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Abstract-In the present paper multiindex multivariable Hermite polynomials in terms of
series and generating function are defined. Their basic properties, differential and pure
recurrence relations, differential equations, generating function relations and expansions
have been established. Few deductions are also obtained.
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1. INTRODUCTION o

Special functions play a vital role in both classical as well as quantum physics.
There are many different Special functions, which one is most convenient depends on
the particular problem at hand. Hermite polynomials play a central role in optics and
certain parts of quantum mechanics. The aim of the present paper is to generalize the
well-known Hermite polynomials in terms of both indices and variables. In section 2,
we defined Hermite polynomials of 2-index 2-variable and in general several-.index
several- variable and they are also interpreted in terms of generalized Lauricella
function of two and several variables respectively. The generalized Lauricella function
of several variables was defined by Srivastava and Daoust [ 9, eq. (1), p.454; see also
10,11,12 ]. In subsequent sections, we discussed some basic properties, obtained —
recurrence relations, differential equations, generating functions and expansions of
multiindex multivariable Hermite polynomials. The relationships of the Hermite
polynomials with other orthogonal polynomials such as Jacobi, Gegenbauer, Laguerre
and Legendre have also been established.

The well-known Hermite polynomials of single index and single variable H, (x)

may be defined by generating function and series [ 1, eq. (1), (2), p.187 ] as follows :

o

exp(Zxr—-rz)wz H,(x)yt"/nt, . oo (1.1)
n=0 . . '
nf2] . :
H,(x)=Y (D"nl @x)"*[/(n-20) kI, (1.2)
k=0 ‘

valid for all finite x and ¢, where » indicates its index and index represents the
degree of the polynomials in x.
The relationship between Hermite polynomials and well-known classical
orthogonal polynomials-Jacobi, Gegenbauer, Laguerre and Legendre are as follows :
S . 2
22nn[(_1)n le R‘(i/z.ﬁ}[z_%m}: HZra('x) (1'3)

Bpos

2 x 1y L Pf”z'm(i _%E”]H ) (14
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Unf/e o) Ve )=m,0 as

(-D)" 2% nl L) (x) = H,, (%)

: (1.6)
(""1)” 22:1+§ nl x L(%;:.’Z) (x2) — HZnH (x}
‘ (1.7}
H (x) = 2”“ exp(x )j exp (—5)% 1™ P(x/r)dt | _ . (1.8)
2. MULTHNDEX MULTIVARIABLE HERMITE POLYNOMIALS
In this section, we define 2-index 2-variable and in turn p-index p-variable
Hermite polynomials as follows :
exp[2x0+h)—(y+1)(r+h) ] Z H,,(, y)r hm/n' mt _ 2.1)
' o nm—-O . . )
exp[le(t ok, (x2+ S, +1)(2‘ +att ) ]
= 2 Hnl"_“‘n (x] ,'-..'.,x'p)t”i-... .fnp /nll ...nPI v P (2.2)
..... nP—O . . . : .
(x ) g E' 7’1‘ m’ (2’,_{_2‘?); ( 1)r+3(2 )n+m-2r 25(y+1)r+s | .
Hon G2 2)= 2 2, _@m@wv+mm:MWm2w_jff‘f(%>
' 1'___{1_.1.“”-6-1_”_.?_)1."1-?1 _
= aap ] EICRIE ) os -0en)
R I A T R

,,,,,

2 m{] n’] J‘Z (2?, +. +2i" )! ( l)f]+ ..... +r, (2 1)r;1+ +n -Zrl 2, (x2+ +x +1)r,+.,+ry
2 2 @ml.2r)l (n ~I~...+rp)! (n, =2r)t(n, =21, 25)
m(le)nﬁ-dﬂnppzjif {2. )[ ? ]( 2 | } | ; . 2 ‘
. - §,§ v ey 5.1 2 . R
o SGptetr, D —@Eetm D)
% o x! ’ @)
where

(i) F-function in (2.4) and (2.6) represent generahzed Launcella functions of two and
several variables [ 9 ] respectively.
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(i) In(2.5),put n, =....o=n, = 0, sovig ¥y T series'vanish only r, - series will exist) we
get series of Hermite Polynomials of single index and several variables and its
generating function can be obtained from (2.2) by taking £, = ......... =1, =0[3]"

({ii) In (2.5) and (2.2), takingx, =........ =x =0ands, = ... t, =0, we get the series

(1.2) and the generating function (l. 1) of well-known Hermlte polynomials of
single index and single variable, : . :
(iv) It is obvious from (2.1) to (2.6), that
H,, (xy)#H,, (xy)
(x,y)# H, (x)Hm(x)l Lo L L
..... n,,( l,...,xp)¢H,;l(x1)...an (x,) T : __ (2.7__)

n, (Epoeess x)EH L n (X X))

nm

H,

H,, (x0=H,, (x)
H,,(x,y)=H, (%)
H,y(x0)=H,(x) e T B R
Hfl} f!plo(x]v ,)C )= ,,ui(xl,-;l;:,x;) o T I S (28)
(xl’ " pwno) ..... ('xl’ - p[) : ' |
Hnl iy gG(xl’ b pwl’o) Hﬂ, ..... ", l(xl’ ) pl)

we shall use following known relations in subsequent secuons

exponential series exp(x) = Z "[nl, | S e (29)

: : : | n . n ner . .r
Binomial serfes (a+x)" = Y, a"x
r
r=0

Proof of' (2. 3) Takmg (2.1) and writing |
2 nm s y)r hm/nl mtmexp[2x(t+h)]exp[m(y+1)(r+h) }, I B

eia

Jxfa <1, o (2.10)

L
:mzbmzv«
Ds

(2x)"(t + h)" /n'z M (y+D) @+ > /v, (inview 'of(2.9)) |

r=0
S (1) @R (L y) R
rtst ml (n—m)! (2r —s)!
(= I "(@r+29)! Q0™ (y+1) 1 "*"“’h”’*“
T am @@ (rEs)

1)

1

, {in view of (2.10))
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5’: (=D @2r)2r+25)! (2x)" T (y 4 DR
il (n=2r)! (m=~25)! 2r)! (25)! (r + s)!

m=0 r

1]
Nk

I
[=]

R

On comparing the coefficient of ¢"2" from both the SIdes we get the reqmred result
(2.3).
Similarly (2.5) can easﬂy be obtained.
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3. BASIC PROPERTIES AND RELATIONSHIP BETWEEN
Hy,...n, X Xp)andH, o (X,)
(i) Earlier it has been proved [ 1, 3,4 ] that
H, (—x)=(-)"H,(x)
H,, (-x)=D""H, (x)
H (—x) = (1) mbethy gy . (x)

L. Ay geeny

(3.1)

H (—x,y)=CD"H (x,)

H, (x,~y,z)# (-1)"H, (x,y,2) | 3.2)
H,(x,y~2)#(~1)"H, (x,,2)

From (2.5) one can easily derive :

H, o (%0 X x,) = (CD)™ H ny, (Fpreees X))

..........

..........

(ii) In (2.1) putting ym{) and using the relation (2.8), we get generating function of two
index and single variable Hermite polynomials i.e.,

S ", @0k ol mi= exp[Zx(t+h) t+m?],

nm=0

replacmg xby (x/Jy +1 )t bysyy+landhbyhy+1, we arrive at
3 mm@de*;)ni+1)z A SO
#,m=0 + ‘

=Y H,,(xy)e"h"™ [n! m!, with the help of (2.1) ;

n, =0

On comparing the coefficient of 2™ , we obtain a relation between 2-index 2-variable
Hermite polynomials and 2-index 1-variable Hermite polynomials as follows :

Ho e =G0 5 5D), | 33)

Similarly,
(nl+ g )

H, . (xl, wX,) =X, +.. ‘+x +1) .2_ H, . (xi/ﬂ/(x2 WX +1)) ‘(‘3.4)

(111) In (3.3), taking x=0, we obtain the value of H n m(x, y) and éwH (x,y) at x=0 as

follows ;

Hon )= 4D T H,(0)
when n,m = even

Hopan (0,3) = (y 4+ 1™ Hy, 0 (0) = (3 + D™ (=)™ 22“2"*{3 by[41 @)
when n,m = odd

H om0 )= (D" H 5, (0) = 05by [4]
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&‘ "

Differenting partially (3.3) w.r.t.

a {n-Hn) a x . {ntm) '
Hnm 0, +1 H, . ' +1) 2 H,,.(0), (3.6)
™ O, )=(y+1) ? (ax , (mnm()’ ) w0

when n,m—odd

and then putting x=0, we get

a : atmt ’ o .
5; H221%1,2m+1 (07 y) = (y + l) -i H2n+1,2m+1 (0)
(Zr+2r+]) .

C(ap™an 2 {oa+t D+ @m+ NE by [4 : 37
- (211+2rn+l) | [ ]
when n,m=even :

a ntm 4

$H2n,2m(0,y)=(y+1) 'H,,,,(0)=0,byl4] - L (38)

4. RECURRENCE RELATIONS AND DIFFERENTIAL EQUATIONS =~
" In this section, the differential and pure recurrence relations, differential
equations of 2-index 2- varlabie and in turn p- mdex p-vanable of Hermite polynomials
are derived. - :
(i) Differentiating part:ally (2. 1) w.rt, “x” we get
NERY B

i a nm

n,m=0 nl m! N

(4.1)

= 2(r+h)exp[2x(r+h) (y+D(E+R)?],

1 rlwrhr oo H (X,y)t hm
=2 s oo , by (2.10) and (2.1
=2 2 z n (l-r}m- r(‘x y)t’lh”’ '
(?’l (A=)t (m—r) (1-r)!

n,m=0 r=0

On comparing the coefficients of "A" , we obtain

d

S Hon ) =2 H () 2 H o (59) (4.2

differentiating (4.1) partially w.r.t. “x” and proceeding as above, we'get. . |
) St

H, (x,y)= 22 [n(n -DH, (N +2mmH, (x,y)+mim-1DH_ _, (x, y)] .

u’ |
| 4.3)
On iteration ' |
a.i'
-H, . (x,y) s H (x - ' '
s TTmm e : T ) W e A S ¥) i
ox -3 (e=n , (4.4)

n! m! ~ (n-(s—N m=-r)t rl (s~1)!
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(i) Differenting partially (2.1) w.r.t. “y”, and proceeding as in (i), we get

d
an,m(x,y)=_{n(n—1) H, _,,(x y)~+~2nm H" Lo 1(x y)+m(m DH, , ,(xy],

(4.5)
aZ
—H (x,
a a7 Izm( ¥) :(_1)2i 41 Hn_m_r},m_r(x, v) 4.6)
n! m! = = G=-r) m=- G-y '
as
H, (x,
ays lz‘m( y) _ (WI)SZS (25‘)! Hn**(2.$‘*‘."},m”’_"r (-x; }?) (4 7)
alml - Qs—r) (m=-) F Qs ‘
In general
D.H, ., (%%, =2a2 (@l =) H, 4 (e X,) s L ws)
D"l-H"l ,,,, n, (e ,x) ESsrarIZO b!.e! (nl—e)l) Hni_ec(x], 0 X ). @49
D, H, . (%..x )=—(2')a2 (b f’(ni f)')“le fc(xi, WX,) L (410
. 7=0 T
D: H, o henx,)=00D)"(28)) az (b gln, ~))" Hnlwg’c(xl,..,,lxp) .

2 ’ s 4.11)
where a = (n,L,...,n,1),b = ((n, —i)ln, —r, I e =((n, — 7)o (m, —7,)),
d=sl-n-—..—rhe=@E~n-w-r hf=@Q-n—w-r hg=0Cs—n—..-1r)

-8 /sz (=1, ,p)
NOTE : S
(a) For the variables X35 Xgpernr X, the resuits w;ll be same as the results for X,
(b) From above equations it is worth to note the followmg conversion reiauons
az

2 n,m('x’y) 22§( 1) _Hnm('x y)
ax dy
—'@iH (x,) =2 (-1)? —iH (x,¥) ¢ ' " s
ot gy? ‘ | (4.12)
O H, =280 )
ax{, n.m ’ ay3 ] * *

In ggneral
823 . . as
a T H,,,m(x»y) =2 ('—1) ys H,,,m(xs}’) s (413)

Similar results can also be written for multiindex muiuvanable Hermxte polynomlals
(iif) Taking (2.1)
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H,,(xy)t"h"

= exp[2x(+h)~ (y+1) (1 + k’)z}.. ,

a,m=0 n! m

3. g G AT = G2+ R~ (y+D) ¢+ )T, PR @.14)
#,m=0 o
also : |
F=GRx(+h)~(y+D+m* ], then R R 0 o))
gm}f‘«-“_“Z(t'['h) G, I , T aF —'—(t']’h) G

dx oy’

%‘F;--[Zx 2(y+1)(t+h)]G %%_m 2(y+1)(t+h)]G :5%?%%%

From above partial derivatives, we observe that the F of (4.15) satisfies the following
partial differential equation. : .

aF _ 9F 9F OF
RS2y S S h =0
et =)ty e

Now using (4 14) and comparing the coefficients of ¢ h'" we get

8 d 9 0
gnm(x’y) gnwlm( y) gnm—l(x’y)-'-z.y
6 Oy

gn,m (JC, y)_ngn.m(x7 y)
gy (1,9) =0 o ERCAL

hence H, . (x,y) must satisfy

L H (x, ) —n—a—H,PL,,, (x,y)—m

d 0 '
o an_mq(x’ y)'*‘z)’”““”Hn,m(x, }’)
ox . ox _

ox Y

~(n+mH,, (xy)=0, ERCRY)
It is a differential recurrence relation of H, (x, y).

(x,y) and iH (x,y) from (4.2)

nm a i

In (4.17), substituting the value of aiH

and (4.5) respectively, we get a another differential recurrence relation of H,, (x,y)
(n+m)H, , (x,y)= Zx[n Hn_,m(x y)+m Hﬂ " (x y)J Zy!_n(n D Hn_m(x y)
d
rmm-1H,, ,+2mmH, ., (x]- ”[555 H,im 0;» y)+ Mo Hne @), (4.18)
In (4.18), once again substituting the value of ~é-~H w (%) from (4.2) or in (4.17)
' X

removing all the derivatives with the help of (4.2) and (4.5), we obtain a pure
recurrence relation of H,_ (x,y): :
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(n+m)H 26y =2x[nH,_ 1m(x y)+mHan1(x y)]

~(y+h[2n(n-1) H, .y +2mm-DH,, z(x,y)+4an -1m~1(x’y)J (4.‘19)

In (4.19), removing all the index less then n,m (i.e. _n—},n~2,m~1,m~2) with the
help of (4.2), (4.3) and (4.5), we obtain the differential equation of H,  (x,y) which is

as follows :
2 2

0
()"“)“’”’“H,,m(x Y) 2xa 2 n,m

In view of relations (4.12), the differential equations (4.20) can also be written as :

)+ 2t myH,, 60 =0 (420

9 ‘

2(y+1) y e y)+x—§c- o (X3 ¥) = (n+m)Hnm(x,y)—0 (4.21)
Procecdmg on the same lines as above dyj”erentzal equationof H (Jci yerer X )

can easily be written as follows : e _

(xz +o .X.'p wkl)EH"““""P (x],...,xp)-—in a_xl.H"‘""l‘n” (x, ,.'ff.,x.p) . - |

+2(n +...+n,) Hn,.....n,, (x ,...;xp) =0, 3 | (4.22)

5. GENERATING FUNCTION RELATIONS '
In this section, the generating function relation of 2-index 2-variable and in turn
p-index p-variable are obtained in terms of generalized Lauricella funcuons of several
variables : - -

§ O ()
n,m=0 n! m’

AL A2 0011) s o o
F03000010i{)[ i L (1/2 1)(]/2 1) X},Xz,ﬂ,sz].,. | (51)

.....

: ! L
By el = : n

PO 3030350
= Foor ot

A;aA (1/2 0, ,01, ,_’{) ....m;_‘_‘;" - _ . L

" i 2 D, 1} -
provided the results exist and where - _ g o
A[ E (Cd . 1,0,230): Ag -=— (d . 031:0:2),A = (Cl ': 1,0,,:,:,’0;2,0.,";""0),;-:,. (Cp . 0,';.:;0’1,0’“'.,0’2),

X, =2xt, X, =2xh,, T, =~(y + 3, T =—(y + DhE, s T
X = Qe 2,1 5T = (00 ot X, + DB ety (2, +ot x, +DE)
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Proof of (5.1) : Taking
(©,(d), H,,(xy)"h"

,m=0 o ﬂf m‘

=i i g g ( 1)r+3(2r+zs)1(c) (d)nz(zx)n+nt-2r—ﬁs(y+1)r+v n m

W0 me0 r=0 =0 . (n 27’)’(?‘% 2S)'(ZJV)‘@S)’(V"r"S)'

. '(_-_l)r-i-.s' 5} (C)m;z} (d)'-mzs (2x)zf-i.~r‘n(y_§_l)r+stln+_2rhm+2s
- 2 res oot Lo

npr =0 !l m! ol S‘ }m }_

expressmg the serzes in terms of generalized Lauricella, functxon of several varzable [10}
we get the requzred result (5 1. Proceedmg on the same Imes the result (5 2) can easﬂy
be established.

6.EXPANSIONS

Expansion of x™" in the.series of Hermite polynomials of two-index two-

variable, and in general an expansion of x™**"# in the series of Hermite polynomials of

multiindex muitivariable are established in this section :

i g 1 r+s |
y ngm 2] o H,,__;,_,mx,y),__

=0 5=0 (61)
( )”i"‘ R g E 2!1+,..+2r,,-n1.,.n'., I (}C g -§- x + I) Rt '.
27} | l 2 fta 'H‘ﬁ ? “
XHn,-—Zrl ..... np—Zr (xl? A p) )
(6.2)

Proof of (6.1) : Taking @.1), ie.
21 HoGey)rh”
exp 2x(t + )~ (y+ D+ ]= 3 = ._

n,mwOI H . M.n! m'

exp [2x(1 + b)]= [exp(y+1)(t+h)z]i (6 )0

fy il m!

. . . PRI nypm I
§ @t (r+h) ¥ (y+1) (Hh) 3 Hn-m(x’i’;’ n by 29
=0 : '

ne=l) nm=0 n!
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(2 ) tnmmhm oo o oo 2r (2?’)'(}’”}“1) Hn,,,(x y)tn+2rmshfn+s
YIRS YD)

n=0  m=0 m! (7’1 m)f n=0  m=0 r=0  s=0 ntml rl sl (27‘“"5‘)!

, by 2.10)

oo oo ™ o (2?"”}* 28)!()}"’("}.)”5 Hn‘m (x’ y) tn+irkme~2s
=22 22

pour- o Sl o4 nlml (r+5)! 2ry! (25)!

_ i i g 2 2r+29)Uy+ DH, L (ay)h”
A AL (-2 =29 (r+9)! 20! (29)!

On comparing the coefficients of #'A" , we get the required result (6.1).
Similarly the result (6.2) can easily be established.

7. DEDUCTIONS
(i) The following relationship can easily be established and hence the classical
polynomials-Jacobi, Gegenbauer, Laguerre and Legendre polynomxais are also
generalized in terms of both index and vartable.

Han — (‘xl R xp)
Lim = (1, 1 ' ' :
b -——,ﬁl ;-.-;“"‘,15’!, 2 : 2x2 '
2(n1+ +n, )H (n )’( 1)"1+ Ay, p e PEINZH’”P 2 }(1w3._x1_,".)1m__p - . (7'1)
(i=1,2,0,) ' '

.....

Lim
2
2 iyt T ()t (3)) o P(”Ml ’’’’ gl 22 22 (7.2)
= T 181 ﬁp
Hn ...... np(xl""’xp) (i=12,.., )
Lim I ) ' . .
ﬁ (n;D] - ! ¢ s » |
= V300 .l ] waa| e e e )
(Miz ) j=1 ! 1}"‘12*"1 xin”p B x12+v1 \}xlzﬂwp (73)
Myttt mydaptatn,) 172,142, 2 2
Hyy o (B, ) = (217 220 PH O (6 l)

Podn, m 2 bt (1/2...9/2,)
Hyp ... 2, a (e ¥, ) = (= 1) et R )+PH (n, ) (x )L np (xl» oX ):(7.5)

......

e - - ; :
= 2" exp(x? +...+x§)f f exp(~tf = =T
K TV, : '
X,
A et '—i’ ’_-2— dti“dt !
R p I I

(7.6)
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() In 2.1, (2.3)% (2.2), (2.5) taking m=0;n, =..=n, =0 respectively and using
(2.8), we obtained the generating functions and series of Hermite polynomials of 2-
variable, p-variable and single index [3].

(iii) In (4.8), (4.9), setting n, =...=n, = 0 and using (2.8); we get the derivatives of

Hermite polynomials of single index multivariable [3].

(iv) In (4.17), (4.18), (4.19), (4.20) taking m=0 and using (2.8}, we get differential &
pure recurrence relations, differential equation of Hermite polynomials of single index
two variable [3].

(v) In (5.2) taking n, =..=n, = 0 and using (2.8); x, =...=x, = 0 and using (2.8),

we get respectively the generating function relation of Hermite polynomials of single-
index multivariable; multiindex single variable [5, 6].

(vi) In (6.2) taking as in (v), we get respectively the expansion x” and x ’ in the
series of Hermite polynomials of single-index multivariable; multiindex single variable
[7,8].
Similarly specializing index and variable, one can easily obtain many more
known and unknown relations.
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