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Abstract : In this paper, we introduce some new double sequence spaces of
Juzzy numbers and show that they are complete metric spaces.

1L INTRODUCTION

The concept of fuzzy sets and fuzzy set operations was first introduced by
Zadeh [6] and subsequently several authors including Zadeh have discussed various
aspects of the theory and applications of fuzzy sets. Bounded and convergent
sequences of fuzzy numbers were introduced by Matloka [1] where it was shown that
every convergent sequence is bounded. In [2] Nanda have studied the space of
bounded and convergent sequences of fuzzy numbers and shown that they are
complete metric spaces. Recently, Savas and Nuray [5] have introduced statistical

convergence of sequence of fuzzy numbers. More recently, Savas has discussed the
double convergent sequences of fuzzy numbers.

2. PRELIMINARIES

Let D denote the set of all closed bounded intervals 4 = [_fi 2] on the real
line R where denote the end points of A. For 4,8 € D define,

A<B iff A<B and A<B,
d(4,B) = max{|4 - B|,[4- B

1t is not hard to see that d defines a metric on D and d (A, B) is called the
distance between the intervals A and B. Also it is easy to see that < defined above is a
partial order relation in D.

A fuzzy number is a subset of the real line R which is bounded, convex and
normal. Let L(R) denote the set of all fuzzy numbers which are upper semi continuous
and have compact support. In other words, if X € L(R) then for any « € [0,1}, X*is
compact set in R where,

Xa_{t:X(t)za, if & €(0,1]
R X(@)>0 if @ =0
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Define a map d: L(R)x L(R) — R by the rule
d(X,Y)=sup,,,., d(X*,¥%).
It is straightforward to see that disa rﬁetric inL (R).
For X,Y e L(R) define
X <Y iff X° <7Y*® forany o €[0,1].

A subset E of L(R) is said to be bounded above if there exists a fuzzy number
C, called an upper bounded of E, such that X < C for everyX € £. C is called the
least upper bounded (1. u. b. sup) of E, if C is an upper bounded and is the smallest of
all upper bounds. A lower bound and the greatest lower bound (g. 1. b. or inf) are
defined similarly. E is said to be bounded if it is both bounded above and bounded
below.

It is known (see, [1], [3]) that L(R) is a complete metric space with the metric d.

We now quote the following definitions, which will be needed in the sequel
(see, [4]).

Definition 1 : A double sequence X = (X m) of fuzzy numbers is function X from
NxN (N is the set of all positive ihtegers)' into L(R). The fuzzy number X, denotes
the value of the function at a point (r,m) € NxN and is called the (n,m)~ term of the
double sequence.

Definition 2 : A double sequence of X = (X nm) of fuzzy numbers is said to be
convergent to the fuzzy number X, written as lim, ,, X,,, = X, if for every £)0 there

exists a positive integer n such that d (X X, 0)(&‘ forn,m = n,

We define (see,[1])
¢ = The set of all convergent sequences of fuzzy numbers.
m = The set of all bounded sequences of fuzzy numbers
We now have the following sets :

(F:m) = The set of all double sequences of fuzzy numbers such that
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L

[3 (X . 0)]4 < M, independent of n, m
(T:c) = The set of all double sequences of ﬁ;zzy numbers such that

[:i (Xml 0)}%"& M, independent of n, m; and the columns of X = (X m,,)
converge.

(c:A) = The set of all double sequences of fuzzy numbers such that (crn) is

bounded, where

b %x
0~rz = Z[d(Xmﬂﬂ 0)] (n = 1’2)
. =
(¢:T') = The set of all double sequences of fuzzy numbers such that (o“,,) isa
null sequence.

3. MAIN RESULTS
We have the following results :

Theorem 1 : The space (P: m) is 2 complete metric space with the metric p defined
by '

"

p(X,Y)%sup {[E(Xnm_lfm ,n,m=1,2..}

where X = (X nm) and ¥ = (Y ) are convergent séquences of fuzzy numbers.

Proof . Let (X' :i=12.) with X" z(X “’,,,,,) be a Cauchy sequence in (I".m) Then
given any & > 0 there is positive integer 7, such that

P X0 V) < g (124, j21)

s0 that

HX o, V) <™ (i 2y, j2i,) (1)

Hence, for each fixed n and fixed m we have

X{i}nm — Xnm : (l - 0'3)
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Let X =(X,,) (n,m=1,2....) But then, by (1) we infer that

p(X(j),X)—a»() as [-»w

We show that double sequence X ={X ) belongs to (I':m). Letting j —»
in (1), we get,

(X, X m) < 6™, (i2,)

nm?

and so,

(7%, 0" <[ w0 " +2.

nmr

)

But the double sequence X e} is in (T:m), so that [c-i( X 0}1"" < M independently of

n, m. Hence we have

[@(X,,0)" < M+e=H,

which is independent of n, m.
This completes the proof.

Theorem 2 : The space (I":¢)is a closed subset of the complete the fuzzy metric space
(I":m); Consequently, (I":c)is also a complete fuzzy metric space.

Proof. It is known (see [1], Theorem 3 and 4) that ¢ ¢ m. Therefore (I''¢) is a
subset of (I':m). Left CI(T".¢) denote the closure of (I":¢) in fuzzy metric topology
given by the metric p for (Iim). If X is in CI{I"¢) then there exists a sequence
(X9) in (T:¢)such that
p(XP X)->0 as  i>w
By theorem 1, it follows that
— ]
[d(Xm,O)}A’ <H

which is independent of n, m.

Also, the column limits of X exist. Hence, given any & >0 there is a
positive integer 72, such that
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d(xe.xp)sem  (kzn nzn) .. (2)

for each fixed m. Since p(X*, X) >0 as i -> oo, there is a positive integer i, such
that

d(x,,, Xhy<gm - (3)

nmt?

for each fixed n and m. We now invoke the inequality

d(x,, x,.)<d(x,,

x)ad(x%, xi)d(xl x,,)

nm 3 km 3

and use (2) and (3) to conclude that the column limits of the double sequence
X = (X nm) exist. Thus, the double sequence X = (X”m) belongs to (I"c). Since X is

arbitrary in CI (I":c), it follows that Cl (I".c) is contained in (I¢). Therefore, {I"¢) is
closed in the complete metric fuzzy space (I":m)

Finally we conclude this paper by stating Theorems 3 and 4. We omit their
proofs since they are analogous to theorems 1 and 2 respectively.

Theorem 3 : The space (c:A) is a complete metric space with the metric D for (c: A)
given by,

(o A
D(x.Y) =supLZ l4(x,.. 1,,)] J , n=1,2, ..

m=1

where X = (X m) and ¥ = (Ym) are convergent sequences of fuzzy numbers which
arein (c:A).

Theorem 4 : The space (¢:I') is a closed subset of (c:A). Consequently, (¢:T)is a
complete fuzzy metric space.
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