n(.,.:HxH—H and operator g:H->H, then
(1)  gis said to be strongly 1-monotone with constant ¢ > 0 such that
- (gun) ~ g, n(ur, w2 e Hup—up |2 forallug, weH;
(i) gis sazd to be Lipschitz continnous with constant §> 0 such that ul,uzeH
. e -g ] < B [lug=u,ll. -
Assumptlon 1.1: The operator n(.,.):HxH—H satisfies the condItlon
N(u,v)+n(v,u)=0,forallu, veH,
‘Clearly n(a , u) = 0, for all ue H, an assumption used in [2, 11, 17 jto study the
existence of a solution of variational-like mequalltlcs problems.
Let g: H— H be a single-valued mapping and A, T: H—C(H) be the multivalued
mappmgs where C(H) be the family of nonempty compact subsét of H. Gwen operators
Nn: H><H->H we consider the problem of finding ue H, xe A(w), ye T(u) such that
(g(u) ~N&x,y),nv,w))+blu,v)-blu,w) 20, forall veH, (1.3
which is called the general nonlinear mixed variational-like mequahty and has many
apphcatlons in engineering, optimization and structural analy31s see [1 2, 6, 7 13 16]
and the references therem
Special cases:
IFNx,y)=x-y,andn(v,u)=v - g(u) Where 2 K=K and b(u u) = b(v u) 0,
then probler (1.3) is equwaient to fmdlng ue H, xe A(u) y € T(u) such that g(u)@ K
(gu)— (x—y),v—g) =0, for ve H, (14
which is called generahzed vanatlonal mequahty problem conmdered by Verma f15].

2. MAIN RESULT

In this section, we prove the existence of a solution of the general “nonlinéar
mixed variational-like inequality problem (1.3) by using the auxﬂlary pnnmple
technique of Glowinski, Lions and Tremoliers [4].
Theorem 2.1: Let the operator N(.,.): HxH— H be relaxed Lipschitz continuous with K
>0 and LipSChltZ confinuous with constant r > 0 with respect to the first argument Let
the operator' N(.,.) be a Lipschitz continuous with constant s > O with respect to the
second argument, and A, T:H—C(H) be M-Lipschitz continuous with constant v > 0
and & > 0, respectively. Let n: HXH-—H be strongly monotone with constant & > 0 and
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Lipschitz continuous with constant © > 0; let g: H— H be a Lipschitz continuous with
constant B > 0 and strongly 1- monotone with respect to 1] with constant o > 0. Let the
form.b(.,.) satlsfy the condition (i) — (ii1), if Assumptlon 1.1, holds that
| 0<p<2(q-% (q*-r20®7,
'  pg<land kx<rv <gq,. e

where (B+ru)(1 20+ ) +s8w+y+p, '
then there ex1sts a solutlon set ue H, x€ A(w), ye T(u) saﬁsfymg the problem (1.3).
Proof: -
Existence: We used the aumhary principle technique of Glowinski, Lions and
Tremoliers [5] to prove the existence of solution of general nonlinear mixed variational-
like inequality problem (1.3). For a given ueH, we consider the problem of finding
ze H, xe A(u), ye T(u) satisfying the auxiliary variational-like inequality

z,v-z)2Q,v-2)-p{g) - Nx, y), ne, Z)> P b(u,z)—pblu, ), 2.2)
for all ve H, where p >0 is a constant.

The relation (2.2) define a mapping u = z. In order to prove the existence of
solution of (2.2), it is sufficient to show that the mappmg u — z define by (2.2) has a
fixed-point belonging to H satisfying (1 3). In other words, it is enough to show that for
a well chosenp >0,

Hay=z H<9 Hul u il with3 <8 <1,

where 0 is independent of u; and u; .
- Letz, z; €H, z; # 7, be two solunons of (2. 2) related to Uy ,ug eH, respectwely Taking
v = 7, (respectively z,) related to w (respectively uz ), we have

a2, - z) <P (g (ur) = N(x1, y1) , n(zz, Zx)) +p by, z1)
- p by, ).
(22, 21— 22) 2 (uy', 2 ~ Z3) — P (g (w2) ~ N(%2, y2) , (21 , 22)) + p buz ,'Zz)_
- pbuy, z1).
Using Assumption 1.1, addmg the above mequahtles usmg (i1)- (111) and rearrangmg the
terms, we obtain
(Z1~ 22,21~ 22) S(Uy~ U, 21— 22) P (g (uz) g (u2) = (N(x1, y1) = N(Xz Y2 )0, T](Zl Zo
)) +p0 b(lh—-‘ug , 22—21) ;
S{ur-uz , 21— z2)-p{g ) - g, M@, z2) +p (N, ¥) -NX3,¥2),
Nz, z2 ) +pblu—u2, 22-7)
S{ui—us+ p(N(X1,}’1) N(x2,y)),21~22) ~p{NEL,y)- N(Xz, Y1) 21—22
~N(z1,22)) + P {N(xz, 1) = N(X2, ¥2), M(Z1, 22)) + p blus ~ 12, )

22— 21)— P (glu) —gw) ,zi-z) +p(glm) ~glwz) , z1—2% T](Zl 2 22 )>
from which it follows that

21—z |17 < | lw—uarp (NG, yn) - N(xa,y) 1] Hzi-2, |
4 pll N, vy - NG, yo I Hzi—z2-n(z,z22) 1
+DHN(X2,Y1) Nx2,¥2) Il Iz, 2zl + pyllug—uall Hzy =2,

+pll guy) - g | HZI’"”ZZH + pl!g(ux) - g(w) || Hzi~2 -z, )l

. (23)
Since the operator N{,,.) is relaxed Lipschitz continuous and Lipschitz continuous with
respect to the first argument and A:H~»C(H) is M-Lipschitz continuous, so
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|Jug— v+ p (N(xs, y1) =~ N(x 2, yo)) 112 < Hul—uzll
- +2p (N, y) - Nx2,y1, ulmu2>+p JING S, v - N(x,z,yi)llz'
<{1-2%p+p 0] Hu-ig |2 (2.4)

Using the Lipschitz continuity of N(.,.) with respect to the second argument and M-
Lipschitz continuity of T, we have

_HN(Xg,'y;)—N_(xQ,yz) | <s ||}’1—Yzf|
o o S5 M(T(uy) , T(@2)) .
<58 ||u;~uz|| (2.5)
Again, 1 is strongly n -monotone and Llpschltz continuous, so-
HZ1 Za-N(z1,22) |12< [|2i~2, | ~2<Tt(21,22) yZ1~Z3)
“71(21,22)”
<(1-20+’] llz-nll2 @6

And g is strongly monotone, we have L
| lgu) ~gu) ] < B | [ul uj [l _ (2.7)
From (2 3) - (2 .7) and usmg the LIpSChltZ contmmty of i, we have

21~ 22 <112k p + p° ‘l) r )“2+ip {(B+rv)(I20+0’ )”2+86m+y+B
di1—Uz
=l +qpl lw=-uall, using (2.1)
=0 [lu-u,]l, | (2.8)

where @=tp)+qp, Hp)= (1-2xp+p> v2r%),and
a=B+10)(1-20+0")""? +s80+y+f.
We have to show that 8 < L. Iti is clear that ((p) assumes its minimum value
for

p* = k(@@ V)™ with €p*) = (1 - (k\rv)?)!1'2,

For p = p*, t(p) + q p <1 implies that g p < 1. Thus it follows that 6 < 1, for all

p with | '

o 0<p<2(q-%) (q*-1r*v?*)7}, pg<land _K<I‘U<q

Since 0 < 0 < 1, so the map defined by (2.2) is a contraction map and consequently, it

has a fixed-point belonging to H satisfying the problem (1.3).

UmqueneSS' Letuy, u; € H, u; # uz be two solutions of the problem ( 1. 3) that is

{g(up) = N, yi), nlv, w)) + b(uy,v) — b(u1 sup =0, forall veH . (2.9)
and :
{g(u) — Nz, y2) . (v, uz)) + buy,v) — b(uz , ﬂg) > 0, for all VEH _ (2.10)
Takmg V=1u-,in (29) and v = u; in 2. 10), using Assumptlon 1.1, and addmg the
resultant inequalities, we obtam
(gluy) - g(ug) - (N(Xf SOE N(xz, Yz)) n(uz )< b(tn Up, Uy — ul)

which can be written as .

(glup) - g(u) , M(ur, u2) ) S (N1, y1) ~ N2, y2) s n(ug, u2) ) # b U2, W uy)
= (N1, y1) =Nz, y0), ui—t )+ (N@x2,y1) = Nx2, y2) , N(ui,u2))
+<N(X2,Yz) N(X1,Y1) Ui U “T}(uuuz)) + bug—uz,uz—u)

Now using the strongly n- monotomczty of g, the Cauchy-Schwartz inequality and the

relation (1.1). o ‘
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ollu =uqll? SlINGL,y) = N(Xz,YI)H Huy~uq |+ HN(Xz,yl) N(x;,yﬂ”
[|u1~uz —mGar, ua) vl —w o 2+ TING s y1) =N,y |-
Hn(u;,uz) H (2.1D)
Combining (2.5), (2.6), (2.11), and using the Lipschitz continuity of N(.,.) with respect
to first argument and Llpschltz continuity of A, 1‘], we obtain
allu-wll? <rv+(1-206+0? )1‘2)+s6m+y} Hup—u |12
=p llu - i,
which implies that
(a—p) lu-vw l*s0,
from which, it follows that u; =u, , the uniqueness of the solution, since p< ot .
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