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Abstract-The dual hyperbolic unit sphere H? is the set of all dual time-like units vectors in the
dual Lorentzian space D] with signature (+,+,-). In this paper, we give the cosine hyperboiic

and sine hyperbolic-rules for a dual dual hyperbolic spherical mangie ABC which its sides are
great—cnrcle—arcs

INTRODUCTION

Dual numbers had been introduced by W. K. Clifford (1849-1879) as. a tool for his
geometrical investigations. After him E. Study used dual numbers and dual vectors in his
research on line geometry and kinematics [I]. He devoted special attention to the
representation of oriented lines by dual unit vectors and defined the famous mapping: The set
of oriented lines in a Euclidean three-dimension space R’ is one-to-one correspondence with
the points of a dual unit sphere in the dual space D’ of triples of dual numbers.

If we consider the Minkowski 3-space R’instead of R’ the correspondence of E.
Study mapping can be given as follows: “Oriented time-like and space-like lines in R’ may be
represented by time-like and space-like unit vectors with three-components in the dual
Lorentzian space D)}, respectively {3]”. ‘A differentiable curve on the dual hyperbolic unit
sphere H? corresponds to a time-like ruled surface while a differentiable curve on the dual

Lorentzian unit sphere S? corresponds to any ruled surface. This correspondence is one-to-one
" and allows the geometry of Lorentzian ruled surface to be represented by the geometry of dual
hyperbolic and Lorentzian spherical curves on H? and S?, respectively. Dual hyperbolic

spherical geometry, expressed with the help of dual time-like unit vectors is analogous to real
hyperbolic spherical geometry, expressed with the help of real time-like unit vectors.

This paper gives some formulae and facts about the geometry of dual hyperbolic
spherical curves.

L.Dual Numbers. : -

A dual number has the form a+&a’, where a and a” are reel numbers and & stands
for the dual unit which is subjected to the rules:

£#0 0e=g0=0,le=¢l=¢ , &> =0
we denote the dual numbers by notations @ =a+£a” , ¥=x+ex'and &=a+sa’. The
composition rules for dual numbers result from the definitions:

i) Equality: X=5 iff x=y and x =)

i) Addition: (x+&x")+(y+ey )=(x+y)+e(>x" +y")

i) Multiplication: (x+&x).(y+ey ) =xp+e(x’y +x")
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The set of all dual numbers is a commutative map having the numbers g¢” as divisions of zero.

—~

The division % is a possible and unambiguous if 5 s 0 and it is easily seen that
a a+ea’ a _da ab
T = e o G — 1
b b+eb b (b bz) M
In all other cases division is either impossible or ambiguous. We define for a differentiable
function f:

’f('x")zf(x~i~gx*)=f(x)+8x*f'(x) (2)
where { is the derivative of f. Thus:

sinh(x +&x") = sinh x + £ x* cosh x €]

cosh(x+&£x") = coshx+ & x" sinh x (4)

and

\/_"x::1/x+sx*m\/;+g'—)-c———-, (x> 0) (5)
21/x
Now we define;

{J’Elz\/<"x“,5c“>=J<x,x>+28<x,x*> (6)

- we have therefore in view at {6):

|%| = }x|+gx*ﬁ (x #0) o
X
and consequently:
lf[ =X (x>0) , I?E] =-X (x<0). and |§| =0 (¥=0) (8)

2. Dual Vectors
Let {o; x,, x,,x, (time - like) }be a right-handed orthonormal frame of reference in a

three-dimensional Minkowski space R. The unit vector indicating the positive sense on the
x, axis will be denoted by i,(k =1,2,3). An ordered triple of dual numbers (¥,,%,,¥,). The
numbers X,,¥,,X, are called the coordinates of X ; If these numbers are real the vector is said
to be real. We define: .
i) Lorentzian inner product;
<X,y >=XY, + XV, - XV,
if} Lorentzian cross-product:
XAy =(%y, _3?3;2,%3)7% XV, %), — X))
An a consequence of these definitions the well-known rules of vector algebra apply to dual
vectors. That, we-have
X =(%,%,%,) = X + X0, + X, ' )
X =(x, +&x,% +Ex,,x, +£X,%,) = (x,,%,,%,)+& (x,%,,%;)
Introducing the reel vectors
x = (5,2,5) ve x* = (x, %], %)
we can write
. ¥=x+ex" | (10)



Let X be dual vector. X is said to be space-like if the vector x is space-like, time-like
if vector x is time-like, and light-like(or null) if the vector x 1s light-like.

If x # 0 the norm [¥| of ¥ is defined by (< ¥,X >)''*. From (6) we obtain

|55]m|x|+:9<—x-i—f|~——z (x#0). (1

A dual vector ¥ with norm 1 is called a dual unit vector. It follows from that ¥ is a dual time-
like unit vector (resp., dual space-like unit vector) if the relations

<x,x>=-1 (resp.,<x,x>=1) and <xx >=0 (12)
hold. Furthermore it is seen that for any vector
¥=x+ex
with x = 0 the vector.
~ X X' o<xx >
Xy =5+ (7 i X)
R
or
. X ' <xx > AXIAX
X, :w+a(mww.x)w—x—+ggmm§lm (13)
I X :

is & dual unit vector.

3. Dual Time-like Unit Vectors and Oriented Time-like Lines

Let x, and X, be two free vectors satisfying. It is well-known that x, and x, may be
interpreted as the Pliicker vectors of on unambiguously determined line / having x, as its
time-like direction vector and passing through the point p =xAx;. This line becomes a
directed time-like line. We may call / the carrier of directed time-like line and x the directed
vector. The vector x, is usually called the moment of the directed time-like with respect to o.
We denote the directed time-like line by [xo,x;]. This notation implies

<Xy, %, >=—1 and < x,,x; >= 0.
It follows from the above that there exists a one-to-one correspondence between the set of all
oriented time-like lines in three dimensional Minkowski space R’ and the set of all dual time
like unit vectors:

xo,x;] S F¥=x+ex .
‘ -
& ()

[“Y,Xy

>
et

Figure 3.1. E. Study mapping for oriented time-like lines in R}
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4. Dual Inner and Cross-Products of Dual Time-like Unit Vectors. _
Let d=a+ca’ and b =b+&b" be two dual time-like unit vectors. Under the

mapping (14) these vectors are the images of the oriented time-like lines respectively, having
the lines, a and b as their carries. These lines are supposed to be different. Let n be the line
intersecting a and b at right angles at the points P and Q, respectively. If a A% = 0 the vector n

stands for the unit vector having the sense PQ . We have therefore PO = g — p where p and g
are the position vectors of P and Q respectively. The scalar will be called the oriented distance
between a and b . Then we have: & = paa |, b =gAb. Let ¢ be the hyperbolic angle
between a and b (¢ € R). The image under the mapping (14) oriented space-like line S,

having n as its carrier and #"is the d.s.1.u.v with the same as @ A5 now we obtain:
<d,b >=<a,b>+& {< ab’>+<a’b> }=<ab>+eldet(a,q,b) +det(p,a,b) |
or
<@,b >= —coshp - gdet(q - p,a,b) = —coshg — £¢” sinh @
putting @ + £¢” = @ we find:
<d,b >=—-cosh(p+e¢*)=—cosh . (15)
The dual number ¢ is called dual hyperbolic angle & and b. Obviously, < Ei,g >=0 is a
necessary and sufficient condition for a and b to intersect at right angles. We find furthermore:
Ei/\g:aAb+g(aAb*+a*‘/\b)xnsinqp«%~a{ an(gab)y+(pra)ab }.
Observing that ¢ = p+¢'n we get '
_ dnb=nsing+e{ an(pab)y+(praynb+o’an(nnb .
Since an(paby+par(bra)+brf{an p)y=0 wefind: |
dAb =nsinhg+s{ pA(anb)+g <ab>n }=nsinh g+ e(n" sinh g + ¢ ncosh )
or
Ak =(n+en’)(sinhg+e¢ coshe).
 Therefore: ' "
Gnb =7sinh@. (16)
For coincident a and b we find & A5 = 0. We shall suppose that A b =0

5. Dual Hyperbolic Spherical Triangle

Let x be the position vector with respect to Lorentzian coordinate system
(0;x;,%,,%,) of a real point with coordinates (x,x,,x,).The set of all points x with
< x,x >= -1 is the hyperbolic unit sphere. It is called as hyperbolic space in [5] If the dual
time-like vector X = (X,,%,,¥,) is not real we call ¥,X,,%, the coordinates of a dual hyperbolic

point. The set of all dual time-like unit vectors is called hyperbolic unit sphere (d.h.us for
short) with O as its centre. The real hyperbolic unit sphere is subset of the d.hu.s. The
mapping (14) induces a one to-one correspondence between the points of the d.h.u.s and the

oriented time-like lines of three dimensional Minkowski space R’. The real points on the
d.h.u.s correspond to the carries of which pass through o. Then it is easy to develop dual
hyperbolic spherical trigonometry. To prepare such a development we consider two points 4
and B on the dhus given by the dual time-like vectors @ =a+sa” and b =b+sg b,
respectively. We  introduce the set of all dual timelike wvectors given by
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¢, =c,+ec; =(1~A)d+Ab . Where 1 =A+eland 0<A<1. We put &, =[¢,|&, ; then
¢, is a point ¢, on the d.hu.s. The set of all points ¢, with 0 <A <1 is called the dual
hyperbolic great circle arch AB . We shall say that ¢, runs along from Ato Bif Aincreases
from 0 to 1. With the arc AB we shall always mean this are in the sense from to B. The
point P on the d.h.us. indicated by the d.u.v. with the same sense as @ A b will be called the
pole of AB . Let ,E ,5 be three points on the d.hus. given by the ‘lineaﬂ)‘r independent dual
time-like unit vectors @ =a+eaa’ b =b+eb" and & =c+e&’, respectively . These points

together with the great circle AB,BC ,CA form a dual hyperbolic spherical triangle ABC
(Figure 5.1). Az

Figure 5.1. Dual hyperbolic spherical triangle ABC

We shall always suppose that the notation is such that det(a,b,c) > 0. The dual space-
like unit vectors with the same sense as & AZ,¢ Ad and & A b will be denoted by n,n, and
7i_, respectively. We define the side & of ABC as the dual hyperbolic angle for which

<b,E >=—coshd , b AG =i sinhd.

Similar definitions are given for the sides » and & . Putting 7, = n, +&n, we observe that

n,is the space-like unit vector having the same sense as hac. If & =a+ea we have
consequently sinha > 0.

This implies ]sinh Zi[ = sin @ ; similarly [sinh b‘ = sinh b ,|sinh Ef =sinh ¢ . It is easily seen
that &,b and ¢ are the dual unit vectors having the same sense as 1, A7, 1, AF, and H, AT,

respectively. The angle & of ABC is defined as the dual central angle given by

<H,,H, >=coshd,n, Ak, =dsinha (18)
with similar definitions for the angles 3 and 7
By means of these definitions we find



<dANC,d Nb >=-sinb sinh ¢ <7, 1, >= —sinh b sinh &.coshd .

We have on the other hand:

<d A€ a/\b>_<aC/\(a/\b)>w<a< b > ~h>

QZ

- = —coshd +coshd coshc
It follows in view of (18) that

cosh@ = coshé.cosh@ —sinh 5 .sinh &.cosh & .
We obtain moreover:
asinh @ sinh b_sinh & = /i, A7 sinh b sinh &
=@ ADAEAD)=-<EANGD
= —det(d@,b,5)d .
Therefore
sinh&  ~det(@.b,&)
sinth@  sinh & sinh b sinh &
from which we infer
sinh & sinh E sinh ¥
sinh @  sinhh  sinh &
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(19)

(20)

1)

(22)

The formulae (21) and (22) are the cosine and sine-rules for dual hyperbolic spherical

trigonometry.
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